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Abstract
This book includes my lectures, together with their problem sets and solutions,
on 1) classical mechanics (one semester), 2) thermodynamics and statistical me-
chanics (one semester), and 3) quantum mechanics (one semester), which I have
been giving to graduate students of theoretical physics at Annaba University
since 2010 .
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Classical Mechanics
This part is based primarily on the standard treatise [1]. Only fundamental
topics are discussed: 1) Variational principles and Lagrangian equations, and
2) Hamiltonian mechanics. In the second chapter we also dicuss the symplectic
formalism, canonical transformations and Hamilton-Jacobi equation. See the
following chapters: 2, 8, 9 and 10 of Goldstein [1]. The discussion of the action
and the related principle of least action found in [2], and the discussion of
non-holonomic constraints found in [3], were particularly very useful. Many
exercises are taken from [3], which offers also pedagogical solutions, but also
many exercises were taken from [1, 2]. The solutions to some of Goldstein’s
exercises, found in [4], was also consulted.
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TyWq Amys Tlm yAky
 wA . 𝑚𝑖 tk  ⁄ ?⃗?𝑖 Rwm T‘J   — TyWqn  Amys   Tlm rbt‘

 ¤W‘§ 𝑖 C ysl TbsnA Trl ¤A  wy
𝐹𝑖 = 𝐹
(𝑒)
𝑖 +
∑︁
𝑗
𝐹𝑗𝑖 =
𝑑𝑝𝑖
𝑑𝑡
. )1(

 Trs  Tfld Tr  Tym r‘ › A‘A
𝑝𝑖 = 𝑚𝑖?⃗?𝑖 = 𝑚𝑖
𝑑?⃗?𝑖
𝑑𝑡
. )2(
¤l ›r¥m  Tyl d  ›wq  ⁄ 𝐹 (𝑒)𝑖 ¤¡ 𝑖 ys  ¤l ›r¥m  TyCA  ›wq 
km§ .⃗𝐹𝑖𝑗 =   𝐹𝑗𝑖 ⁄ 𝐹𝑖𝑖 = 0 An§d .𝐹𝑗𝑖 ¤¡ 𝑗 ys   TmAn ⁄ 𝑖 ys 
kK  ¤l ¤A  wy  wA TAt
𝐹𝑖 = 𝐹
(𝑒)
𝑖 +
∑︁
𝑗
𝐹𝑗𝑖 = 𝑚𝑖
𝑑2?⃗?𝑖
𝑑𝑡2
. )3(
¤l O Amys   ¤l mA
0 =
∑︁
𝑖
𝐹𝑖 =
∑︁
𝑖
𝐹
(𝑒)
𝑖 =
∑︁
𝑖
𝑚𝑖
𝑑2?⃗?𝑖
𝑑𝑡2
= 𝑀
𝑑2?⃗?
𝑑𝑡2
. )4(
?⃗? Tlm  Tlt zr Rw A‘J ⁄ 𝑀 = ∑︀𝑖𝑚𝑖 
 Tr‘ 𝑀 Tylk  Tltk 

 r‘§
?⃗? =
1
𝑀
∑︁
𝑖
𝑚𝑖?⃗?𝑖. )5(
¤l ry '  Ah Hy A  wy  wAq S Ahfl Tyl d  'wq   — 

 Tylk  Tr  Tym Tfld ¤W‘ Tylk  TyCA  ›wqA.Tlm  Tr
𝐹 (𝑒) = 𝑀
𝑑𝑃
𝑑𝑡
= 𝑀
𝑑2?⃗?
𝑑𝑡2
. )6(
›wq  d‘   —  :Tr  Tym _Af   wA ›rJAb tnts    km§  — 
.z  ¤ T\fn ¤qb Tylk  Tr  Tym  A Tylk  TyCA 
9
 Tlm  §r ¤ 𝐹𝑗𝑖 ⁄ 𝐹 (𝑒)𝑖 'wq  ¢ wq '@  m‘   fl  	sn
An§d .2 Ty¶Ah TA ¤  1 Ty¶ dt  TA
𝑊12 =
∑︁
𝑖
∫︁ 2
1
𝐹𝑖𝑑?⃗?𝑖 =
∑︁
𝑖
∫︁ 2
1
𝐹
(𝑒)
𝑖 𝑑?⃗?𝑖 +
∑︁
𝑖,𝑗
∫︁ 2
1
𝐹𝑗𝑖𝑑?⃗?𝑖. )7(
Th  An§d
𝑊12 =
∑︁
𝑖
∫︁ 2
1
𝐹𝑖𝑑?⃗?𝑖 =
∑︁
𝑖
∫︁ 2
1
𝑚𝑖
𝑑?⃗?𝑖
𝑑𝑡
?⃗?𝑖𝑑𝑡
=
∑︁
𝑖
∫︁ 2
1
𝑑( 12𝑚𝑖𝑣
2
𝑖 )
= 𝑇2 − 𝑇1. )8(

 r‘ Tylk  Tyr  TAW 
𝑇 =
∑︁
𝑖
1
2𝑚𝑖𝑣
2
𝑖 . )9(
𝑉𝑖 TnA AAV  TqtK Ah  '  T\A 𝐹 (𝑒)𝑖 TyCA  'wq     |rtf
y
𝐹
(𝑒)
𝑖 = −∇⃗𝑖𝑉𝑖. )10(
	s  — ∑︁
𝑖
∫︁ 2
1
𝐹
(𝑒)
𝑖 𝑑?⃗?𝑖 = −
∑︁
𝑖
∫︁ 2
1
∇⃗𝑖𝑉𝑖𝑑?⃗?𝑖 = −
∑︁
𝑖
𝑉𝑖|21. )11(
𝑉𝑖𝑗 TnA AAV  TqtK '  T\A 𝐹𝑗𝑖 Tyl d  'wq     |rtf AS§ 
y
𝐹𝑗𝑖 = −∇⃗𝑖𝑉𝑖𝑗 . )12(
.𝑉𝑖𝑗 = 𝑉𝑗𝑖    '  ,Xq |𝑟𝑖 − ?⃗?𝑗 | TAsm  ¤ T  𝑉𝑖𝑗 @    	§ , 𝐹𝑖𝑗 = −𝐹𝑗𝑖  fl
 Amys  y X r  X  › —Am q ¤¡ 𝐹𝑖𝑗 ›wq      qt  AS§  Annkm§
 —  An§d .?⃗?𝑖𝑗 = ?⃗?𝑖 − ?⃗?𝑗 
 rf  A‘J r‘ . 𝑗 ⁄ 𝑖
∇⃗𝑖𝑉𝑖𝑗 = −∇⃗𝑗𝑉𝑖𝑗 = ∇⃗𝑖𝑗𝑉𝑖𝑗 . )13(
	s     fl  Annkm§∑︁
𝑖,𝑗
∫︁ 2
1
𝐹𝑗𝑖𝑑?⃗?𝑖 = −12
∑︁
𝑖,𝑗
∫︁ 2
1
(∇⃗𝑖𝑉𝑖𝑗𝑑?⃗?𝑖 + ∇⃗𝑗𝑉𝑖𝑗𝑑?⃗?𝑗)
= −12
∑︁
𝑖,𝑗
∫︁ 2
1
∇⃗𝑖𝑗𝑉𝑖𝑗(𝑑?⃗?𝑖 − 𝑑?⃗?𝑗)
= −12
∑︁
𝑖,𝑗
∫︁ 2
1
∇⃗𝑖𝑗𝑉𝑖𝑗𝑑?⃗?𝑖𝑗
= −12
∑︁
𝑖 ̸= 𝑗
𝑉𝑖𝑗 |21. )14(
10

 ¤W‘§ znm  m‘   — 
𝑊12 =   𝑉2 + 𝑉1. )15(

  —  ¤W‘ Tylk  TnAk  TAW 
𝑉 =
∑︁
𝑖
𝑉𝑖 +
1
2
∑︁
𝑖 ̸= 𝑗
𝑉𝑖𝑗 . )16(
¤¡ 𝑇 + 𝑉 Tylk  TAW     tnts 𝑊12 =   𝑉2 + 𝑉1 ⁄ 𝑊12 = 𝑇2   𝑇1 ¶Atn  
.T\fn

 ¤lk  ¤r  z‘  r‘ › A‘A
?⃗? =
∑︁
𝑖
?⃗?𝑖x𝑝𝑖. )17(
¤W‘§ zl TbsnA AqtJfl 
𝑑?⃗?
𝑑𝑡
=
∑︁
𝑖
?⃗?𝑖x
𝑑𝑝𝑖
𝑑𝑡
=
∑︁
𝑖
?⃗?𝑖x𝐹
(𝑒)
𝑖 +
∑︁
𝑖 ̸= 𝑗
?⃗?𝑖x𝐹𝑗𝑖
=
∑︁
𝑖
?⃗?𝑖x𝐹
(𝑒)
𝑖 +
1
2
∑︁
𝑖 ̸= 𝑗
?⃗?𝑖𝑗x𝐹𝑗𝑖. )18(
¤ T§⁄Ast Ahw ¤  TARflA ,ymys '  y Tyl d  'wq     | rtA
O ymys  y X r  X  › —Am q ,£Afl  ¤ TsA‘t ⁄ ›dK 
TbsnA ¤lk  ¤r  z‘  AqtJ  TA  £@¡ ¤ . )1(⃗𝑟𝑖𝑗x𝐹𝑗𝑖 = 0 ¤l ›rJAb
'  ¤lk  ¤CA    C⁄d  z ¤W‘§ zl
𝑑?⃗?
𝑑𝑡
= 𝑁
(𝑒)
𝑖 . )19(
¤CA    C⁄d  z d‘   —  :¤r  z‘  _Af   wA ›rJAb tnts
.z  ¤ A\fn ¤qb§ ¤lk  ¤r  z‘   A ¤lk 
CAbm d ¤R rtfl  m‘  db ⁄ Tywwwh   wyq 
Tr  fl A‘ w¡ TqAs  ›rqf  T}fi
𝐹
(𝑒)
𝑖 +
∑︁
𝑗
𝐹𝑗𝑖 = 𝑚𝑖
𝑑2?⃗?𝑖
𝑑𝑡2
. )20(
¤  ⁄d ?⃗?𝑖 Rwm  T‘J   A§     fl A‘m  £@¡  w¡  fl  dh 
Amys  Tlm A  —  r  dq‘t ⁄  w  ¤  d Tb‘} Tmhm  £@¡ .z 
'w ¤¡ “rK   @¡ q ¤t  'wq  AS§  .‘f   C ⁄ ‘fl 'wq   wAqA “rK   @¡ r‘§ )1(
.T§zr
11
Ahn ryb‘t  km§ fl 'w ¤¡ Tr  ¤l  wyq  .Tr  ¤l  wyq T‘RA
 wyq  TA An¡ rbt‘ .Tr  ¤l ¤Amfl  A¡ry r‘ Xq k ›rJAb
kK   fl A‘m Ahn rb‘§ ¤t  Tywwwh 
𝑓 (?⃗?1, ?⃗?2, ?⃗?3, ..., 𝑡) = 0 . )21(
   km§ ¤W  Xr   @¡⁄ AyW Tlqts Ahl sy ?⃗?𝑖 Rwm  T‘J   — 
Tr Tywwwh   wyq  ¤l Am @ .'r  ¤  TynE T\  ryt§
TAsm  ¤qb y ›dyq TA  £@¡ ¤ Amys  Tr .	lO  s 
¤wwwh  dyq   @¡  rb‘ Am   @¡ ¤ .z  ¤ TtA Amys  y
)  w ¤¡ 𝑐𝑖𝑗 y( T A‘mA
(?⃗?𝑖 − ?⃗?𝑗)2 − 𝑐2𝑖𝑗 = 0 . )22(
¤l ⁄  ¤nn '  › —Am ys Tr Tywwwh   wyq  ¤l r  Am
.Ws  ⁄  ¤nnm  T A‘m TA  £@¡ ¤  wyq  ¤W‘ y WF
ry  wy ¤¡ (21) kK   fl A‘m Ahn ryb‘t  km§ fl ¤t   wyq 
 wy ¤¡ ”Aw    Cd :”A⁄ ¤ EA A•§z Tr — ¤l A .Tywww¡
rb‘§ ¤Aq q ry  ›r WF ¤l ys TrAS§  .Tywww¡ ry
Tywwwh  ry fl A‘mA Ahn
?⃗?2 − 𝑎2 ≥ 0. )23(
sy ?⃗?𝑖 Rwm  T‘J     ¤n‘§ Tywww¡  wy  w⁄  A Af  Ar— Am
sy (20) Tr  fl A‘    QwOA ¤n‘§  @¡ .AyW Tlqts Ahl
¤t  Tmm‘m  Ay dfl  A A Ahl tyF Tw‘O  £@¡ .AyW Tlqts Ahl
 w⁄  A 'rfl  Th   .Tlml AyW Tlqtsm  T§r  AC zt
Tr dyyq ¤ A¡ry fl  r‘ fl Twh 'w  w⁄ ¤n‘§ Tywww¡  wy
Ay¶Ah Ahn Plt  ⁄  XbSA 'wq  £@¡ d§d 	§ ¢  R w   .Tlm 
.CAbfl  db rb ¤A  §rW  ¤fl  ¤ btnF .  ¤
.¤www¡ dy 𝑘  T‘RA Ah  ⁄ ys 𝑁 ¤l 'wt Tlm     |rtf
Ahyms ⁄𝑞𝑖 
 Ah zr AyW Tlqts T§r TC 3𝑁 − 𝑘 Tlm  ¤ dw§  — 
Ay dfl  Tfld ?⃗?𝑖 Rwm  T‘J   rb‘     —  km§ .Tmm‘m  Ay dflA
¤AtA z  ⁄ 𝑞𝑖 Tmm‘m 
?⃗?1 = ?⃗?1(𝑞1, 𝑞2, ...., 𝑞3𝑁−𝑘, 𝑡)
.
.
.
?⃗?𝑁 = ?⃗?𝑁 (𝑞1, 𝑞2, ...., 𝑞3𝑁−𝑘, 𝑡). )24(
Tqst A E  ¤¡ ¤t  𝛿?⃗?𝑖 rO  ¤ Ty¡Ant TyR rt  A E   fl  rbt‘ wF
T Efl  TCAq dn . 𝑡 Tynz  T\l  ¤ Tlm  ¤l TR⁄rfm   wyq  
¤t  ⁄ 𝑑𝑡 ¤nE A fi d ¤t  , 𝑑?⃗?𝑖 Tyqyq  T Efl   𝛿?⃗?𝑖 TyR rtfl 
Th  An§d ¢A ,Tlm  ¤l TR⁄rfm   wyq  'w Ahfi ryt    km§
𝑑?⃗?𝑖 =
𝜕?⃗?𝑖
𝜕𝑡
𝑑𝑡 +
3𝑁−𝑘∑︁
𝑗=1
𝜕?⃗?𝑖
𝜕𝑞𝑗
𝑑𝑞𝑗 . )25(
12
An§d TyR rt  T E  fi ¢A 'rfl  Th   A 
𝛿?⃗?𝑖 =
3𝑁−𝑘∑︁
𝑗=1
𝜕?⃗?𝑖
𝜕𝑞𝑗
𝛿𝑞𝑗 . )26(
Kn TyR rtfl  T Efl   fl z  ¤ ryt   An  ⁄fl  d  ”Aft  ^fl
¤  r\  .TR⁄rfm   wyq   Tqst Tq§rW ¢lmm Tr  CAs ryy 
.1 kK 
y 𝐹𝑖   𝑑𝑝𝑖/𝑑𝑡 = 0 kK  ¤l (20) Tr  T A‘ 	tk    km§
Tylk  ›wq  ry   E w TA ¤ w¡ 𝑖 C ys   —  . 𝑝𝑖 = 𝑚𝑖𝑑?⃗?𝑖/𝑑𝑡
T Efl  ¤ ›wq  £@h ¤R rtfl  m‘     AS§  R w   . 𝐹𝑖 e = 𝐹𝑖   𝑑𝑝𝑖/𝑑𝑡
¤l O Amys  ym ¤l mA .d‘n§ 𝛿?⃗?𝑖 TyR rtfl 
∑︁
𝑖
(𝐹𝑖   𝑑𝑝𝑖
𝑑𝑡
)𝛿?⃗?𝑖 = 0 . )27(
 fl  Ah zr ¤t   wyq  ›w ⁄ 𝐹 (𝑎)𝑖  𝐹 (𝑒)𝑖 TqbWm  ›wq  ¤  𝐹𝑖 ›wq  kf
An§d  —  .⃗𝐹𝑖 = 𝐹 (𝑎)𝑖 + 𝑓𝑖    '  , 𝑓𝑖 
∑︁
𝑖
(𝐹 (𝑎)𝑖  
𝑑𝑝𝑖
𝑑𝑡
)𝛿?⃗?𝑖 +
∑︁
𝑖
𝑓𝑖𝛿?⃗?𝑖 = 0 . )28(
znm  ¤R rtfl  m‘  Ahy d‘n§ ¤t  Ty¶A§zyf  m  l ¤l  fl  rOtq
y 𝑟𝑖𝑗 TAsm  TA  £@¡ ¤ .	lO  s  — A . wyq  'w b 
 wk§    km§ fl 𝑑?⃗?𝑖𝑗 RAft   A ¤AtA⁄ ,z  ¤ TtA ¤qb Amys 
'wq  m  A ¢n ⁄ , 𝐹𝑖𝑗 Tyl d  'wq  ¤l A§ wm '  , ?⃗?𝑖𝑗 ¤l A§ wm fl 
§r‘tA w¡ 𝛿?⃗?𝑖𝑗 ¤R rtfl  RAft   A 'rfl  Th   .d‘n§ Tyl d 
'  ,)22( ›rk  TA  £@¡ ¤¡ w¡ '@  , wyq  m§ '@  	‘Kml xAm A‘J
d‘n§ Tyl d  'wql ¤R rtfl  m‘   A ¢n ⁄ , ?⃗?𝑖𝑗 ¤l ' wm AS§  w¡ ¢ 
 wyq  'w £zn '@  ¤R rtfl  m‘  d‘n§ 	lO  s  TA ¤  —  .AS§ 
.Tyl d  'wqA TA  £@¡ ¤ ¤W‘ ¤t 
znm  ¤R rtfl  m‘  Ahy d‘n§ ¤t  Ty¶A§zyf  m     , —  O
CAbm d ¤R rtfl  m‘  db ¤l , wyq  'w b ∑︁
𝑖
(𝐹 (𝑎)𝑖  
𝑑𝑝𝑖
𝑑𝑡
)𝛿?⃗?𝑖 = 0 . )29(
¤l Xq rOtq§A¡ry⁄ T A‘m  £@¡ ¤ T r} rh\ fl  wyq  'w    ^fl
.AyW Tlqts Ahl sy TyR rtfl  A Efl  ‘
 rfl fl A‘
An§d .Tmm‘m  Ay dfl  Tfld ¤R rtfl  m‘   fl  	sn∑︁
𝑖
𝐹
(𝑎)
𝑖 𝛿?⃗?𝑖 =
∑︁
𝑖,𝑗
𝐹
(𝑎)
𝑖
𝜕?⃗?𝑖
𝜕𝑞𝑗
𝛿𝑞𝑗
=
∑︁
𝑗
𝑄𝑗𝛿𝑞𝑗 . )30(
13
¤AtA Tr‘ ¤¡ ⁄ Tmm‘m  ›wq  Abr ¤¡ 𝑄𝑗  
𝑄𝑗 =
∑︁
𝑖
𝐹
(𝑎)
𝑖
𝜕?⃗?𝑖
𝜕𝑞𝑗
. )31(
›wq   A wW  ›d ⁄ ›C⁄rSA m fl Tmm‘m  Ay dfl     Am ¢  ^fl
.›wq  ›d ⁄ ›C⁄rSA m fl Tmm‘m 
AS§  	s∑︁
𝑖
𝑑𝑝𝑖
𝑑𝑡
𝛿?⃗?𝑖 =
∑︁
𝑖,𝑗
𝑚𝑖
𝑑2?⃗?𝑖
𝑑𝑡2
𝜕?⃗?𝑖
𝜕𝑞𝑗
𝛿𝑞𝑗
=
∑︁
𝑖,𝑗
𝑚𝑖
[︂
𝑑
𝑑𝑡
(︂
𝑑?⃗?𝑖
𝑑𝑡
𝜕?⃗?𝑖
𝜕𝑞𝑗
)︂
− 𝑑?⃗?𝑖
𝑑𝑡
𝑑
𝑑𝑡
(︂
𝜕?⃗?𝑖
𝜕𝑞𝑗
)︂]︂
𝛿𝑞𝑗
=
∑︁
𝑖,𝑗
𝑚𝑖
[︂
𝑑
𝑑𝑡
(︂
?⃗?𝑖
𝜕?⃗?𝑖
𝜕𝑞𝑗
)︂
− ?⃗?𝑖 𝜕?⃗?𝑖
𝜕𝑞𝑗
]︂
𝛿𝑞𝑗 . )32(
¤l O 𝜕?⃗?𝑖/𝜕 _𝑞𝑗 = 𝜕?⃗?𝑖/𝜕𝑞𝑗 TytnA {§w‘tA∑︁
𝑖
𝑑𝑝𝑖
𝑑𝑡
𝛿?⃗?𝑖 =
∑︁
𝑖,𝑗
𝑚𝑖
[︂
𝑑
𝑑𝑡
(︂
?⃗?𝑖
𝜕?⃗?𝑖
𝜕 _𝑞𝑗
)︂
− ?⃗?𝑖 𝜕?⃗?𝑖
𝜕𝑞𝑗
]︂
𝛿𝑞𝑗
=
∑︁
𝑗
[︂
𝑑
𝑑𝑡
(︂
𝜕𝑇
𝜕 _𝑞𝑗
)︂
− 𝜕𝑇
𝜕𝑞𝑗
]︂
𝛿𝑞𝑗 . )33(
bO§ CAbm  db  —  . 𝑇 = ∑︀𝑖 12𝑚𝑖𝑣2𝑖 
 ¤W‘ Tylk  Tyr  TAW ∑︁
𝑖
(𝐹 (𝑎)𝑖 −
𝑑𝑝𝑖
𝑑𝑡
)𝛿?⃗?𝑖 = −
∑︁
𝑗
[︂
𝑄𝑗 − 𝑑
𝑑𝑡
(︂
𝜕𝑇
𝜕 _𝑞𝑗
)︂
+
𝜕𝑇
𝜕𝑞𝑗
]︂
𝛿𝑞𝑗 = 0 . )34(
y ,Tywwwh   wyq     ,A¡CAyt  km§ 𝑞𝑖 Tmm‘m  Ay dfl   fl
fl A‘ £fi  Tytn   ›rJAb Plts    Annkm§ ,AyW Tlqts  wk
Tr 
−𝑄𝑗 + 𝑑
𝑑𝑡
(︂
𝜕𝑇
𝜕 _𝑞𝑗
)︂
− 𝜕𝑇
𝜕𝑞𝑗
= 0 . )35(
Tmm‘m  Ay dfl   d w¡ 𝑛 = 3𝑁 − 𝑘 y 𝑗 = 1 , ..., 𝑛 £fi  T A‘m  ¤
An§d  wm  TqtKm  'wq     .T§r  AC  d '  AyW Tlqtsm 
¤AtA ⁄ 𝐹 (𝑎)𝑖 = −∇⃗𝑖𝑉
𝑄𝑗 = −𝜕𝑉
𝜕𝑞𝑗
. )36(
Tr  fl A‘ ¤l O  — 
𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑗
)︂
− 𝜕𝐿
𝜕𝑞𝑗
= 0 . )37(

 Tr‘m  Ty rfi  ¤¡ 𝐿 y Trl  rfl fl A‘ ¤¡ £@¡
𝐿 = 𝑇 − 𝑉. )38(
14
 r§At  
As
AS§  km§𝑓 T d  . 𝑥 ryt ¤ T  ¢sf w¡ '@  𝑦 ryt ¤ 𝑓 T  rbt‘
C⁄ 𝑦 	‘l§ ⁄ z  C⁄ An¡ 𝑥 	‘l§ . 𝑥 
 AS§  ⁄ _𝑦 = 𝑑𝑦/𝑑𝑥 TqtKmA l‘t   
Akt   fl  ¤W‘ .Rwm 
𝐼 =
∫︁ 𝑥2
𝑥1
𝑓 (𝑦, _𝑦, 𝑥)𝑑𝑥. )39(
T  rytm  Ahy  wk§  ⁄ ¤¡ ¤t  Ay dA ¤ms§ A ¤l A w¡ 𝐼 Akt 
CAs ⁄  §rV ¤ k ,d ⁄ ryt ¤ sy ,T   —  w¡ 𝐼 Akt  . d Hy ⁄
¤ms .(𝑥2, 𝑦2 = 𝑦(𝑥2)) ⁄ (𝑥1, 𝑦1 = 𝑦(𝑥1)) ytWq Xr§ '@  𝑦 = 𝑦(𝑥) ¢lmm
. r§At  
As Ay d  ,RAf 
As '  , ry 
As
𝑦𝑠 = 𝑦𝑠(𝑥) §rW  w¡A '  ?Akt   @h ›rqtsm  Tmyq  ¤¡A :w¡  ¥s 
⁄  Tym\  ⁄  T§r}  Tmy @§ '  ›rqts Tmy Akt  @A§ ¢l   '@ 
.AW‘  TWq  wk§
›rqtsm  §rW    d Tb§rq  ⁄ ›C⁄Am  rW  Twm rbt‘
¤AtA 𝛼 XyFw Ahmyr km§ ¤t  ⁄ 𝑦𝑠 = 𝑦𝑠(𝑥)
𝑦(𝑥)  𝑦(𝑥;𝛼) = 𝑦(𝑥; 0) + 𝛼𝜂(𝑥) , 𝑦𝑠(𝑥)  𝑦(𝑥; 0). )40(
An§d(𝑥2, 𝑦2 = 𝑦(𝑥2)) ¤ ¤qtl ⁄ (𝑥1, 𝑦1 = 𝑦(𝑥1))  lWn rW  ym  fl
𝜂(𝑥1) = 𝜂(𝑥2) = 0 . )41(
'  𝛼 XyFw  ¤ T§ A T  rW   Twmm  £@¡    𝐼 Akt  bO§
𝐼(𝛼) =
∫︁ 𝑥2
𝑥1
𝑓 (𝑦(𝑥;𝛼), _𝑦(𝑥;𝛼), 𝑥)𝑑𝑥. )42(
“rKA  —  ¤W‘ 𝐼 T dl ›rqtsm  Tmyq 
𝑑𝐼(𝛼)
𝑑𝛼
j𝛼=0 = 0 . )43(
¤AtA ' A kK AqtJfl  
As wq
𝑑
𝑑𝛼
𝐼(𝛼) =
∫︁ 𝑥2
𝑥1
𝑑
𝑑𝛼
𝑓 (𝑦(𝑥;𝛼), _𝑦(𝑥;𝛼), 𝑥)𝑑𝑥
=
∫︁ 𝑥2
𝑥1
[︂
𝜕𝑓
𝜕𝑦
𝑑𝑦
𝑑𝛼
+
𝜕𝑓
𝜕 _𝑦
𝑑 _𝑦
𝑑𝛼
]︂
𝑑𝑥
=
∫︁ 𝑥2
𝑥1
[︂
𝜕𝑓
𝜕𝑦
𝑑𝑦
𝑑𝛼
+
𝜕𝑓
𝜕 _𝑦
𝑑2𝑦
𝑑𝛼𝑑𝑡
]︂
𝑑𝑥
=
∫︁ 𝑥2
𝑥1
[︂
𝜕𝑓
𝜕𝑦
𝑑𝑦
𝑑𝛼
+
𝑑
𝑑𝑥
(︂
𝜕𝑓
𝜕 _𝑦
𝑑𝑦
𝑑𝛼
)︂
 
𝑑
𝑑𝑥
(︂
𝜕𝑓
𝜕 _𝑦
)︂
𝑑𝑦
𝑑𝛼
]︂
𝑑𝑥. )44(
d‘n§ AS§  .ryfl  X  ¤  Aqtfi T¶ztA Akt  Anlm‘tF  An  R w  
¤l  —  O . (41) “rKA ¤A  d 
𝑑
𝑑𝛼
𝐼(𝛼) =
∫︁ 𝑥2
𝑥1
[︂
𝜕𝑓
𝜕𝑦
 
𝑑
𝑑𝑥
(︂
𝜕𝑓
𝜕 _𝑦
)︂]︂
𝑑𝑦
𝑑𝛼
𝑑𝑥. )45(
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  —  ¤W‘ 𝐼 T dl ›rqtsm  Tmyq ∫︁ 𝑥2
𝑥1
[︂
𝜕𝑓
𝜕𝑦
 
𝑑
𝑑𝑥
(︂
𝜕𝑓
𝜕 _𝑦
)︂]︂
𝜂(𝑥)𝑑𝑥 = 0 . )46(
RAft  
As  TyAt  TyFAFfl  Tytn   fl  dts∫︁ 𝑥2
𝑥1
𝑀 (𝑥)𝜂(𝑥)𝑑𝑥 = 0 ) 𝑀 (𝑥) = 0 . )47(
Tr  T A‘m  —  ¤W‘ 𝐼 T dl ›rqtsm  Tmyq 
𝜕𝑓
𝜕𝑦
 
𝑑
𝑑𝑥
(︂
𝜕𝑓
𝜕 _𝑦
)︂
= 0 . )48(
 wtlyAh 'r}fl  ‘f  db
l‘t  CAbt   AfiW   rfl fl A‘ AqtJA Anm TqAs   rqf  ¤
¤R rtfl  m‘  db Am‘tFA Ty\l  AhtA w Tlml TyR rtfl  T EflA
fl A‘ AqtJ  dy‘ wF ›rqf  £@¡ ¤ .¤lRAfdb w¡ '@  CAbm d
TyAmfl  Trl TyR rtfl   ryytA l‘t  CAbt   AfiW   rfl
dbm  Am‘tFA 𝑡2 ⁄ 𝑡1 ytynE yt\ y Tyqyq  Tr  w Tlml
.
)2(
'r}fl  ‘f  dbm ⁄r‘m   wtlyAh ¤lAkt 
,𝑞1 Tmm‘ Ty d  𝑛 
 }w 𝑡 TynE T\ ¤ Tlml Ty\l  TA 
¤ TWq  —  ¤¡ TA  £@¡ . 𝑡 T\l  ¤ Tlm  Tlymt AS§  ¤ms ⁄ , 𝑞𝑛,...,𝑞2
Ay dflA XbSA C⁄Am  ¢y ¤W‘ d‘ 𝑛 ⁄— ”AS w¡ '@  fiymt  ”AS
¤ (𝑞1, 𝑞2, ..., 𝑞𝑛) TWqn  rt ⁄ Tlm  ryt z  dq  . 𝑞𝑖 Tmm‘m 
.Tlm  Tr §rV ¤ms§ ¤nn TWt fiymt  ”AS
¢fl CAbm  db  Tywm   db w¡  wtlyAh 'r}fl  ‘f  db
TqtK , wyq  'w Ahn ⁄ ,'wq   Ahy  wk ¤t  m  ¤l Xq bW§
¤  TARflA ,l‘t§    km§  wm w¡ m‘m   wmk  . 𝑈 m‘  wm 
.𝑈 = 𝑈 (𝑞𝑖, _𝑞𝑖, 𝑡) '  z  ¤l AS§  ⁄ Tmm‘m  Ars  ¤l ,Tmm‘m  Ay dfl 

 𝑈  Ahyl O    km§ TA  £@¡ ¤ Tmm‘m  'wq 
𝑄𝑗 =  
𝜕𝑈
𝜕𝑞𝑗
+
𝑑
𝑑𝑡
(︂
𝜕𝑈
𝜕 _𝑞𝑗
)︂
. )49(
Ty rfi TA}  rfl fl A‘ Ahl   ¤qb ⁄ Tynyww ¤ms m  £@¡
l‘t§  wmk   A  —  T\A bO m  £@¡ . 𝐿 = 𝑇   𝑈 
 › A‘A ›AW‘
.Ay dflA Xq
‘f  db    ,Tywww¡  wyq T‘RA  m     ,yb    km§
¤ . rfl fl A‘    ¤A ⁄ 'C⁄rR “rJ w¡  wtlyAh 'r}fl 
¤A “rJ w¡  wtlyA¡ db    Tynywwm  m     ybnF AnA ¤l§A
yAkyml TyFAFfl  Tmlsm  £@  km§  wtlyA¡ db  —  . rfl fl A‘m
r\  .An¡ ¢KAn '@   wtlyA¡ db  lt§ 'r}fl  ‘f  db  A r  T A C   —  )2(
“rtK§ '@   r§At  |w  r§At  dts§ 'r}fl  ‘f  db . 6 
Ab  8 Of  §AtJdw
Aqtfl   d‘  (2) ,t2 T\l  Hf ¤ Ah¶Aht  ⁄ t1 T\l  Hf ¤ rW   ” dt  (1) :¢y
.    yqqt ry yVrK  fi . t2 ⁄ t1 ytynz  yt\l  ¤ q (t ) ¤R rtfl 
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,'wq    wk Am '  Tynywwm  m     wy y w  ARw
.m‘  wm  TqtK , wyq  'w ”AntFA
AktA 𝑡2 ⁄ 𝑡1 ytynE yt\ y ‘f  r‘
𝐼[𝑞] =
∫︁ 𝑡2
𝑡1
𝐿𝑑𝑡. )50(
¤ @ ⁄ _𝑞𝑖 ⁄ 𝑞𝑖 Tmm‘m  Ars  ⁄ Ay dfl  ¤ T  ¤¡ 𝐿 Ty rfi 
.Ty  wh ‘f  A  , 𝐿 = 𝐿(𝑞1, 𝑞2, ..., 𝑞𝑛, _𝑞1, _𝑞2, ..., _𝑞𝑛, 𝑡) '  , 𝑡 z 
Tmm‘m  Ay dfi §w '  ry  A ¤qb§ ‘f     R w  
TqtKm  Tr  fl A‘  A ¤AtA ⁄ 𝐿  ryb‘t     Ahdts ¤t 
.Ay dfi ¤Wq §w '  ryA  ›dA} ¤qb 𝐼 
¢tmy 𝐼 Akt  lb§ :¤fl  ¤  wtlyAh 'r}fl  ‘f  db Plt§
§rW     ,AW‘  TWq lb§ ⁄  ¤m\‘  ⁄  'rO  ¢tmy lb§ '  ,›rqtsm 
.Trl Tyqyq 
Tbr   ryy '     :¤AtA dbm   @¡  rb‘ AnA Tynqt  TyAn  
 ryy ¢n n§ Tyqyq  Tr  §rV w Tlm  §rV ¤ ¤⁄fl 
lt ¤t  ⁄ ›C⁄Am  rW    A ¤AtA ⁄ , 𝐼 ‘f  ¤ TyA  Tbr 
Ts  —  £@¡ .‘f  Hf Ah rO  ¤ Ty¡Ant T EA Tyqyq  §rW  
.𝐿 Ty rfi  ¤¡ ¤t  ›d ⁄ T d l‘t§ '@  𝐼 ‘f  Ty     T§r§A
¤AtA  wtlyA¡ db 	tk
𝛿
𝛿𝑞𝑖
𝐼[𝑞] = 𝛿
𝛿𝑞𝑖
∫︁ 𝑡2
𝑡1
𝐿(𝑞1, 𝑞2, ..., 𝑞𝑛, _𝑞1, _𝑞2, ..., _𝑞𝑛, 𝑡)𝑑𝑡. )51(
yt\l  ytA  y TW r  fiymt  ”AS ¤ 𝑞𝑖(𝑡) rW  Twm rbt‘
Tyqyq  §rW  ‘ Hf Ah ¤t  ⁄ , (𝑞1(𝑡2), ..., 𝑞𝑛(𝑡2)) ⁄ (𝑞1(𝑡1), ..., 𝑞𝑛(𝑡1))
¤AtA 𝛼 XyFw Ahmyr km§ rW  £@¡ . ytA  yA¡ y 𝑞(𝑠)𝑖 (𝑡)
Trl Tyqyq  §rWA r§ 𝛼 = 0 y 𝑞𝑖(𝑡)  𝑞𝑖(𝑡, 𝛼) = 𝑞𝑖(𝑡,0) + 𝛼𝜂𝑖(𝑡)
T§d  “Aqn  ¤ d‘n 𝑡 z  ¤ Tyfy  ⁄ ¤¡ 𝜂𝑖 ⁄ , 𝑞𝑖(𝑡,0) = 𝑞(𝑠)𝑖 (𝑡) ' 
 .›rmts TyA  ⁄ ¤⁄fl  AhAqtK    |rtf @ ⁄ ,›rmts ⁄ 𝑡2 ⁄ 𝑡1

 ›AW‘ 𝛼 ¤ T  bO§ ‘f   A rW   Twmm  £@¡  
𝐼(𝛼) =
∫︁ 𝑡2
𝑡1
𝐿(𝑞𝑖(𝑡, 𝛼), _𝑞𝑖(𝑡, 𝛼), 𝑡)𝑑𝑡. )52(

 𝛿𝑞𝑖 TyR rtfl  T Efl  r‘
𝛿𝑞𝑖 =
(︂
𝜕𝑞𝑖
𝜕𝛼
)︂
j𝛼=0 𝑑𝛼 = 𝜂𝑖𝑑𝛼. )53(

 r‘§ ‘fl rO  ¤ £Antm  ryyt  AqmA
𝛿𝐼 =
(︂
𝑑𝐼
𝑑𝛼
)︂
j𝛼=0 𝑑𝛼. )54(
	s
𝑑𝐼
𝑑𝛼
=
∫︁ 𝑡2
𝑡1
(︂
𝜕𝐿
𝜕𝑞𝑖
𝜕𝑞𝑖
𝜕𝛼
+
𝜕𝐿
𝜕 _𝑞𝑖
𝜕 _𝑞𝑖
𝜕𝛼
)︂
𝑑𝑡
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=∫︁ 𝑡2
𝑡1
(︂
𝜕𝐿
𝜕𝑞𝑖
𝜕𝑞𝑖
𝜕𝛼
+
𝜕𝐿
𝜕 _𝑞𝑖
𝜕
𝜕𝑡
𝜕𝑞𝑖
𝜕𝛼
)︂
𝑑𝑡
=
∫︁ 𝑡2
𝑡1
(︂
𝜕𝐿
𝜕𝑞𝑖
𝜕𝑞𝑖
𝜕𝛼
+
𝜕𝐿
𝜕 _𝑞𝑖
𝑑
𝑑𝑡
𝜕𝑞𝑖
𝜕𝛼
)︂
𝑑𝑡
=
∫︁ 𝑡2
𝑡1
(︂
𝜕𝐿
𝜕𝑞𝑖
𝜕𝑞𝑖
𝜕𝛼
− 𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑖
)︂
𝜕𝑞𝑖
𝜕𝛼
)︂
𝑑𝑡 +
(︂
𝜕𝐿
𝜕 _𝑞𝑖
𝜕𝑞𝑖
𝜕𝛼
)︂𝑡2
𝑡1
. )55(
⁄ (𝑡1, 𝑦𝑖(𝑡1,0) “AqnA rm ›rbt‘m  rW    fl d‘n§ ryfl  d 
¤l O  —  . (𝑡2, 𝑦𝑖(𝑡2,0))
𝛿𝐼 =
∫︁ 𝑡2
𝑡1
(︂
𝜕𝐿
𝜕𝑞𝑖
− 𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑖
)︂)︂
𝛿𝑞𝑖𝑑𝑡. )56(

 ¤W‘§  wtlyA¡ db
𝛿𝐼
𝑑𝛼
=
(︂
𝑑𝐼
𝑑𝛼
)︂
|𝛼=0 = 0 . )57(
Tr  fl A‘ ¤  ' ¥ £@¡∫︁ 𝑡2
𝑡1
(︂
𝜕𝐿
𝜕𝑞𝑖
− 𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑖
)︂)︂
𝜂𝑖𝑑𝑡 = 0 . )58(

As TyFAFfl  Tytn  Am‘tFA  —  . 𝜂𝑖  ⁄d      TA} Tfi‘  £@¡
¤l O (47) RAft 
𝜕𝐿
𝜕𝑞𝑖
− 𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑖
)︂
= 0 . )59(
¤¶Ahn  kK  ¤l  wtlyAh 'r}fl  ‘f  db 	tk
𝛿𝐼
𝛿𝑞𝑖
=
𝜕𝐿
𝜕𝑞𝑖
− 𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑖
)︂
= 0 . )60(
. rfl fl A‘ ¤¡ £@¡
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§CAm
:1 §rm
.𝜕?⃗?𝑖/𝜕 _𝑞𝑗 = 𝜕?⃗?𝑖/𝜕𝑞𝑗    y 
.Tmm‘m  Ars  ⁄ Ay dfl  Tfld Tyr  TAW  	s  
ytw}w 𝑚2 ⁄ 𝑚1 ytlt  Twk Tlm w¡ ASm  x wn  :2 §rm
AS§  “wr 𝑙1 ¢wV r  	l} Xy qs  ¤  Tql‘ ⁄ 𝑙2 ¢wV 	l} Xy
¢A¡ Ah S ¤t  Tywwwh  _⁄rK  ¤¡A . 2 kK  ¤  r\  . 𝑚1 TltkA
fl A‘ tJ  ⁄ Tlm  ¢A¡ Ty rfl 	s  .T§r  AC  d w¡A ⁄ Tlm 
.Trl rfl
Ty rfi  ¤W‘ :3 §rm
𝐿
′
=
1
2𝑚(𝑎 _𝑥
2 + 2 𝑏 _𝑥 _𝑦 + 𝑐 _𝑦2)   12𝐾(𝑎𝑥
2 + 2 𝑏𝑥𝑦 + 𝑐𝑦2). )61(
.Ty rfi  £@h Tw}wm  Ty¶A§zyf  Tlm  ¤¡A .Tr  fl A‘ 	s 
.Tlm  £@h Tqrm  𝐿 = 𝑇   𝑉 Ty rfi  tntF 
Ty rfi  ¤W‘ :4 §rm
𝐿 =
1
12𝑚
2
_𝑥4 + 𝑚 _𝑥2𝑉 (𝑥)   𝑉 2(𝑥). )62(
.fl A‘m  £@h ¤¶A§zyf  rysft  w¡ A .Trl  rfl fl A‘ 	s 
TyWqn  fi§wt  ry  ›dA}  rfl fl A‘    y :5 §rm
𝑞𝑖  ! 𝑠𝑖 : 𝑞𝑖 = 𝑞𝑖(𝑠𝑗 , 𝑡). )63(
¤W‘ Tmm‘m  ›wq   A  wm  TqtKm  'wq     ¢  y :6 §rm


𝑄𝑗 =  
𝜕𝑉
𝜕𝑞𝑗
. )64(
¤AW l‘m TbsnA ?⃗? Trs rt§ r ys Ty rfl 	t  :7 §rm
?⃗? Trs rt§ 𝐾 ′ ¤AW l‘m TbsnA r  ys  Ty rfl    y . 𝐾
.Tr  fl A‘ Hf ¤  ' ¥§ 𝐾  TbsnA
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 ¤W‘§ 'wtsm  ¤ rO  ¤ £Ant xw '  wV :8 §rm
𝑑𝑠 =
√︀
𝑑𝑥2 + 𝑑𝑦2. )65(
yqtsm  w¡ 'wtsm  ¤ (𝑥2, 𝑦2) ⁄ (𝑥1, 𝑦1) ytWq y §rV rO     y
. ytWqn  yA¡ y X r 
WF ¤l rO  ¤ £Ant xw wV .›rk  Ws TbsnA  ¥s  Hf d 

 ¤W‘§ ›rk 
𝑑𝑠 =
√︁
𝑑𝜃2 + sin 2 𝜃𝑑𝜑2. )66(
An   fl  |rtf .¢tr fl A‘ ⁄ ¤q w E z¡ Ty rfl 	t  :9 §rm
T§E zt¡  Tr     Xq r‘ ⁄ Tr  fl A‘     y r‘ fl
¤ T d E zh  Rw .{bn  ⁄  '⁄ z  r wt  w¡ 
 y 𝑇 = 2𝜋/
 C⁄d
kK   ¢y§Cw Tsls ¢f}⁄  —  km§ 𝑥(𝑡) z 
𝑥(𝑡) =
∑︁
𝑗=0
𝑎𝑗 cos𝑗 
 𝑡. )67(
¤W‘ ¤t  𝑡2 = 𝑇 ⁄ 𝑡1 = 0 yt\l  y fiymt  ”AS ¤ rW  @
   y . 𝑎𝑗 X¶AFw  Tfld rW  £@¡ ¤l E zh  ‘ 	s  .£fi   ⁄dA

 ¤W‘ ‘fl ›rqtsm  Tmyq 

 =
√︂
𝑘
𝑚
, 𝑎𝑗 = 0 , 8𝑗 6= 1 . )68(
	l} Xy qs  ¤  Tql‘ TyWq Tlt w¡ '⁄rk  x wn  :10 §rm
Ay dfl  ⁄  wyq  fl A‘ ¤¡A .›r WF ¤l ”ASf  ¤ zth    Ahnkm§
.Tr  fl A‘ ⁄ Tlm  Ty rfl 	s  .TA  £@¡ ¤ Tmm‘m 
Tmm‘m  Ay dfl  y .¶A 'wts ¤l Aqzn Qr Cdn§ :11 §rm
C d  TA ¤ Tr  ¤l  wyq  y .AkA Tlm  TA }w T§C⁄rS 
.flz   ⁄d ¶Am  'wtsm  ¤l  r¶  Qrq 
:TyAt  m     Tr  ¤l  wyq  ¤¡ A :12 §rm
.PA W ¤l rt§ ys 
.›r ¤l rt§ ys 
.Amys fi  kK 	l} s 
.𝛼 T§⁄ z ¶A 'wts ¤l lzt§ s 
.
 TtA T§⁄ E Trs C⁄d§ yqts ¤l rt§ s 
Tl‘     |rtf .flz   ⁄d 'wts ¤l ›r¶  rt Tl :13 §rm
.fl   Tywww¡  wyq  ¡ . wyq  fl A‘ 	s  .Xqs    Ahnkm§ fl
20
yrk ¤  ytql‘ 𝑀2 ⁄ 𝑀1 ytlt  TlkK Tlm rbt‘ :14 §rm
'wq ¤} rtfl  m‘     y .¤ wt  ¤l 𝑅2 ⁄ 𝑅1 Amh§rW O yz rt
yy‘t CAbm d ¤R rtfl  m‘  db dtF  . E wt  TA dn d‘n§  wyq 
.Tlm   E w TA
y§wts ¤l  Art⁄ b  AtWbr 𝑚2 ⁄ 𝑚1  Atlt :15 §rm
rb Akt   ⁄d rt§ ⁄ 𝑙 ¢wV b  .¤ wt  ¤l 𝛽 ⁄ 𝛼 yt§⁄ z yl¶A
.6 kK  ¤  r\  .¤ wt  ¤l 𝑙2 ⁄ 𝑙1 ytAsm  ytltk   AhlOf ›rk
𝑙1 TAsm  y .Tlm  CAs 
As CAbm d ¤R rtfl  m‘  db m‘tF 
.z  ¤ T d 𝑙2 TAsm  ⁄ 
¢t⁄r A {An qs  ¤  Tql‘ 𝑚 Tlt w¡ {An  x wn  :16 §rm
	s  .Tsm  £@¡ ¤ Tmm‘m  Ay dfl  ¤¡A .¤Aq  q  ry  𝑘
.Trl rfl fl A‘ tJ  ⁄ Tlm  Tyrfl
¶A 'wts ¤l 𝑙 ¢wV 	l} Xy  AVwr   r rt§ :17 §rm
 .Tlm  Ty rfl 	s  .TA  £@¡ ¤ Tmm‘m  Ay dfl  ¤¡A . 𝛼 T§⁄ z
.T r} Tr  fl A‘
w 𝑥𝑦 'wtsm  ¤ C⁄d§ 
wb    rt§ '⁄r ys :18 §rm
fl A‘  .Trl rfl fl A‘ tJ  . 
 ¢tA T§⁄ E Trs 𝑧 Cwm 
.Tr 
Ty rfl A  —  ¢  y . 𝑞 ›d ⁄ T§r TC  — Tlm rbt‘ :19 §rm
 rfl T A‘  A 𝐿 = 𝐿(𝑞, _𝑞) A  —  '  zA T r} l‘t fl Tlm 
kK  ¤l AhtAt km§ Trl
_𝑞
𝜕𝐿
𝜕 _𝑞
  𝐿 = constant .
.zl TbsnA T A‘m  £@¡ tJ  :TZwl
TARflA 𝑞 m‘m  CAstA l‘t Tlm Ty rfl    |rtf :20 §rm
rbt‘ . 𝐿 = 𝐿(𝑞, _𝑞, 𝑞, 𝑡) '  z  ⁄ _𝑞 ⁄ 𝑞 ytmm‘m  Trs  ⁄ Ty dfl  ¤ 
.2 = ( 𝑡2, 𝑞2, _𝑞2) ⁄ 1 = ( 𝑡1, 𝑞1, _𝑞1) ytA  Xr ¤t  fiymt  ”AS ¤ rW 
¤ d‘n ¤t  Tyqyq  Tr  w TyR rtfl   ryyt  Xq rbt‘  — 
'  2 ⁄ 1 ytWqn 
𝛿𝑞(𝑡1) = 𝛿𝑞(𝑡2) = 0 , 𝛿 _𝑞(𝑡1) = 𝛿 _𝑞(𝑡2) = 0 .
.TA  £@¡ ¤  rfl fl A‘ tJ 
r‘§ ‘f     y 𝛿𝐼 = 0  wtlyAh 'r}fl  ‘f  db m‘tF  :TZwl
.𝐼 =
∫︀
𝑑𝑡𝐿(𝑞, _𝑞, 𝑞, 𝑡) 

21
TAq  ›w ry  ⁄ Akt   ⁄d flz  TA ¤ s rbt‘ :21 §rm
T\l  ¤ flzflA db§ s .¤wAK  'wtsm  ¤ 𝑦 = 𝑦(𝑥) ¤nn ¤l
TWqn  dn |Cfl  ¤  𝑡 = 𝑇 T\l  ¤ O§ ⁄ (𝑥 = 0 , 𝑦 = 𝑦0) TWqn  ¤ 𝑡 = 0
.(𝑥 = 𝑥0, 𝑦 = 0)
Tyfy TWq ⁄ (𝑥 = 0 , 𝑦 = 𝑦0) TWqn  y TAW  _Af   wA Am‘tFA 
T A‘mA ¤W‘§𝑇 z     y 𝑦 = 𝑦(𝑥) ¤nnm  ¤l (𝑥, 𝑦)
𝑇 =
∫︁ 𝑥0
0
√︃
1 + 𝑦′2
2𝑔(𝑦0   𝑦) 𝑑𝑥 , 𝑦
′
=
𝑑𝑦
𝑑𝑥
.
T A‘ m‘tF  .'r}  𝑇 z  ¢l    wk§ '@  𝑦 = 𝑦(𝑥) ¤nnm  y 
.⁄fl  §rmt  ¤ £Ad⁄ '@  kK  ¤l  rfl
rytm  ryy dts    km§ :TZwl
𝑦
′
=   cot
𝜃
2.
22
wl
:1 §rm

 ¤W‘ Tmm‘m  Ars  ⁄ Ay dfl  Tfld Trs  
?⃗?𝑖 =
𝑑?⃗?𝑖
𝑑𝑡
=
𝜕?⃗?𝑖
𝜕𝑡
+
∑︁
𝑗
𝜕?⃗?𝑖
𝜕𝑞𝑗
_𝑞𝑗 . )69(
.Ahy 
wrm  Tfi‘  ¤l O _𝑞𝑗  TbsnA ¤¶z  AqtJflA

𝑇 = 𝑀0 +
∑︁
𝑗
𝑀𝑗 _𝑞𝑗 +
1
2
∑︁
𝑗,𝑘
𝑀𝑗𝑘 _𝑞𝑗 _𝑞𝑘. )70(
𝑀0 =
∑︁
𝑖
1
2𝑚𝑖
(︀𝜕?⃗?𝑖
𝜕𝑡
)︀2
, 𝑀𝑗 =
∑︁
𝑖
𝑚𝑖
𝜕?⃗?𝑖
𝜕𝑡
.
𝜕?⃗?𝑖
𝜕𝑞𝑗
, 𝑀𝑗𝑘 =
∑︁
𝑖
𝑚𝑖
𝜕?⃗?𝑖
𝜕𝑞𝑗
.
𝜕?⃗?𝑖
𝜕𝑞𝑘
. )71(
¤¡ ¤⁄fl  Tltk  Ay d  :2 §rm
𝑥1 = 𝑙1 sin𝜃1 , 𝑦1 =   𝑙1 cos𝜃1. )72(
¤¡ TyA  Tltk  Ay d 
𝑥2 = 𝑥1 + 𝑙2 sin𝜃2 , 𝑦2 = 𝑦1   𝑙2 cos𝜃2. )73(
   ^fi
𝑥21 + 𝑦
2
1 = 𝑙
2
1. )74(
(𝑥2   𝑥1)2 + ( 𝑦2   𝑦1)2 = 𝑙22. )75(
w¡ T§r  AC  d  —  .TA  £@¡ ¤ Tywwwh   wyq  fl A‘ ¤¡ £@¡
.𝜃2 ⁄ 𝜃1 yt§⁄ z  ¤¡ TA  £@¡ ¤ Tmm‘m  Ay dfl  . 4   2 = 2
.TnAk  TAW  ⁄ Tyr  TAW  
As Anyl Ty rfi  
As   
¤¡ ¤⁄fl  Tltk  TrF
𝑣21 = _𝑥
2
1 + _𝑦
2
1 = 𝑙
2
1
_𝜃21 . )76(
¤¡ TyA  Tltk  TrF
𝑣22 = _𝑥
2
2 + _𝑦
2
2 = 𝑙
2
1
_𝜃21 + 𝑙
2
2
_𝜃22 + 2 𝑙1𝑙2 _𝜃1 _𝜃2 cos(𝜃1   𝜃2). )77(
¤¡ Tlml Tyr  TAW 
𝑇 =
1
2𝑚1𝑣
2
1 +
1
2𝑚2𝑣
2
2
=
1
2(𝑚1 + 𝑚2)𝑙
2
1
_𝜃21 +
1
2𝑚2𝑙
2
2
_𝜃22 + 𝑚2𝑙1𝑙2
_𝜃1 _𝜃2 cos(𝜃1   𝜃2). )78(
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¤A  ⁄ ⁄fl  ymys  ¤l ›r¥m  TAq  'w .TnAk  TAW   fl  	s
›w m PA '⁄As TnAk  TAW TA  £@¡ ¤ . 𝐹2 = 𝑚2?⃗? ⁄ 𝐹1 = 𝑚1?⃗? ¤¡
 —  .TAq 
𝑉 = 𝑚1𝑔.𝑦1 + 𝑚2𝑔.𝑦2
=   (𝑚1 + 𝑚2)𝑔𝑙1 cos𝜃1   𝑚2𝑔𝑙2 cos𝜃2. )79(

 ¤W‘ ASm  x wn  Ty rfl  — 
𝐿 =
1
2(𝑚1 + 𝑚2)𝑙
2
1
_𝜃21 +
1
2𝑚2𝑙
2
2
_𝜃22 + 𝑚2𝑙1𝑙2
_𝜃1 _𝜃2 cos(𝜃1   𝜃2)
+ ( 𝑚1 + 𝑚2)𝑔𝑙1 cos𝜃1 + 𝑚2𝑔𝑙2 cos𝜃2. )80(
¤¡ Tr  fl A‘
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝜃1
)︀
 
𝜕𝐿
𝜕𝜃1
= 0 , 𝑑
𝑑𝑡
[︂
(𝑚1 + 𝑚2)𝑙21 _𝜃1 + 𝑚2𝑙1𝑙2 _𝜃2 cos(𝜃1   𝜃2)
]︂
 
[︂
  𝑚2𝑙1𝑙2 _𝜃1 _𝜃2 sin(𝜃1   𝜃2)   (𝑚1 + 𝑚2)𝑔𝑙1 sin𝜃1
]︂
= 0 . )81(
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝜃2
)︀
 
𝜕𝐿
𝜕𝜃2
= 0 , 𝑑
𝑑𝑡
[︂
𝑚2𝑙
2
2
_𝜃2 + 𝑚2𝑙1𝑙2 _𝜃1 cos(𝜃1   𝜃2)
]︂
 
[︂
  𝑚2𝑙1𝑙2 _𝜃1 _𝜃2 sin(𝜃1   𝜃2)   𝑚2𝑔𝑙2 sin𝜃2
]︂
= 0 . )82(

 ¤W‘ Tr  fl A‘ :3 §rm
𝑑
𝑑𝑡
(︀𝜕𝐿′
𝜕 _𝑥
)︀
 
𝜕𝐿
′
𝜕𝑥
= 0 , 𝑚(𝑎 𝑥 + 𝑏 𝑦) + 𝐾(𝑎𝑥 + 𝑏𝑦) = 0 . )83(
𝑑
𝑑𝑡
(︀𝜕𝐿′
𝜕 _𝑦
)︀
 
𝜕𝐿
′
𝜕𝑦
= 0 , 𝑚(𝑏 𝑥 + 𝑐 𝑦) + 𝐾(𝑏𝑥 + 𝑐𝑦) = 0 . )84(
 rytm  r‘
𝑢1 = 𝑎𝑥 + 𝑏𝑦 , 𝑢2 = 𝑏𝑥 + 𝑐𝑦. )85(
kK   —  @ Tr  fl A‘
𝑚 𝑢1 + 𝐾𝑢1 = 0 , 𝑚 𝑢2 + 𝐾𝑢2 = 0 . )86(
 ›CAb w¡ E z¡     y 𝑢2 ⁄ 𝑢1  Ayq w   E z¡ Tr fl A‘ £@¡
¤W‘ 𝑢 {Anl TnAk  TAW  ⁄ Tyr  TAW  . 𝐾 A ⁄ 𝑚 Tlt ⁄— {A


𝑇 =
1
2𝑚 _𝑢
2 , 𝑉 =
1
2𝐾𝑢
2. )87(

 ¤W‘ 𝐿 = 𝑇   𝑉 Tlm  Ty rfl  — 
𝐿 =
1
2𝑚( _𝑢
2
1 + _𝑢
2
2)   12𝐾(𝑢
2
1 + 𝑢
2
2). )88(
.§d‘ ¤ ¤q w E z¡  ›CAb  —  ¤¡ Ty¶A§zyf  Tlm 
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Th  An§d :5 §rm
𝜕𝐿
𝜕𝑠𝑖
=
∑︁
𝑗
𝜕𝐿
𝜕𝑞𝑗
𝜕𝑞𝑗
𝜕𝑠𝑖
+
∑︁
𝑗
𝜕𝐿
𝜕 _𝑞𝑗
𝜕 _𝑞𝑗
𝜕𝑠𝑖
=
∑︁
𝑗
𝜕𝐿
𝜕𝑞𝑗
𝜕𝑞𝑗
𝜕𝑠𝑖
+
∑︁
𝑗
𝜕𝐿
𝜕 _𝑞𝑗
𝜕
𝜕𝑠𝑖
∑︁
𝑘
(︂
𝜕𝑞𝑗
𝜕𝑠𝑘
_𝑠𝑘 +
𝜕𝑞𝑗
𝜕𝑡
)︂
=
∑︁
𝑗
𝜕𝐿
𝜕𝑞𝑗
𝜕𝑞𝑗
𝜕𝑠𝑖
+
∑︁
𝑗,𝑘
𝜕𝐿
𝜕 _𝑞𝑗
(︂
𝜕2𝑞𝑗
𝜕𝑠𝑖𝜕𝑠𝑘
_𝑠𝑘 +
𝜕2𝑞𝑗
𝜕𝑠𝑖𝜕𝑡
)︂
. )89(
An§d 'r  Th 
𝜕𝐿
𝜕 _𝑠𝑖
=
∑︁
𝑗
𝜕𝐿
𝜕 _𝑞𝑗
𝜕 _𝑞𝑗
𝜕 _𝑠𝑖
=
∑︁
𝑗
𝜕𝐿
𝜕 _𝑞𝑗
𝜕𝑞𝑗
𝜕𝑠𝑖
. )90(
   ' 
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑠𝑖
)︀
=
∑︁
𝑗
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑞𝑗
)︀𝜕 _𝑞𝑗
𝜕 _𝑠𝑖
+
∑︁
𝑗
𝜕𝐿
𝜕 _𝑞𝑗
𝑑
𝑑𝑡
(︀𝜕𝑞𝑗
𝜕𝑠𝑖
)︀
. )91(
 rfl fl A‘ An§d  A  —   — 
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑞𝑖
)︀
 
𝜕𝐿
𝜕𝑞𝑖
= 0 , )92(
 rfl fl A‘ ›rJAb ¢yl 	rt§ ¢A
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑠𝑖
)︀
 
𝜕𝐿
𝜕𝑠𝑖
= 0 . )93(
An§d𝐾 l‘ml TbsnA :7 §rm
𝐿 =
1
2𝑚?⃗?
2. )94(
An§d𝐾 ′ l‘ml TbsnA
𝐿
′
=
1
2𝑚?⃗?
′2
= 𝐿 +
1
2𝑚?⃗?
2 + 𝑚?⃗??⃗?
= 𝐿 +
𝑑𝐹
𝑑𝑡
. )95(
𝐹 =
1
2𝑚?⃗?
2𝑡 + 𝑚?⃗?.?⃗? . )96(
25
 fl  	s
𝜕𝐿
′
𝜕𝑟𝑖
=
𝜕𝐿
𝜕𝑟𝑖
+
𝜕
𝜕𝑟𝑖
(︀𝑑𝐹
𝑑𝑡
)︀
. )97(
𝜕𝐿
′
𝜕 _𝑟𝑖
=
𝜕𝐿
𝜕 _𝑟𝑖
+
𝜕
𝜕 _𝑟𝑖
(︀𝑑𝐹
𝑑𝑡
)︀
=
𝜕𝐿
𝜕 _𝑟𝑖
+
𝜕𝐹
𝜕𝑟𝑖
. )98(
¤  ' ¥ ›ryfl  T A‘m 
𝑑
𝑑𝑡
(︀𝜕𝐿′
𝜕 _𝑟𝑖
)︀
=
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑟𝑖
)︀
+
𝑑
𝑑𝑡
(︀𝜕𝐹
𝜕𝑟𝑖
)︀
=
𝜕𝐿
𝜕𝑟𝑖
+
𝑑
𝑑𝑡
(︀𝜕𝐹
𝜕𝑟𝑖
)︀
. )99(
¤l O  — 
𝑑
𝑑𝑡
(︀𝜕𝐿′
𝜕 _𝑟𝑖
)︀
 
𝜕𝐿
′
𝜕𝑟𝑖
=
𝑑
𝑑𝑡
(︀𝜕𝐹
𝜕𝑟𝑖
)︀
 
𝜕
𝜕𝑟𝑖
(︀𝑑𝐹
𝑑𝑡
)︀
= 0 . )100(
⁄ AqtJfi TlAq  𝐹 = 𝐹 (𝑟𝑖, 𝑡)  ⁄d      TA} ¤qb Tytn  £@¡
. (96) T d     Xq Hy

 ¤W‘§ (𝑥2, 𝑦2) ⁄ (𝑥1, 𝑦1) ytWqn  y X C ¤nn '  wV :8 §rm
𝐼 =
∫︁ 2
1
𝑑𝑠
=
∫︁ 2
1
√︀
𝑑𝑥2 + 𝑑𝑦2
=
∫︁ 𝑥2
𝑥1
𝑑𝑥𝑓 (𝑦, _𝑦). )101(
𝑓 (𝑦, _𝑦) = √︀1 + _𝑦2 )102(
›rJAb 	s
𝜕𝑓
𝜕𝑦
= 0 , 𝜕𝑓
𝜕 _𝑦
=
_𝑦√︀
1 + _𝑦2
. )103(
 —  ¤¡ Tr  T A‘
_𝑦√︀
1 + _𝑦2
= 𝑐 , _𝑦 = 𝑎 =
𝑐p
1   𝑐2
. )104(
26
¤l O 'r  ›r AktA .Ak  w ¤¡ 𝑐 ⁄ 𝑎
𝑦 = 𝑎𝑥 + 𝑏. )105(
ytWqnA yqtsm  C⁄r “rJ  y‘ 𝑐 ⁄ 𝑎  w  .yqtsm  T A‘ ¤¡ £@¡
.yqtsm  w¡ 'wtsm  ¤ ytWq y X C §rV rO   —  . (𝑥2, 𝑦2) ⁄ (𝑥1, 𝑦1)
An§d ›rk  TA TbsnA
𝑓 (𝜑, _𝜑, 𝜃) =
√︁
1 + sin2 𝜃 _𝜑2 , _𝜑 = 𝑑𝜑
𝑑𝜃
. )106(

 ¤W‘ ›rqtsm  yq  T A‘
sin2 𝜃 _𝜑√︁
1 + sin2 𝜃 _𝜑2
= 𝑐. )107(
kK  ¤l T A‘m  £@¡ TAt km§
_𝜑 =  
_𝜌√︀
1   𝜌2
, 𝜌 = 𝑎 cot 𝜃. )108(
)¤AR  Ak A Am¡A( 
 ¤W‘§ rqtsm     — 
sin𝜑 =   𝑎 cot 𝜃. )109(
.›rk  WF ¤l r¶ ⁄ '  'rbk  r¶ ⁄d  fl A‘ £@¡

 ¤W‘§ ‘f  :9 §rm
𝐼 =
∫︁ 𝑇
0
𝐿𝑑𝑡
=
∫︁ 𝑇
0
(︀1
2𝑚 _𝑥
2
 
1
2𝑘𝑥
2)︀𝑑𝑡
=
1
2𝑚
∫︁ 𝑇
0
𝑥2(𝑡)   12𝑘
∫︁ 𝑇
0
_𝑥2(𝑡). )110(
	s
∫︁ 𝑇
0
𝑥2(𝑡) =
∑︁
𝑗=0
∑︁
𝑘=0
𝑎𝑗𝑎𝑘
∫︁ 𝑇
0
cos𝑗 
 𝑡 cos𝑘 
 𝑡𝑑𝑡
=
∑︁
𝑗=0
∑︁
𝑘=0
𝑎𝑗𝑎𝑘
𝑇
2 𝛿𝑗𝑘
=
𝑇
2
∑︁
𝑗=0
𝑎2𝑗 . )111(
An§d 'r  Th 
27
x(𝑡) =
∑︁
𝑗=0
𝑎𝑗 cos𝑗 
 𝑡 ) _𝑥(𝑡) =   

∑︁
𝑗=0
𝑗𝑎𝑗 sin𝑗 
 𝑡. )112(
	s  — ∫︁ 𝑇
0
_𝑥2(𝑡) = 
 2
∑︁
𝑗=0
∑︁
𝑘=0
𝑗𝑘𝑎𝑗𝑎𝑘
∫︁ 𝑇
0
sin𝑗 
 𝑡 sin𝑘 
 𝑡𝑑𝑡
= 

2
∑︁
𝑗=0
∑︁
𝑘=0
𝑗𝑘𝑎𝑗𝑎𝑘
𝑇
2 𝛿𝑗𝑘
=
𝑇 
 2
2
∑︁
𝑗=0
𝑗2𝑎2𝑗 . )113(
bO§ ‘f 
𝐼 =
𝜋
2
∑︁
𝑗=0
(︀
𝑚 
 𝑗2  
𝑘


)︀
𝑎2𝑗 . )114(
“rKA ¤W‘ ›rqtsm  Tmyq 
𝛿𝐼 = 0 ) 𝜋
∑︁
𝑗=0
(︀
𝑚 
 𝑗2  
𝑘


)︀
𝑎𝑗𝛿𝑎𝑗 = 0 . )115(

 ¤W‘§  
(︀
𝑚 
 𝑗2  
𝑘


)︀
𝑎𝑗 = 0 , 8𝑗. )116(
¤¶Ahn    ¤W‘§ t   yl

 =
√︂
𝑘
𝑚
, 𝑎𝑗 = 0 , 8𝑗 6= 1 . )117(
q§    	§ ›r WF ¤l q§ ¢fl Rwm  A‘J :10 §rm
?⃗?2 = 𝐿2. )118(
Rwm  A‘J  fl 'r  ›r . 2  —  w¡ T§r  AC  d .dyq  T A‘ ¤¡ £@¡
kK  ¤l ¢tAt Annkm§›r WF ¤l q§
?⃗? = 𝐿
(︀
sin𝜃 cos𝜑?^? + sin 𝜃 sin𝜑?^? + cos 𝜃?^?
)︀
. )119(
.Tmm‘ Ay dA 𝜑 ⁄ 𝜃 yt§⁄ z  @  km§
TnAk  TAW  ⁄ Tyr  TAW  ⁄ Trs  	s
?⃗? = 𝐿 _𝜃
(︀
cos𝜃 cos𝜑?^? + cos 𝜃 sin𝜑?^?   sin𝜃?^?
)︀
+ 𝐿 _𝜑 sin𝜃
(︀
  sin𝜑?^? + cos𝜑?^?
)︀
. )120(
𝑇 =
1
2𝑚𝐿
2
_𝜃2 +
1
2𝑚𝐿
2
_𝜑2 sin2 𝜃. )121(
28
V =   𝑚𝑔𝐿 cos𝜃. )122(

  —  ¤W‘ '⁄rk  x wn  Ty rfl
𝐿 =
1
2𝑚𝐿
2
_𝜃2 +
1
2𝑚𝐿
2
_𝜑2 sin2 𝜃 + 𝑚𝑔𝐿 cos𝜃. )123(

 ¤W‘ Tr  fl A‘
𝜃 =  
1
𝐿
(𝑔   𝐿 _𝜑2 cos𝜃) sin 𝜃. )124(
𝑑
𝑑𝑡
( _𝜑 sin2 𝜃) = 0 . )125(
Qrq  Ah‘Wq§ ¤t  𝑙 TAsm  ”AWA AkA y‘ Tlm  TA :11 §rm
.¢ C⁄ Cw w Qrq  Ah C⁄d§ ¤t  𝛼 T§⁄ z  ⁄ ¶Am  'wtsm  ¤l
.3 kK  ¤  r\  . 𝛼 ⁄ 𝑙  —  ¤¡ Tmm‘m  Ay dfl 
xAmt  TWq Aqt   A flz   ⁄d  r¶  'wtsm  ¤l Qrq  C d  dn
fi 𝑑𝛼 '⁄ z  Aqtfl  ⁄ Qrq  rW O 
rR '⁄As§ 𝑑𝑡 E fi 𝑑𝑙
'  . 𝑑𝑡 z 
𝑑𝑙 = 𝑅𝑑𝛼 , 𝑣 = 𝑅 _𝛼. )126(
.¤www¡ dy ¢  R w   .TqlE ⁄  flz   ⁄d   C⁄d  dy w¡  @¡
:12 §rm

𝑥2
𝑎2
+
𝑦2
𝑏2
= 1 . )127(

𝑥 = 𝑟 sin𝜃 cos𝜑 , 𝑦 = 𝑟 sin𝜃 sin𝜑 , 𝑧 = 𝑟 cos𝜃 ) 𝑥2 + 𝑦2 + 𝑧2 = 𝑟2.)128(

(?⃗?𝑖   ?⃗?𝑗)2 = 𝑐2𝑖𝑗 . )129(

𝑥 =   𝑙 cos𝛼 , 𝑦 =   𝑙 sin𝛼 ) 𝑦
𝑥
= tan 𝛼. )130(

𝑥 = 𝑟 cos 
 𝑡 , 𝑦 = 𝑟 sin 
 𝑡 ) 𝑦
𝑥
= tan 
 𝑡. )131(
29
¤ Tl‘  q zr Ay d  ¤  Tlm  TA d§dt At :13 §rm
  C⁄ T§⁄ E ¤  ⁄ ,Tl‘  £A   d ¤t  𝜓 T§⁄ z  ¤  , 𝑦𝑤 ⁄ 𝑥𝑤 ,'wtsm 
.4 kK  ¤  r\  . 𝜑 Tl‘ 
¤¡ ?⃗? Trs  Abr
_𝑥𝑤 =   𝑣 sin𝜓 , _𝑦𝑤 = 𝑣 cos𝜓. )132(

 ¤W‘§ flz   ⁄d   C⁄d  “rJ  A 'rfl  Th  
𝑣 = 𝑅 _𝜑. )133(
dyq  fl A‘ ¤l O {§w‘tA
𝑑𝑥𝑤 =   𝑅 sin𝜓𝑑𝜑 , 𝑑𝑦𝑤 = 𝑅 cos𝜓𝑑𝜑. )134(
.Tywww¡ ry  wyq  £@¡  —  .TAsm   ¤t AhtlAk km§ fl fl A‘ £@¡
.⃗𝑇2 ⁄ 𝑇1 “wy  ¤ rwt  'w ¤¡ TA  £@¡ ¤  wyq  'w :14 §rm

 ¤W‘ TAsm tk  Aqt  Aq§ 𝛿𝜑 T§⁄ z  rkb    C⁄ . 5 kK  ¤  r\ 
𝛿𝑦1 = 𝑅1𝛿𝜑1 , 𝛿𝑦2 =   𝑅2𝛿𝜑. )135(

  —  ¤W‘§ rwt  'wq ¤R rtfl  m‘ 
𝛿𝑊 = 𝑇1𝛿?⃗?1 + 𝑇2𝛿?⃗?2
= 𝑇1𝛿𝑦1 + 𝑇2𝛿𝑦2
= ( 𝑇1𝑅1   𝑇2𝑅2)𝛿𝜑. )136(
m‘  d‘n§  E wt  dn  —  .rwt  'w ⁄z '⁄Ast  E wt  dn k
.rwt  'wq ¤R rtfl 
kK  @§  E wt  dn CAbm d ¤R rtfl  m‘  db
∑︁
𝑖
𝐹
(𝑎)
𝑖 𝛿?⃗?𝑖 = 0 . )137(
kK  @ £fi  T A‘m   —  .TAq  'w ¤¡ Tsm  £@¡ ¤ TqbWm  'wq 
𝑚1𝑔𝛿𝑦1 + 𝑚2𝑔𝛿𝑦2 = 0 . )138(

  —  ¤W‘  E wt  TA
𝑚1𝑅1 = 𝑚2𝑅2. )139(
kK  @§ CAbm d ¤R rtfl  m‘  db :15 §rm
∑︁
𝑖
(𝐹 (𝑎)𝑖   _𝑝𝑖)𝛿?⃗?𝑖 = 0 . )140(
30
kK  ¤l T A‘m  £@¡ 	tk
(𝑚1?⃗?   𝑚1 ?⃗?1)𝛿?⃗?1 + ( 𝑚2?⃗?   𝑚2 ?⃗?2)𝛿?⃗?2 = 0 . )141(
¤l O “AqFflA
(𝑚1𝑔 sin𝛼   𝑚1 𝑙1)𝛿𝑙1 + ( 𝑚2𝑔 sin𝛽   𝑚2 𝑙2)𝛿𝑙2 = 0 . )142(
w¡ TA  £@¡ ¤ Tr  ¤l dyq 
𝑙 = 𝑙1 + 𝑙2 ) 𝛿𝑙1 =   𝛿𝑙2. )143(
¤l  —  O
𝑙1 =
𝑚1 sin𝛼   𝑚2 sin𝛽
𝑚1 + 𝑚2
𝑔. )144(

 ¤W‘ 7 kK  ¤ 𝑚 Tltk  Ay d  :16 §rm
𝑥 = 𝑟 sin𝜑 , 𝑦 = 𝑟 cos𝜑. )145(
.𝜑 ⁄ ,Tsm  £@¡ ¤ A ry {An  wV  fl , 𝑟 ¤¡ Tmm‘m  Ay dfl 

 ¤W‘ Tyr  TAW 
𝑇 =
1
2𝑚( _𝑟
2 + 𝑟2 _𝜑2). )146(

 ¤W‘ TnAk  TAW  . E wt  TA ¤ {An  wV 𝑟0 ky
𝑉 =   𝑚?⃗??⃗? +
1
2𝑘(𝑟   𝑟0)
2
=   𝑚𝑔𝑟 cos𝜑 +
1
2𝑘(𝑟   𝑟0)
2. )147(

 ¤W‘ Tlm  Ty rfl
𝐿 =
1
2𝑚( _𝑟
2 + 𝑟2 _𝜑2) + 𝑚𝑔𝑟 cos𝜑   12𝑘(𝑟   𝑟0)
2. )148(
:𝜑  TbsnA Tr  T A‘
𝑚𝑟 𝜑 =   𝑚𝑔 sin𝜑   2𝑚_𝑟 _𝜑. )149(
T A‘ .zA x wn  wV l‘  TmAn  Hyw§Cw ›w w¡ ¤A  d 
:𝑟  TbsnA Tr 
𝑚 𝑟 = 𝑚𝑟 _𝜑2 + 𝑚𝑔 cos𝜑   𝑘(𝑟   𝑟0). )150(
.w¡ ›w w¡ ryfl  d 
31

 ¤W‘ 8 kK  ¤ Tybsn  Ay dfl  :17 §rm
𝑥 = 𝑙 cos𝛼 , 𝑦 = 𝑙 sin𝛼. )151(
Tmm‘m  Ty dfl  .›d ⁄ T§r TC An§d ¤AtA ⁄ d ⁄ ¤www¡ dy An¡

 ¤W‘ Tlm  Ty rfl . 𝛼 T§⁄ z  ¤¡
𝐿 =
1
2𝑚𝑙
2
_𝛼2 + 𝑚?⃗??⃗?
=
1
2𝑚𝑙
2
_𝛼2   𝑚𝑔𝑙 sin𝛼. )152(
Trl  rfl fl A‘
𝛼 +
𝑔
𝑙
cos𝛼 = 0 . )153(
wO     ›r T A‘m  £@¡ TlAk km§ _𝛼 
 T A‘m  £@¡ ¤rV 
rS
¤l
_𝛼 =
√︂
2(𝑐   𝑔
𝑙
sin𝛼). )154(
¤l O  rytm  O Am‘tFA TyA ›r TlAkmA .Ak A w¡ 𝑐
𝑡   𝑡0 =
∫︁ 𝛼
𝛼0
𝑑𝛼√︀
2(𝑐   𝑔𝑙 sin𝛼)
. )155(

 ¤W‘ Tlm  Ty rfl :18 §rm
𝐿 =
1
2𝑚( _𝑟
2 + 
 2𝑟2). )156(

 ¤W‘ Trl  rfl fl A‘
𝑟   
 2𝑟 = 0 . )157(

 ¤W‘§  
𝑟 = 𝐴exp(
 𝑡) + 𝐵 exp(  
 𝑡). )158(
:21 §rm

 ¤W‘§ (𝑥, 𝑦) Tyfy TWq ⁄ (0, 𝑦) TWqn  y TAW  _Af  db (1
𝑚𝑔𝑦0 =
1
2𝑚𝑣
2 + 𝑚𝑔𝑦 , 𝑣2 = ( 𝑑𝑥
𝑑𝑡
)2 + ( 𝑑𝑦
𝑑𝑡
)2. )159(
¤l  —  O
𝑑𝑡 =
√︃
𝑑𝑥2 + 𝑑𝑦2
2𝑔(𝑦0   𝑦) ) 𝑇 =
∫︁ 𝑥0
0
√︃
1 + 𝑦′2
2𝑔(𝑦0   𝑦) 𝑑𝑥. )160(
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kK   w¡ 𝑇 z  (2
𝑇 =
∫︁ 𝑥0
0
𝑓 (𝑦, 𝑦′ , 𝑥)𝑑𝑥. )161(

 ¤W‘ ⁄ 𝑥 zA T r} l‘t fl 𝑓 T d 
𝑓 =
√︃
1 + 𝑦′2
2𝑔(𝑦0 − 𝑦) . )162(
kK  @  rfl T A‘
𝜕𝑓
𝜕𝑦
− 𝑑
𝑑𝑥
𝜕𝑓
𝜕𝑦′
= 0 ⇒ 𝑦′ 𝜕𝑓
𝜕𝑦′
− 𝑓 = 1/𝑐. )163(
¤W‘§ 
As 
1
𝑐2
=
1
2𝑔(𝑦0 − 𝑦)(1 + 𝑦′2) . )164(
rytm  ryyt wq
𝑦
′
= − cot 𝜃2. )165(
¤l O
𝑦 = 𝑦0 − 𝑐
2
2𝑔 sin
2 𝜃
2. )166(
AqtJflA
𝑦
′
= − 𝑐
2
2𝑔 sin𝜃.𝜃
′
. )167(
¤l O (167) ⁄ (165) 
𝑥 =
𝑐2
2𝑔
∫︁
cos2
𝜃
2𝑑𝜃 =
𝑐2
4𝑔 (𝜃 − sin𝜃). )168(
An§d Ty¶ dtfl  T\l  ¤ . )3( 'r§⁄  Ar‘ (168) ⁄ (166)  At A‘m 
An§d Ty¶Ahn  T\l  ¤ . 𝜃 = 0
0 = 𝑦0 − 𝑐
2
2𝑔 sin
2 𝜃0
2 , 𝑥0 =
𝑐2
4𝑔 (𝜃0 − sin𝜃0). )169(
' 
𝑥0
𝑦0
=
𝜃0 − sin𝜃0
1− cos𝜃0 . )170(
.𝜃 T§⁄ zl Tym\fl  Tmyq  ¤¡ 𝜃0
cycloid .)3(
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¤wtlyAh  yAkym 
_Affl  y w
 TqtK 'w rb Ahny Amy Aft TyWq Amys  TlkK Tlm rbt‘
	s .RwmA Xq l‘t§  wm
𝜕𝐿
𝜕 _𝑥𝑖
=
𝜕𝑇
𝜕 _𝑥𝑖
 
𝜕𝑉
𝜕 _𝑥𝑖
= 𝑚𝑖𝑥𝑖   0
= 𝑝𝑖𝑥. )171(
.𝑥 £Afl  ¤ 𝑖 ys  Tr Tym XbSA ¤¡ £@¡
Tym ⁄  Tq rm  Tr  Tym ⁄  Tmm‘m  Tr  Tym r‘  — 
›CAb‘A𝑞𝑖 Tmm‘m  Ty dflA Tqrm  𝑝𝑖 TywAq  Tr 
𝑝𝑖 =
𝜕𝐿
𝜕 _𝑞𝑖
. )172(
Aym  A wW   A‘  ›C⁄rSA m fl Tmm‘m  Ay dfl     A 
.Tr  Tym  A‘  ›C⁄rSA m fl Tmm‘m  Tr 
Ty dfl  Ah  ¤l T§C⁄d  Ty dfl  ⁄  Tlmhm  Ty dfl  whf  fl  r‘
TA  £@¡ ¤ . _𝑞𝑖 
 l‘t§    km§ 𝐿    C 𝐿 Ty rfi  ¤ d fl ¤t  𝑞𝑖
¤  ' ¥  rfl fl A‘
𝜕𝐿
𝜕𝑞𝑖
 
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑞𝑖
)︀
= 0 ) 𝑑
𝑑𝑡
𝑝𝑖 = 0 ) 𝑝𝑖 = constant . )173(
T\fn  wk Tlmh Tmm‘ Ty dA Tqrm  Tmm‘m  Tr  Tym  — 
¤ Tywm rfl  _Affl  “rJ w¡  @¡ .Trl A Ah  '  .z  ¤
.¤lylt  yAkym 
¤ .Xq Tmm‘m  Ay dfl  ¤ T   wmk   wk§ T\Am  m    
 fl d‘n T§C⁄d  Tmm‘m  Ty dflA Tqrm  𝑄𝑖 Tmm‘m  ›wq  TA  £@¡
,𝑞𝑖 
 l‘t§ fl  wmk 
Aq§ 𝑑𝑞𝑖 y ¤¡ 𝑞𝑖 T§C⁄d  Tmm‘m  Ty dfl  A  —  ,— ¤l ›⁄fi
›wq   d‘  ‚Ak§ 𝑄𝑖 Tmm‘m  ›wq   d‘   A , ?⃗? £Afl  ¤ Tlml 
As 
Tym _Af  ‚Ak§ 𝑝𝑖 Tmm‘m  Tr  Tym _Af  ⁄ , ?⃗? £Afl  ¤ T§ A‘ 
Tym ⁄ Tmm‘m  ›wq  TA  £@¡ ¤ ¢  '  . ?⃗? £Afl  ¤ T§ A‘  Tr 
.⃗𝑛 £Afl  ¤ y§ A‘  Tr  Tym ⁄ ›wq  XbSA Am¡ Tmm‘m  Tr 
 ›dA} Tlm  TA ¤qb Am Tr  Tym _Af   wA ¤l  —  O
.Tlml  rZAn ¤¡ AAsfl     wq .AAsfl  ry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  C⁄ Aq§ 𝑑𝑞𝑖 y ¤¡ 𝑞𝑖 T§C⁄d  Tmm‘m  Ty dfl  A  —  mA
  C⁄d  z  d‘  ‚Ak§ 𝑄𝑖 Tmm‘m  ›wq   d‘   A , ?⃗? Cw w Tlml
z‘  _Af  ‚Ak§ 𝑝𝑖 Tmm‘m  Tr  Tym _Af  ⁄ , ?⃗? Cwm  w
z‘  _Af   wA ¤l TA  £@¡ ¤  —  O . ?⃗? £Afl  ¤ ¤r 
£@¡ ¤ wq .A C⁄d  ry  ›dA} Tlm  TA ¤qb Am ¤r 
.Tlml  rZAn ¤¡ A C⁄d     TA 
 ww TWbr Am¶   wk ,T§C⁄ Ay d   w⁄ '  ,_Affl  y w
¤n‘§ TyAs  T§C⁄ Ty d   w⁄ fi .Tlm  TA zym Tny‘  rZAn
Ty dfi Aqm  £Afl  ¤ AAsfl  ry  ›dA} ¤qb Tlm    
 w⁄  A mA .›Afl   @¡ ¤ Tr  Tym _Af  ¢n tn§ Am T§C⁄d 
¤ A C⁄d  ry  ›dA} ¤qb Tlm     ¤n‘§ Ty C⁄ T§C⁄ Ty d 
¤ ¤r  z‘  _Af  ¢n tn§  @¡ ⁄ T§C⁄d  Ty dfi Aqm  £Afl 
.£Afl   @¡
.¤AtA  rfl fl A‘ Am‘tFA TAW  _Af   wA ¤l  A¡rb  km§
	s
𝑑𝐿
𝑑𝑡
=
∑︁
𝑖
𝜕𝐿
𝜕𝑞𝑖
𝑑𝑞𝑖
𝑑𝑡
+
∑︁
𝑖
𝜕𝐿
𝜕 _𝑞𝑖
𝑑 _𝑞𝑖
𝑑𝑡
+
𝜕𝐿
𝜕𝑡
=
∑︁
𝑖
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑞𝑖
)︀
_𝑞𝑖 +
∑︁
𝑖
𝜕𝐿
𝜕 _𝑞𝑖
𝑑 _𝑞𝑖
𝑑𝑡
+
𝜕𝐿
𝜕𝑡
=
∑︁
𝑖
𝑑
𝑑𝑡
(︀ 𝜕𝐿
𝜕 _𝑞𝑖
_𝑞𝑖
)︀
+
𝜕𝐿
𝜕𝑡
. )174(
 —  tnts
𝑑ℎ
𝑑𝑡
+
𝜕𝐿
𝜕𝑡
= 0 . )175(

 ¤W‘ ⁄ TywtlyAh  ⁄  TAW  T  XbSA w¡ ℎ
ℎ(𝑞, _𝑞, 𝑡) =
∑︁
𝑖
_𝑞𝑖
𝜕𝐿
𝜕 _𝑞𝑖
− 𝐿. )176(
T\fn  wk TywtlyAh   A zA T r} 𝐿 Ty rfi  l‘t   —   — 
.¤wA A ¤ms§ Trl A w¡ ℎ TA  £@¡ ¤ .z  ¤
¤At  A‘  kK  Ty rfi  @ T\Am  m    
𝐿 = 𝐿0(𝑞, 𝑡) + 𝐿1(𝑞, _𝑞, 𝑡) + 𝐿2(𝑞, _𝑞, 𝑡). )177(
Ars  ¤ ¤ wt  ¤l TyA  ⁄ ¤⁄fl  TCd   TsAt  ⁄ ¤¡ 𝐿2 ⁄ 𝐿1
._𝑞𝑖 Tmm‘m 
...,𝑦 ,𝑥  rytm  ¤ 𝑞 Tbr   TsAt T  Ah  𝑓 (𝑥, 𝑦, ...) T   wq
“rK  q  — 
𝑓 (𝑡𝑥, 𝑡𝑦, ...) = 𝑡𝑞𝑓 (𝑥, 𝑦, ...). )178(
	s ..., 𝑦′ = 𝑡𝑦 ,𝑥′ = 𝑡𝑥 r‘
𝑑𝑓 (𝑥′ , 𝑦′ , ...)
𝑑𝑡
=
𝑑𝑥
′
𝑑𝑡
𝜕𝑓
𝜕𝑥′
+
𝑑𝑦
′
𝑑𝑡
𝜕𝑓
𝜕𝑦′
+ ...⇔ 𝑞𝑡𝑞−1𝑓 (𝑥, 𝑦, ...) = 𝑥 𝜕𝑓
𝜕(𝑡𝑥) + 𝑦
𝜕𝑓
𝜕(𝑡𝑦) + ...
)179(
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r⁄  Tn¡rb ¤l O 𝑡 = 1   
∑︁
𝑖
𝑥𝑖
𝜕𝑓
𝜕𝑥𝑖
= 𝑞𝑓. )180(
.T\A ›C⁄rSA sy ›ry 'r  m Ay rfl AS§  £@ (177) kK 
¤l O (176) T A‘mA ¤W‘m  ℎ ¤l r⁄  Tn¡rb ybWt
ℎ = 𝐿2   𝐿0. )181(
kK  Am¶  Tyr  TAW  @ 'rfl  Th  
𝑇 = 𝑇0(𝑞) + 𝑇1(𝑞, _𝑞) + 𝑇2(𝑞, _𝑞). )182(
An§d ¢   —  R w  
𝐿0 = 𝑇0   𝑉 , 𝐿1 = 𝑇1 , 𝐿2 = 𝑇2. )183(
 — 
ℎ = 𝑇2   𝑇0 + 𝑉. )184(
𝑇 = 𝑇2  A zA l‘t§ fl ?⃗?𝑖  ! 𝑞𝑖  rytm  ryy  A  —  , @¡ ¤  TARflA
¤AtA ⁄
ℎ = 𝑇 + 𝑉. )185(
.Tlm  TAV ¤¡ ‘fA £@¡
 wtlyA¡ fl A‘ ⁄ Cdww §w
⁄ 𝑓𝑗(𝑞𝑖, _𝑞𝑖, 𝑡) = 0 Tywww¡  wyq T‘RA Ty¶A§zy Tlm |rtf 'r  ›r
Ay dfl  ¤  TARflA l‘t§ m‘  wm  TqtK 'w '  Tynyww 'w
Tfi‘A ¤W‘ ⁄ 𝑈 = 𝑈 (𝑞𝑖, _𝑞𝑖, 𝑡) '  Tmm‘m  Ars  ¤l Tmm‘m 
𝑄𝑗 =  
𝜕𝑈
𝜕𝑞𝑗
+
𝑑
𝑑𝑡
(︂
𝜕𝑈
𝜕 _𝑞𝑗
)︂
. )186(
XbSA ¤W‘ Trl T A‘ 𝑛 An§d T§r TC 𝑛 ¤l 'wt Tlm   
 rfl fl A‘m
𝜕𝐿
𝜕𝑞𝑖
 
𝑑
𝑑𝑡
(︂
𝜕𝐿
𝜕 _𝑞𝑖
)︂
= 0 . )187(
.¤¶ dt  “rJ 2𝑛 §dq 	lWt§ Ahl TyA  Tbr   TylRAf fl A‘ £@¡
Tmy𝑛   ⁄ 𝑞𝑖 Rwml Tmy 𝑛   §dq km§ Ty¶ dtfl  “⁄rK  ¤l Am
.𝑡0 Ty¶ dtfl  T\l  ¤ _𝑞𝑖 Trsl
d‘ 𝑛   ⁄— fiymt  ”AS ¤ (𝑞1, ..., 𝑞2) TWq ¤¡ Tlm  Tlym ⁄  TA
. rfl T A‘  XbSA £ d§ CAs z  fi Xt
36
fl A‘m Tr  fl A‘ ¤W‘ yAkyml TywtlyAh  TAyO  ¤
Ty¶ dtfl  “⁄rK   d  fl . wtlyA¡ fl A‘m r‘ ¤⁄fl  Tbr   TylRAf
 d  A ,Ty rfi  TAyO  ¤ Am , 2𝑛 '⁄As§ ¢sf ¤qb§    	§ T§C⁄rS 
   	§ Tlm  TA }w T§C⁄rS  ¤⁄fl  Tbr   TylRAft  fl A‘m 
@     d ¤‘ybW   .ryt 2𝑛 
 m‘    	§ ¢  '  T A‘ 2𝑛 
 ¤W‘§
𝑛   @n rfl  On     A  𝑞𝑖 Tmm‘ Ty d  𝑛    rytm  £@¡ O

 r‘ ¤t  𝑝𝑖 Tmm‘ Tr Tym
𝑝𝑖 =
𝜕𝐿(𝑞𝑗 , _𝑞𝑗 , 𝑡)
𝜕 _𝑞𝑖
. )188(
TAyO  ¤ Tlm  Tlym ⁄  TA .TywAq   rytmA (𝑞𝑖, 𝑝𝑖) ⁄z  r‘§
d‘ 2𝑛 ⁄— ”AS ¤ (𝑞1, 𝑞2, ..., 𝑞𝑛, 𝑝1, 𝑝2, ..., 𝑝𝑛) TWqn ¤W‘ TywtlyAh 
Aym ⁄ Ay dflA C⁄Am  ¤W‘ §  Tlml 'CwW  ”ASfA r‘§
TWqn  Tr fl A‘ ¤¡  wtlyA¡ fl A‘ . 𝑝𝑖 ⁄ 𝑞𝑖 Tmm‘m  Tr 
.'CwW  ”ASf  ¤ (𝑞1, 𝑞2, ..., 𝑞𝑛, 𝑝1, 𝑝2, ..., 𝑝𝑛)
ryy 	lWt§ TywtlyAh  TAyO  ¤  Ty rfi  TAyO   Aqtfl 
kK    ryt
(𝑞𝑖, _𝑞𝑖, 𝑡) −→ (𝑞𝑖, 𝑝𝑖, 𝑡). )189(
.Cdww §w FA r‘§ A ¤l A  @¡
.𝑥 ryt ¤ 𝑓 (𝑥) T d Cdww §w §r‘t r@ } w    b
“rK  q Ah  '  Td T d     |rtf
𝑑2𝑓
𝑑𝑥2
> 0. )190(
ym  T d  :¤AtA ¢yl rb‘    AS§  km§ “rK   @¡
𝑠(𝑥) = 𝑑𝑓
𝑑𝑥
)191(
    𝑠  ›d ⁄ Tmy An¡  —  . 𝑥 ¤ ,Xq d§ zt Ahfl ,TbyC T  ¤¡
› rf T  ¤W‘t Hk‘  bq ⁄ Tmyq  › rf ¤¡ 𝑠 = 𝑠(𝑥) T d     '  𝑥 TWq
.𝑥 = 𝑥(𝑠) Tmyq 
𝑥 = 𝑥(𝑠) Tysk‘  T d  m‘ts ,qts rytm 𝑠 ym   ” dtfl  km§  — 
𝑥  Tmyq  £@h |w‘  , 𝑠 yml TlAqm  𝑥  ›dyw  Tmyq  ¤l wOl
TWq ¤¡ 𝑓 (𝑥) T dl 𝑔(𝑠) Cdww §w . 𝑓 (𝑥(𝑠)) ¤l On 𝑓 T d  ¤
'  Any‘  Cw  𝑥 = 𝑥(𝑠) TWqn  ¤ T dl xAmm  yqtsm  VAq
𝑓 (𝑥(𝑠)) = 𝑠𝑥(𝑠) − 𝑔(𝑠) ⇔ 𝑔(𝑠) = 𝑠𝑥(𝑠) − 𝑓 (𝑥(𝑠)) . )192(
:Amyqtsm  ⁄ “Aqn  y Ty¶Anl ybW w¡ Cdww §w . 10 kK  r\ 
(𝑠,−𝑔)  ⁄Efl  Twmm ⁄  (𝑥, 𝑦) “Aqn  Twmm Ah¶AW  km§𝑓 T d 
AS§  Cdww §w §r‘ km§ . −𝑔 VAqt  “Aq ⁄ 𝑠 wym   TlkKm 
y\‘t  Tylm‘
𝑔(𝑠) = max 𝑥(𝑠𝑥− 𝑓 (𝑥)) . )193(

 ¤W‘§ 𝑓 T dl At  RAft  . 𝑦 ⁄ 𝑥 §ryt ¤ 𝑓 (𝑥, 𝑦) T   fl  rbt‘
𝑑𝑓 = 𝑢𝑑𝑥 + 𝑣𝑑𝑦 , 𝑢 =
𝜕𝑓
𝜕𝑥
, 𝑣 =
𝜕𝑓
𝜕𝑦
. )194(
37
f (𝑥, 𝑦) T d  w§ (𝑢, 𝑦)  rytm  ¤  (𝑥, 𝑦)  rytm   Cdww §w

 Tr‘m  𝑔(𝑢, 𝑦) T d  ¤ 
𝑔 = 𝑢𝑥− 𝑓. )195(
RAft  	s
𝑑𝑔 = 𝑥𝑑𝑢− 𝑣𝑑𝑦 ≡ 𝜕𝑔
𝜕𝑢
𝑑𝑢 +
𝜕𝑔
𝜕𝑦
𝑑𝑦. )196(
¤l  —  O
𝑥 =
𝜕𝑔
𝜕𝑢
, 𝑣 = −𝜕𝑔
𝜕𝑦
. )197(
TywtlyAh  TAyO  ¤  Ty rfi  TAyO   Aqtfl   A Anl Am|w  —  . (𝑞𝑖, 𝑝𝑖, 𝑡)  rytm  ¤  (𝑞𝑖, _𝑞𝑖, 𝑡)  rytm   Cdww §w ‚Ak§
TAyO  ¤ ,m‘ wF 𝑡 ⁄ _𝑞𝑖,𝑞𝑖 ¤ T  ¤¡ ¤t  𝐿 = 𝐿(𝑞𝑖, _𝑞𝑖, 𝑡) Ty rfi 
§wt Tr‘ 𝑡 ⁄ 𝑝𝑖 ,𝑞𝑖 ¤ T  ¤¡ ¤t  𝐻 TywtlyAhA ¤ms§ Am ,TywtlyAh 
Cdww
𝐻(𝑞𝑖, 𝑝𝑖, 𝑡) =
∑︁
𝑖
_𝑞𝑖𝑝𝑖 − 𝐿(𝑞𝑖, _𝑞𝑖, 𝑡). )198(
Th  	s
𝑑𝐻 =
𝜕𝐻
𝜕𝑞𝑖
𝑑𝑞𝑖 +
𝜕𝐻
𝜕𝑝𝑖
𝑑𝑝𝑖 +
𝜕𝐻
𝜕𝑡
𝑑𝑡. )199(
	s 'rfl  Th  
𝑑𝐻 = _𝑞𝑖𝑑𝑝𝑖 + 𝑝𝑖𝑑 _𝑞𝑖 − 𝜕𝐿
𝜕 _𝑞𝑖
𝑑 _𝑞𝑖 − 𝜕𝐿
𝜕𝑞𝑖
𝑑𝑞𝑖 − 𝜕𝐿
𝜕𝑡
𝑑𝑡
= _𝑞𝑖𝑑𝑝𝑖 − 𝜕𝐿
𝜕𝑞𝑖
𝑑𝑞𝑖 − 𝜕𝐿
𝜕𝑡
𝑑𝑡
= _𝑞𝑖𝑑𝑝𝑖 − _𝑝𝑖𝑑𝑞𝑖 − 𝜕𝐿
𝜕𝑡
𝑑𝑡. )200(
Trl  wtlyA¡ fl A‘ ¤l O TCAqmA
_𝑞𝑖 =
𝜕𝐻
𝜕𝑝𝑖
, − _𝑝𝑖 = 𝜕𝐻
𝜕𝑞𝑖
. )201(
¤l AS§  O
−𝜕𝐿
𝜕𝑡
=
𝜕𝐻
𝜕𝑡
. )202(
¤fl  An§d Tmm‘m  Ay dfl  ⁄ Ty¶A§zyf  m   ryb s   
:qt
𝐿(𝑞𝑖, _𝑞𝑖, 𝑡) = 𝐿0(𝑞𝑖, 𝑡)+ 𝐿1(𝑞𝑖, _𝑞𝑖, 𝑡)+ 𝐿2(𝑞𝑖, _𝑞𝑖, 𝑡) kK  ¤l 	tk Ty rfi  ∙
TsAt T  ¤¡ 𝐿1 ⁄ _𝑞𝑖 ¤ TyA  TCd   TsAt T  ¤¡ 𝐿2 y
	s TA  £@¡ ¤ . _𝑞𝑖 ¤ ¤⁄fl  TCd  
_𝑞𝑖𝑝𝑖 = _𝑞𝑖
𝜕𝐿1
𝜕 _𝑞𝑖
+ _𝑞𝑖
𝜕𝐿2
𝜕 _𝑞𝑖
= 𝐿1 + 2𝐿2. )203(
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 — 
𝐻 = 𝐿2   𝐿0. )204(
.𝑇 = 𝑇2(𝑞𝑖, _𝑞𝑖, 𝑡)+ 𝑇1(𝑞𝑖, _𝑞𝑖, 𝑡)+ 𝑇0(𝑞𝑖, 𝑡) kK  Tyr  TAW  @ Awm 
T r} zA l‘t fl Tmm‘m  Ay dfl  r‘ ¤t  fl A‘m  A  — 
𝑇2 y 𝑇 = 𝑇2 ¤AtA ⁄ ?⃗?𝑖 = ∑︀𝑗 _𝑞𝑗𝜕?⃗?𝑖/𝜕𝑞𝑗  A ?⃗?𝑖 = ?⃗?𝑖(𝑞1, 𝑞2, ..., 𝑞𝑛) ' 
TAW  A  —  'rfl  Th   . _𝑞𝑖 ¤ Ty‘yr _𝑞𝑖 ⁄ 𝑞𝑖 ¤ T  ¤¡
 —  .𝐿0 =   𝑉 ⁄ 𝐿1 = 0 ,𝐿2 = 𝑇  A _𝑞𝑖 Tmm‘m  ArsA l‘t fl TnAk 
¤l O
𝐻 = 𝑇 + 𝑉. )205(
.Tlml Tylk  TAW  ¤¡ £@¡
    wtlyA¡ fl A‘ Am‘tFA Tw‘}  ⁄d ¡rb    km§
𝑑𝐻
𝑑𝑡
=
𝜕𝐻
𝜕𝑡
. )206(
zA l‘t§ fl 𝐿  A T r} zA l‘t fl TnAk  TAW  A  —   — 
¤¡ 𝐻 TywtlyAh     '  T r} zA l‘t§ fl 𝐻  A ¤AtA ⁄ T r}
.z  ¤ T\fn
d‘m   wtlyA¡ db :r§At  
As   wtlyA¡ fl A‘
db  AhAqtJ  km§ Trl  rfl fl A‘  A As  ¤ Any Am
kK  @§ '@  ¤lAkt   wtlyA¡
𝛿𝐼 = 𝛿
∫︁ 𝑡2
𝑡1
𝑑𝑡𝐿(𝑞𝑖, _𝑞𝑖, 𝑡) = 0 . )207(
ytWqn  y fiymt  ”AS ¤ Tr‘ rV ¤l t§ r§At  
As  A bWA
.(𝑞1(𝑡2), ..., 𝑞𝑛(𝑡2)) ⁄ (𝑞1(𝑡1), ..., 𝑞𝑛(𝑡1))
¤AtA ⁄ 'CwW  ”ASf  ¤ Tlm  TA Tr P  wtlyA¡ fl A‘
›C⁄rSA 	§ fl A‘m  ¢A¡ ¤  ' ¥§    km§ '@  'r§At  dbm   A
.'CwW  ”ASf  ¤ ¢tAy}
 wtlyA¡ db ¤ 𝐿(𝑞𝑖, _𝑞𝑖, 𝑡) = ∑︀𝑖 _𝑞𝑖𝑝𝑖   𝐻(𝑞𝑖, 𝑝𝑖, 𝑡) T A‘mA {§w‘tA
¤ rW  Ah  ¤l r§At  Ahyl 	s§ ¤t  rW  rysf › A   ,£fi 
(𝑞1(𝑡1), ..., 𝑞𝑛(𝑡1), 𝑝1(𝑡1), ..., 𝑝𝑛(𝑡1)) ytWqn  y Xr ¤t  'CwW  ”ASf 
'@  d‘m   wtlyA¡ db ¤l O , (𝑞1(𝑡2), ..., 𝑞𝑛(𝑡2), 𝑝1(𝑡2), ..., 𝑝𝑛(𝑡2)) ⁄

 ¤W‘§
𝛿𝐼 = 𝛿
∫︁ 𝑡2
𝑡1
𝑑𝑡
(︂∑︁
𝑖
_𝑞𝑖𝑝𝑖   𝐻(𝑞𝑖, 𝑝𝑖, 𝑡)
)︂
= 0 . )208(
 '  (207)  wtlyA¡ db kJ Hf  d‘ 2𝑛 ⁄— ”AS ¤ 'r§A db  @¡
kK 
𝛿𝐼 = 𝛿
∫︁ 𝑡2
𝑡1
𝑑𝑡L (𝑞𝑖, _𝑞𝑖, 𝑝𝑖, _𝑝𝑖, 𝑡) = 0 . )209(
39

 ›AW‘ ›rJAb ¤¡ dbm   @¡     rfl fl A‘
𝑑
𝑑𝑡
(︂
𝜕L
𝜕 _𝑞𝑖
)︂
 
𝜕L
𝜕𝑞𝑖
= 0 , 𝑑
𝑑𝑡
(︀
𝑝𝑖
)︀
+
𝜕𝐻
𝜕𝑞𝑖
= 0 . )210(
𝑑
𝑑𝑡
(︂
𝜕L
𝜕 _𝑝𝑖
)︂
 
𝜕L
𝜕𝑝𝑖
= 0 , 𝑑
𝑑𝑡
(︀
0
)︀
  _𝑞𝑖 +
𝜕𝐻
𝜕𝑝𝑖
= 0 . )211(
.Trl  wtlyA¡ fl A‘ ¤l ›rJAb O 'r Am
TywAq  fi§wt 
Ty d  ¤¡ 𝑞𝑖 Tmm‘m  Ty dfl  .T§C⁄d  Tmm‘m  Ay dflA ry@tA db
Am‘tFA ,TA  £@¡ ¤  —  .Ah 𝐻 = 𝐻(𝑞𝑖, 𝑝𝑖) TywtlyAh  l‘t   —  T§C⁄ 
¤ T\fn ¤¡ 𝑝𝑖 TlAqm  Tmm‘m  Tr  Tym    d , wtlyA¡ fl A‘
 —  An§d .z 
  _𝑝𝑖 =
𝜕𝐻
𝜕𝑞𝑖
= 0 ) 𝑝𝑖 = 𝛽𝑖 = constant . )212(
Tylm w¡  wtlyA¡ fl A‘  : ¤AtA ¤¡ An¡ ¤⁄fl  TyFAFfl  T\fim 
.T§C⁄d  Ay dfl  TA ¤ TlhF
Tmm‘m  Tr  Aym ⁄ Tmm‘m  Ay dfl  CAyt     'rfl  Th  
.Tnkmm   CAytfl   ¢tn ry  d An¡  fl Ahlm ¤ Tyfy Tylm w¡
Tmm‘ Ay d  CAyt  AntlO  ¢A  wtlyA¡ fl A‘  Anmh§ Am¶  ¢fl
Tmm‘m  Ay dfl   ⁄  {‘ Ahl    wk§ 𝑃𝑖 Tmm‘ Tr Aym ⁄ 𝑄𝑖
fl A‘ q    'rfl  ¤¡ 	§ (𝑄𝑖, 𝑃𝑖) ›d§d  Twmm  £@¡ .T§C⁄ 𝑄𝑖
Tyl}fl  TywtlyAhl Awm ›r§A 𝐾(𝑄𝑖, 𝑃𝑖) ›d§d TywtlyAh  wtlyA¡
¤ms§(𝑞𝑖, 𝑝𝑖)  ! (𝑄𝑖, 𝑃𝑖) §wt   A XbSA 	bs   @¡    . 𝐻(𝑞𝑖, 𝑝𝑖)
.¤wA §w
¤W‘m  fiymt  ”AS ¤  rytm  ryyt ym‘ w¡ ¤wAq  §wt 
ryy Tqyq  ¤ w¡ ¤wAq  §wt  . 𝑞𝑖  ! 𝑄𝑖 = 𝑄𝑖(𝑞𝑖, 𝑡) ¤Wqn  §wtA
kK   'CwW  ”ASf  ¤  ryt
𝑞𝑖  ! 𝑄𝑖 = 𝑄𝑖(𝑞𝑗 , 𝑝𝑗 , 𝑡) , 𝑝𝑖  ! 𝑃𝑖 = 𝑃𝑖(𝑞𝑗 , 𝑝𝑗 , 𝑡). )213(
'  𝐻 = 𝐻(𝑞𝑖, 𝑝𝑖) TywtlyAh  wtlyA¡ fl A‘ § (𝑞𝑖, 𝑝𝑖) ⁄z     |rtf
_𝑞𝑖 =
𝜕𝐻
𝜕𝑝𝑖
,   _𝑝𝑖 =
𝜕𝐻
𝜕𝑞𝑖
. )214(
:d‘m   wtlyA¡ db  AhAqtJ  km§ fl A‘m  £@¡  A £fi  Any Am
𝛿
∫︁ 𝑡2
𝑡1
(𝑝𝑖 _𝑞𝑖   𝐻(𝑞, 𝑝, 𝑡)) = 0 . )215(
𝑝𝑖  ! 𝑃𝑖 = 𝑃𝑖(𝑞𝑗 , 𝑝𝑗 , 𝑡) ,𝑞𝑖  ! 𝑄𝑖 = 𝑄𝑖(𝑞𝑗 , 𝑝𝑗 , 𝑡) §wt   A yl b Anl Am
fl A‘ AS§  § (𝑄𝑖, 𝑃𝑖) d§d  ⁄z     |rtf Anfl ¤wA §w w¡
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P𝑖 ⁄ 𝑄𝑖 ›d§d   rytm     '  𝐾(𝑄,𝑃, 𝑡) ›d§d TywtlyAh k  wtlyA¡
›d§d   wtlyA¡ fl A‘  —  An§d .TywA  ryt ¤¡
_𝑄𝑖 =
𝜕𝐾
𝜕𝑃𝑖
, − _𝑃𝑖 = 𝜕𝐾
𝜕𝑄𝑖
. )216(
d‘m   wtlyA¡ db  fl A‘m  £@¡ tK    Annkm§ ¢  R w  
𝛿
∫︁ 𝑡2
𝑡1
(𝑃𝑖 _𝑄𝑖 −𝐾(𝑄,𝑃, 𝑡)) = 0 . )217(
An§d  wk§    	§  — 
𝛿
∫︁ 𝑡2
𝑡1
(𝑝𝑖 _𝑞𝑖 −𝐻(𝑞, 𝑝, 𝑡)) = 𝛿
∫︁ 𝑡2
𝑡1
(𝑃𝑖 _𝑄𝑖 −𝐾(𝑄,𝑃, 𝑡)) = 0 . )218(
AqmA ⁄ 
𝜆(𝑝𝑖 _𝑞𝑖 −𝐻(𝑞, 𝑝, 𝑡)) = 𝑃𝑖 _𝑄𝑖 −𝐾(𝑄,𝑃, 𝑡) + 𝑑𝐹
𝑑𝑡
. )219(
.›rmts TyA TqtK  — 'CwW  ”ASf  Ay d  ¤ T  ¤¡ 𝐹 ⁄ A ¤¡ 𝜆
¤t  A  ›dtmm  TywAq  fi§wt  Ahyms 𝜆 ̸= 1 Ah ¤t  TywAq  fi§wt 
.TywAq  fi§wtA  CAOt  Ahymsn 𝜆 = 1 Ah
'@  ¤mls  §wtA ¤ms§  d |A ¤wA §w  A 𝜆 A 
:¤AtA r‘§
𝑞𝑖 −→ 𝑄𝑖 = 𝜇𝑞𝑖 , 𝑝𝑖 −→ 𝑃𝑖 = 𝜈𝑝𝑖. )220(
Tm§dq   wtlyA¡ fl A‘ ¤  ' ¥ ›d§d   wtlyA¡ fl A‘ . w ¤¡ 𝜈 ⁄ 𝜇
  
𝐾(𝑄𝑖, 𝑃𝑖) = 𝜆𝐻(𝑞𝑖, 𝑝𝑖) , 𝜆 = 𝜇𝜈. )221(
' 
𝜆(𝑝𝑖 _𝑞𝑖 −𝐻(𝑞, 𝑝, 𝑡)) = 𝑃𝑖 _𝑄𝑖 −𝐾(𝑄,𝑃, 𝑡). )222(
fi |rtf .	FAn ¤mlF §w Am‘tFA 𝜆 = 1 CAyt  Am¶  Annkm§
§wt  rbt‘ . 𝜆 ̸= 1  (𝑞𝑖, 𝑝𝑖) −→ (𝑄′𝑖, 𝑃 ′𝑖 ) ¤wA §w An§d ¢ 
¤wAq  §wt  . 𝜆 = 𝜇𝜈  (𝑄𝑖, 𝑃𝑖) −→ (𝑄′𝑖 = 𝜇𝑄𝑖, 𝑃 ′𝑖 = 𝜈𝑃𝑖) ¤mls 
⁄ (𝑞𝑖, 𝑝𝑖) −→ (𝑄𝑖, 𝑃𝑖) ¤wAq  §wtl 	yr w¡ (𝑞𝑖, 𝑝𝑖) −→ (𝑄′𝑖, 𝑃 ′𝑖 )
§wt     Twhs qt  Annkm§ . (𝑄𝑖, 𝑃𝑖) −→ (𝑄′𝑖, 𝑃 ′𝑖 ) ¤mls  §wt 
.𝜆 = 1 ¢ (𝑞𝑖, 𝑝𝑖) −→ (𝑄𝑖, 𝑃𝑖) ¤wAq 
 ⁄ 𝜆 = 1 Ah ¤t  TywAq  fi§wt  ¤l AkA zyrt  Annkm§  — 
An§d fi§wt  £@¡    .TywAq  fi§wtl An⁄An ¤ Tywm '    dq
𝑝𝑖 _𝑞𝑖 −𝐻(𝑞, 𝑝, 𝑡) = 𝑃𝑖 _𝑄𝑖 −𝐾(𝑄,𝑃, 𝑡) + 𝑑𝐹
𝑑𝑡
. )223(
⁄ 𝑄𝑖 = 𝑄𝑖(𝑞𝑗 , 𝑝𝑗) '  T r} zA l‘t fl ¤t  TywAq  fi§wt 
.› ⁄dm  TywAq  fi§wtA ¤ms 𝑃𝑖 = 𝑃𝑖(𝑞𝑗 , 𝑝𝑗)
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¤  TARflA 𝑃𝑖 ⁄ 𝑝𝑖 ,𝑄𝑖 ,𝑞𝑖 'CwW  ”ASf  Ay d  ¤ T  ¤¡ 𝐹 T d 
𝑃𝑖 = 𝑃𝑖(𝑞𝑗 , 𝑝𝑗 , 𝑡) ⁄ 𝑄𝑖 = 𝑄𝑖(𝑞𝑗 , 𝑝𝑗 , 𝑡) Am‘tFA .ryt 4𝑛+1 ¤ T  Ah  '  z 
ms 𝐹 T d  .ryt 2𝑛 + 1 ¤ T   w  ¤ ¤¡ 𝐹    'r AhAFwk‘ ⁄
Ah ryt O d Adn Xq ¤wAq  §wtl “wbSm  kK  yy‘t An
T§CwW  Ay dfl   rfl  On  ⁄ (𝑞𝑖, 𝑝𝑖) Tm§dq  T§CwW  Ay dfl  
 —  .¤wAq  §wt  dw C⁄ 	‘l 𝐹  A TA  £@¡ ¤ . (𝑄𝑖, 𝑃𝑖) ›d§d 
TyAt  ›dwm   ⁄dA Tny‘ TywAq  fi§wt   Xq  w  T‘C  An§d
𝐹 = 𝐹1(𝑞𝑖, 𝑄𝑖, 𝑡). )224(
𝐹 = 𝐹2(𝑞𝑖, 𝑃𝑖, 𝑡). )225(
𝐹 = 𝐹3(𝑝𝑖, 𝑄𝑖, 𝑡). )226(
𝐹 = 𝐹4(𝑝𝑖, 𝑃𝑖, 𝑡). )227(
.TyA  ⁄ ¤⁄fl  ytA  yOft  {‘b ¤qb Amy LAn
TA  £@¡ ¤ :¤⁄fl  TA 
𝐹 = 𝐹1(𝑞𝑖, 𝑄𝑖, 𝑡). )228(
	s
𝑝𝑖 _𝑞𝑖   𝐻 = 𝑃𝑖 _𝑄𝑖   𝐾 +
𝜕𝐹1
𝜕𝑡
+
𝜕𝐹1
𝜕𝑞𝑖
_𝑞𝑖 +
𝜕𝐹1
𝜕𝑄𝑖
_𝑄𝑖. )229(
¤l O AyW  fiqts 𝑄𝑖 ⁄ 𝑞𝑖  fl
𝑝𝑖 =
𝜕𝐹1
𝜕𝑞𝑖
, 𝑃𝑖 =  
𝜕𝐹1
𝜕𝑄𝑖
. )230(
𝐾 = 𝐻 +
𝜕𝐹1
𝜕𝑡
. )231(
¤ T   wk    	§ ›dwm  T d   A TA  £@¡ ¤ :TyA  TA 
TCAqmA .𝑃𝑖 ›d§d  Tmm‘m  Tr  Aym ⁄ 𝑞𝑖 Tm§dq  Tmm‘m  Ay dfl 
	§ (223) T A‘m  ¤ ¢A ¤AtA .An¡ 𝑄𝑖 C⁄ 	‘l§ An¡ 𝑃𝑖  A ¤⁄fl  TAA
¤AtA ›dwm  T d  CAytA — yq km§ . 𝑄𝑖 _𝑃𝑖 
 𝑃𝑖 _𝑄𝑖 {§w‘
𝐹 = 𝐹2(𝑞𝑖, 𝑃𝑖, 𝑡)   𝑄𝑖𝑃𝑖. )232(
 fl  	s
𝑝𝑖 _𝑞𝑖   𝐻 =   𝑄𝑖 _𝑃𝑖   𝐾 +
𝜕𝐹2
𝜕𝑡
+
𝜕𝐹2
𝜕𝑞𝑖
_𝑞𝑖 +
𝜕𝐹2
𝜕𝑃𝑖
_𝑃𝑖. )233(
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¤l O AyW  fiqts Am¡ 𝑃𝑖 ⁄ 𝑞𝑖  fl 'r  ›r
𝑝𝑖 =
𝜕𝐹2
𝜕𝑞𝑖
, 𝑄𝑖 =
𝜕𝐹2
𝜕𝑃𝑖
. )234(
𝐾 = 𝐻 +
𝜕𝐹2
𝜕𝑡
. )235(
	tk T‘ r  ⁄ TA  ytA    
𝐹 = 𝐹3(𝑝𝑖, 𝑄𝑖, 𝑡) + 𝑞𝑖𝑝𝑖. )236(
𝐹 = 𝐹4(𝑝𝑖, 𝑃𝑖, 𝑡) + 𝑞𝑖𝑝𝑖   𝑄𝑖𝑃𝑖. )237(
XbSA ¤¡ zA l‘t fl ›dwm  Aht   wk ¤t  TywAq  fi§wt 
An§d Ahl   ⁄ › ⁄dm  TywAq  fi§wt 
𝜕𝐹
𝜕𝑡
= 0 ) 𝐾 = 𝐻. )238(
ywy Tn¡rb ⁄  wF w x w  ,Tytkylbms  TAyO 
,lt r  kJ ¤l TywAq  fi§wt  TAt km§ : ¤tkylbms  “rK 
. wtlyA¡ fl A‘m )4( Tytkylbms  TAyO  Am‘tFA ,›dwm   ⁄dl ‚Ak k
Aym ⁄ 𝑞𝑖 Tmm‘m  Ay dfl   kKm  d‘ 2𝑛 ¤ 𝜂 A‘K  r‘ fl⁄ 
Ay dfl   kKm  d‘ 2𝑛 ¤ AS§  r‘m  𝜉 A‘K  ⁄ , 𝑝𝑖 Tmm‘m  Tr 
'  𝑃𝑖 Tmm‘m  Tr  Aym ⁄ 𝑄𝑖 Tmm‘m 
𝜂 =
(︂
𝑞𝑖
𝑝𝑖
)︂
, 𝜉 =
(︂
𝑄𝑖
𝑃𝑖
)︂
. )239(
 ⁄dm  ¤wAq  §wt  fl A‘ .'CwW  ”ASf  ¤ Tr‘ T‘J  £@¡
kK  ¤l AhtAt km§ 𝑃𝑖 = 𝑃𝑖(𝑞𝑗 , 𝑝𝑗) ⁄ 𝑄𝑖 = 𝑄𝑖(𝑞𝑗 , 𝑝𝑗)
𝜉 = 𝜉(𝜂). )240(

 ¤W‘ 𝜂  rytm  ¤  wtlyA¡ fl A‘
_𝜂 = 𝐽
𝜕𝐻
𝜕𝜂
. )241(

 ¤W‘ ⁄ 2𝑛x2𝑛 ¤¡ 𝐽 TwfOm 
𝐽 =
(︂
0 1𝑛
  1𝑛 0
)︂
. )242(

 ¤W‘ 𝜉  rytm  ¤  wtlyA¡ fl A‘
_𝜉 = 𝐽
𝜕𝐻
𝜕𝜉
. )243(
symplectic formulation .)4(
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 𝑀 TwfOm  r‘
𝑀𝑖𝑗 =
𝜕𝜉𝑖
𝜕𝜂𝑗
. )244(
An§d
_𝜉𝑖 = 𝑀𝑖𝑗 _𝜂𝑗
= 𝑀𝑖𝑗𝐽𝑗𝑘
𝜕𝐻
𝜕𝜂𝑘
= 𝑀𝑖𝑗𝐽𝑗𝑘𝑀𝑙𝑘
𝜕𝐻
𝜕𝜉𝑙
= ( 𝑀𝐽𝑀𝑇 )𝑖𝑙 𝜕𝐻
𝜕𝜉𝑙
. )245(
¤l  —  O TCAqmA
𝑀𝐽𝑀𝑇 = 𝐽. )246(
“rK     . TytkylbmF TwfO ¤¡ 𝑀 TwfOm  ⁄ ¤tkylbms  “rK  w¡  @¡
¤t TywAq  fi§wt      ¤A ⁄ 'C⁄rR “rJ w¡ ¤tkylbms 
¤t  › ⁄dm  TywAq  fi§wt     Xq Hy ⁄ zA l‘t ¤t  l
.›dw T   w⁄ zlts§ ¤tkylbms  “rK     ¡rb    km§ .£fi  A¡Arbt 
fi§wt  Twm    ¤l  A¡rbl Tytkylbms  TAyO  Am‘tF  km§ AS§ 
.›rE kK TywAq 
TywAq  fi§wt     ¡rb    km§ :rO  ¤ Ty¡Antm  TywAq  fi§wt 
§w '   A ›rE Tyn An§d ¢fl fl⁄  .¤AtA ¤tkylbms  “rK  q
¤flA ¢kykf km§ ¤wA
𝜂 =
(︂
𝑞𝑖
𝑝𝑖
)︂
 ! 𝜉(𝜂, 𝑡0) =
(︂
𝑄𝑖(𝑞, 𝑝, 𝑡0)
𝑃𝑖(𝑞, 𝑝, 𝑡0)
)︂
 ! 𝜉(𝜂, 𝑡) =
(︂
𝑄𝑖(𝑞, 𝑝, 𝑡)
𝑃𝑖(𝑞, 𝑝, 𝑡)
)︂
.)247(
.zA l‘t§ fl  ⁄d ¤wA §w ¢fl ¤tkylbms  “rK  q§ ⁄fl  d 
fi§w  ¢byr km§ ¤A  §wt   A ›rE Tyn An§d ¢fl 'r  ›r
Ty¡Ant ›ry} flA ¤  𝑡   𝑡0 Am  sq '  rO  ¤ Ty¡Ant TywA
.A  ¤ ¤wAq  §wt  Xq rbt‘ ⁄ 𝑑𝑡 rO  ¤
T d     ^fi fl⁄  .rO  ¤ Ty¡Antm  TywAq  fi§wt  §r‘t db
¡rb    km§ ‘fA . )5( AWtA r¥§ '@  ¤wAq  §wt  dw 𝐹2 = 𝑞𝑖𝑃𝑖
¤ £Antm  ¤wAq  §wt  . 𝐾 = 𝐻 ⁄ 𝑃𝑖 = 𝑝𝑖 ,𝑄𝑖 = 𝑞𝑖    ¤l TA  £@¡ ¤
 —  Aq§ rO 
𝐹2 = 𝑞𝑖𝑃𝑖 + 𝜖𝐺(𝑞𝑗 , 𝑃𝑗 , 𝑡). )248(
	s
𝑃𝑖 = 𝑝𝑖   𝜖
𝜕𝐺
𝜕𝑞𝑖
, 𝑄𝑖 = 𝑞𝑖 + 𝜖
𝜕𝐺
𝜕𝑃𝑖
= 𝑞𝑖 + 𝜖
𝜕𝐺
𝜕𝑝𝑖
. )249(
identity .)5(
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T d  .z  ⁄ , 𝑃 ⁄ 𝑞 |w , 𝑝 ⁄ 𝑞 ¤ T  Ah  ¤l 𝐺 ¤ rkf    Annkm§ ¢  ' 
An§d .rO  ¤ £Antm  ¤wAq  §wtl ›dwm  T d  ¤¡ 𝐺
𝛿𝑝𝑖 = 𝑃𝑖   𝑝𝑖 =   𝜖
𝜕𝐺
𝜕𝑞𝑖
, 𝛿𝑞𝑖 = 𝑄𝑖   𝑞𝑖 = 𝜖
𝜕𝐺
𝜕𝑝𝑖
. )250(
Q rtm  kK  ¤l (250) fl A‘m  £@¡ 	tk    km§
𝛿𝜂 = 𝜉   𝜂 = 𝜖𝐽
𝜕𝐺
𝜕𝜂
. )251(
£fi  rO  ¤ £Antm  ¤wAq  §wt     	s    km§ AS§ 
𝑀 =
𝜕𝜉
𝜕𝜂
= 1 + 𝜕
𝜕𝜂
𝛿𝜂
= 1 + 𝜖𝐽 𝜕
2𝐺
𝜕𝜂𝜕𝜂
. )252(

 ›AW‘ Abrm ›rZAnt TwfO ¤¡ 𝜕2𝐺/𝜕𝜂𝜕𝜂 TwfOm 
(︀ 𝜕2𝐺
𝜕𝜂𝜕𝜂
)︀
𝑖𝑗
=
𝜕2𝐺
𝜕𝜂𝑖𝜕𝜂𝑗
. )253(
TywAq  fi§wt     ¤tkylbms  “rK   ›rJAb  fl  qt    km§
¤AtA rO  ¤ Ty¡Antm 
𝑀𝐽𝑀𝑇 =
(︂
1 + 𝜖𝐽 𝜕
2𝐺
𝜕𝜂𝜕𝜂
)︂
𝐽
(︂
1   𝜖 𝜕
2𝐺
𝜕𝜂𝜕𝜂
𝐽
)︂
= 𝐽. )254(
XbSA w¡ £fi  rO  ¤ £Antm  ¤wAq  §wt   A 𝜖 = 𝑑𝑡 Art   — 
“rK   —  q§ §wt   @¡ . 𝑡 = 𝑡0 + 𝑑𝑡  𝜉(𝜂, 𝑡0)  ! 𝜉(𝜂, 𝑡) §wt 
,(247)  ¤A  d  ¤ rh\§ '@  ¤wAq  §wt   A ¤AtA ⁄ ¤tkylbms 
q§ , 𝜖 = 𝑑𝑡 wn   rO  ¤ Ty¡Ant TywA fi§wt 	yr w¡ '@  ⁄
.  rm  w¡ ⁄ ¤tkylbms  “rK 
'CwW  ”ASf  ¤l 𝑣 ⁄ 𝑢 yt d  wF w x w  r‘ : wF w x w 
Tfi‘A 𝑝𝑖 ⁄ 𝑞𝑖  rytml TbsnA
[𝑢, 𝑣]𝜂 =
∑︁
𝑖
(︂
𝜕𝑢
𝜕𝑞𝑖
𝜕𝑣
𝜕𝑝𝑖
 
𝜕𝑢
𝜕𝑝𝑖
𝜕𝑣
𝜕𝑞𝑖
)︂
=
(︂
𝜕𝑢
𝜕𝜂
)︂𝑇
𝐽
𝜕𝑣
𝜕𝜂
. )255(

 ¤W‘ ¤t  TyFAFfl   wF w x wA ¤ms§ A ›rJAb 	s
[𝜂, 𝜂]𝜂 = 𝐽. )256(
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kK  Abrm  Tfld @ Tfi‘  £@¡
[𝑞𝑖, 𝑞𝑗 ]𝜂 = 0 , [𝑝𝑖, 𝑝𝑗 ]𝜂 = 0 , [𝑞𝑖, 𝑝𝑗 ]𝜂 = −[𝑝𝑖, 𝑞𝑗 ]𝜂 = 𝛿𝑖𝑗 . )257(
 fl  	s
[𝑢, 𝑣]𝜂 = 𝜕𝑢
𝜕𝜂𝑖
𝐽𝑖𝑗
𝜕𝑣
𝜕𝜂𝑗
=
𝜕𝑢
𝜕𝜉𝑘
𝜕𝜉𝑘
𝜕𝜂𝑖
𝐽𝑖𝑗
𝜕𝜉𝑙
𝜕𝜂𝑗
𝜕𝑣
𝜕𝜉𝑙
=
𝜕𝑢
𝜕𝜉𝑘
(𝑀𝐽𝑀𝑇 )𝑘𝑙 𝜕𝑣
𝜕𝜉𝑙
= [ 𝑢, 𝑣]𝜉. )258(
“rK   @¡ .TywAq  fi§wt  ry  ›dA} ¤¡  wF w x w     ' 
 A¡rbl £@¡  wmO  Ty}A Am‘tF  km§ AS§  .¤tkylbms  “rKl AAm ‚Ak
Am .¤wAq  §wtl ›dw T   w⁄ zlts§ ¤tkylbms  “rK     ¤l
ry  ›dA} ¤qb , wF w x w  ¤  TARflA ,'r  ”AyJ  An¡ 'rtF
.TywAq  fi§wt 
Am‘tFA .𝑢 = 𝑢(𝑞𝑖, 𝑝𝑖, 𝑡) '  z  ⁄ 𝑝𝑖 ,𝑞𝑖  rytm  ¤ 𝑢 T   fl  rbt‘

 ¤W‘ 𝑢 T dl z  ¤ TAt  TqtKm   A  wtlyA¡ fl A‘
𝑑𝑢
𝑑𝑡
=
∑︁
𝑖
(︂
𝜕𝑢
𝜕𝑞𝑖
_𝑞𝑖 +
𝜕𝑢
𝜕𝑝𝑖
_𝑝𝑖
)︂
+
𝜕𝑢
𝜕𝑡
=
∑︁
𝑖
(︂
𝜕𝑢
𝜕𝑞𝑖
𝜕𝐻
𝜕𝑝𝑖
− 𝜕𝑢
𝜕𝑝𝑖
𝜕𝐻
𝜕𝑞𝑖
)︂
+
𝜕𝑢
𝜕𝑡
= [ 𝑢,𝐻]𝜂 + 𝜕𝑢
𝜕𝑡
. )259(
TA  wtlyA¡ fl A‘ ¤l wO  km§ . 𝑢 T d  Tr T A‘ ¤¡ £@¡
,_𝑞𝑖 = [ 𝑞𝑖, 𝐻]𝜂 ¤l ›rJAb O 𝑢 = 𝑞𝑖, 𝑝𝑖 Art   —  .¤AtA T}A
¤l  —  O Tytkylbms  TAtk  Am‘tFA . _𝑝𝑖 = [ 𝑝𝑖, 𝐻]𝜂
_𝜂 = [ 𝜂,𝐻]𝜂 = 𝐽 𝜕𝐻
𝜕𝜂
)260(
.(241)  wtlyA¡ fl A‘ ¤l ›CAb ¤¡ ¤t 
Am‘tFA(251) rO  ¤ Ty¡Antm  TywAq  fi§wt   ryb‘t  AS§  km§
¤l O (255) ¤ 𝑣 = 𝐺 ⁄ 𝑢 = 𝜂 CAytA . wF w x w 
[𝜂,𝐺]𝜂 = 𝐽 𝜕𝐺
𝜕𝜂
, )261(
kK  ¤l ¢tAt  —  km§ (251) rO  ¤ £Antm  ¤wAq  §wt 
𝛿𝜂 = 𝜖[𝜂,𝐺]𝜂. )262(
⁄ 𝛿𝑞𝑖 = 𝑑𝑥[𝑞𝑖, 𝑝𝑗 ]𝜂 = 𝛿𝑖𝑗𝑑𝑥 ¤l O 𝐺 = 𝑝𝑗 ⁄ 𝜖 = 𝑑𝑥 fi Art   — 
.𝑝𝑗 Tr  Tym £dw 𝑗 £Afl  ¤ 
Asfl     '  𝛿𝑝𝑖 = 𝑑𝑥[𝑝𝑖, 𝑝𝑗 ]𝜂 = 0
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  = _𝜂𝑑𝑡 = 𝑑𝜂 ¤l O 𝐺 = 𝐻 ⁄ 𝜖 = 𝑑𝑡 Art   —  .¤fl  rbt‘ ¤A Am
' 
𝜖 = 𝑑𝑡 , 𝐺 = 𝐻 ) 𝛿𝜂 = _𝜂𝑑𝑡 = 𝑑𝜂. )263(
Tytn  £@¡ .z  ¤ CwWt  '  Tlm  Tr ›dw ¤¡ TywtlyAh   — 
§wt  ¤ 𝐺 = 𝐻 Art   —  .¤AtA AS§  Ahy  w}w  km§  d Tmhm 
   ›rJAb tnts (250) rO  ¤ £Antm  ¤wAq 
𝛿𝑝𝑖 = 𝜖 _𝑝𝑖 , 𝛿𝑞𝑖 = 𝜖 _𝑞𝑖 ) 𝜖 = 𝑑𝑡. )264(
AAsfi '  rO  ¤ Ty¡Antm  Trl ›dwm  T d  ¤¡ TywtlyAh     ' 
z  ¤ Tlm  Tr    wq 'r  ¢yO .rO  ¤ Ty¡Antm  z  ¤
.TywtlyAh  £dw ¤wA §w ¤¡
, wF w x w  ¤  TARflA ,'r  ”AyJ  An¡ £fi  Anl Am :ywy Tn¡rb
¤t  TywAq  fi§wt  Ahn ⁄ TywAq  fi§wt  ry  ›dA} ¤qb
.'CwW  ”ASf  ¤   w¡ 'rfl  Cwfl  £@¡ ¡  .z  ¤ Tlm  r
𝜂𝑖 Ay dfl  Tfld ¤W‘§ 'CwW  ”ASf  ¤ rO  ¤ £Antm   
  rOn‘
𝑑𝑉𝜂 = 𝑑
2𝑛𝜂 = 𝑑𝑞1...𝑑𝑞𝑛𝑑𝑝1...𝑑𝑝𝑛. )265(
'@  𝑑𝑉𝜉   ¤  𝑑𝑉𝜂   wt§ 𝜂  ! 𝜉 ¤wAq  §wt  ry 

 ¤W‘§
𝑑𝑉𝜉 = 𝑑
2𝑛𝜉 = 𝑑𝑄1...𝑑𝑄𝑛𝑑𝑃1...𝑑𝑃𝑛. )266(
§wtl ¤wA   dmA ⁄r‘ w¡ Am  AWbr 𝑑𝑉𝜉 ⁄ 𝑑𝑉𝜂  Am    @¡
An§d XbSA .𝜂  ! 𝜉 ¤wAq 
𝑑2𝑛𝜉 = jdet 𝜕𝜉𝑖
𝜕𝜂𝑗
j𝑑2𝑛𝜂
= jdet𝑀𝑖𝑗 j𝑑2𝑛𝜂. )267(
' 
𝑑𝑉𝜉 = jj𝑀 jj𝑑𝑉𝜂. )268(
¤  ' ¥§ 𝑀𝐽𝑀𝑇 = 𝐽 ¤tkylbms  “rK   A 'rfl  Th  
det𝐽 = det( 𝑀𝐽𝑀𝑇 )
= det𝑀.det𝐽.det𝑀𝑇
= det 𝐽.(det𝑀 )2. )269(
¤AtA ⁄ j𝑀 j2 = 1  —  tnts
𝑑𝑉𝜉 = 𝑑𝑉𝜂. )270(
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zlts§  @¡ .TywAq  fi§wt  ry  dA} rO  ¤ £Antm     — 
fi§wt  ry  dA} w¡ 'CwW  ”ASf  ¤ TqWn '      ›rJAb
dAO  Akt   —  An§d .TywAq 
𝑉𝜂 =
∫︁
𝑑𝑉𝜂
=
∫︁
𝑑2𝑛𝜂
=
∫︁
𝑑𝑞1...𝑑𝑞𝑛𝑑𝑝1...𝑑𝑝𝑛. )271(
.¢§rk wb dAO  Akt  FA Akt   @¡ r‘§
𝑑𝑁𝜂 ¤l 'wt§ 'CwW  ”ASf  ¤ 𝑑𝑉𝜂 rO  ¤ £Ant   fl  rbt‘
Tlml ¢ny‘ TA r‘ “Aqn  £@¡  TWq  . (𝑞1, ..., 𝑞𝑛, 𝑝1, ..., 𝑝𝑛) TWq
“⁄rK  fitA Xq Ahny Amy lt 𝑡0 Ty¶ dt  T\ ¤ Ty¶A§zyf 

 r‘ flA  TA .Ty¶ dtfl 
𝜌 =
𝑑𝑁𝜂
𝑑𝑉𝜂
. )272(
ry CwWt “Aqn  A  —  z  ¤ ryt§ fl    A £fi  Any Am
¢lkJ ryt§    km§ 𝑑𝑉𝜂    A z  C⁄r   —  . wtlyA¡ fl A‘
𝑑𝑉𝜂     𝑑𝑁𝜂 flA   d    R w   .¢tmy ryt    km§ fl k
d§r kK A¡ d Tlml Tqfi  Tr    fl z  ¤ A AS§  ¤qb§
𝑑𝑉𝜂     “Aqn    A ¤AtA ⁄ 'CwW  ”ASf  ¤ Ty¶ dtfl   wm 
.𝑡 T\l  ¤ 𝑑𝑉𝜂 d§d    tt {‘b  AhS‘  rt 𝑡0 T\l  ¤
'  z  ¤ ¢tA  wk    	§ flA  TA     —  tnts
𝑑𝜌
𝑑𝑡
= 0 . )273(
,𝑞𝑖 Ay dfl  ¤ 'CwW  ”ASf  ¤ T  ¤¡ 𝜌 T d  .ywy Tn¡rb ¤¡ £@¡
An§d(259) Tytn  Am‘tFA .z  ⁄ 𝑝𝑖
𝑑𝜌
𝑑𝑡
= [ 𝜌,𝐻]𝜂 + 𝜕𝜌
𝜕𝑡
. )274(
‚Akm  kK   —  @ ywy Tn¡rb
𝜕𝜌
𝜕𝑡
=   [𝜌,𝐻]𝜂. )275(
TywAq  fi§wt  : TywAq  fi§wtl ¤bls  rysft  ⁄ ¤A§fl  rysft 
qtn ¤wAq  §wtl ¤bls  rysft  ¤ .AyblF ⁄  AyA§  A  A¡rysf km§
.𝑃𝑖 ⁄ 𝑄𝑖 Ay dA 𝜉 'CwW  ”ASf  ¤  𝑝𝑖 ⁄ 𝑞𝑖 Ay dA 𝜂 'CwW  ”ASf  
TlymtA AS§  ⁄ 𝐴 = ( 𝑞𝑖, 𝑝𝑖) TlymtA }w    km§ 𝑡 T\l  ¤ Tlm   — 
Hf d Tlm   ryt ¤ 𝑢 T  '  'r  ›CAb‘ . 𝐴′ = ( 𝑄𝑖, 𝑃𝑖) Twm 
𝑝𝑖 ⁄ 𝑞𝑖 ¤l 𝑢  ¤ d  l‘t     C 𝜉 ⁄ 𝜂 y¶ASf  ¤ 𝑢(𝐴) = 𝑢(𝐴′ ) Tmyq 
.𝑃𝑖 ⁄ 𝑄𝑖  rytm  ¤l ¤ d  Ahql‘  Awm lt§
Ay d  ¤¡ 𝑃𝑖 ⁄ 𝑄𝑖 Ay dfl   A ¤wAq  §wtl ¤A§fl  rysft  ¤
¤wAq  §wt   —  . 𝐴 TWqnl ›r§A 'CwW  ”ASf  Hf ¤ 𝐵 'r  TWq
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ms§ ¢  ¤n‘m 𝐵 = ( 𝑄𝑖, 𝑃𝑖) TWqn  ¤  𝐴 = ( 𝑞𝑖, 𝑝𝑖) TWqn   Tlm  r§
 A Cw\nm   @¡   —  .Hk‘  ⁄ 𝐴 Tlymt  Tfld 𝐵 Tlymt   ryb‘tA An
 rytm  ¤l ¤ d  Ahql‘    C 𝐵 ¤  𝐴  Aqtfl  dn ryt 𝑢 T d  Tmy
Aqtfl  dn T d  Tmy ¤ 𝜕𝑢 ryt  . 𝑃𝑖 ⁄ 𝑄𝑖  rytm  ¤l ¢sf w¡ 𝑝𝑖 ⁄ 𝑞𝑖

 ¤W‘§ 𝐵 ¤  𝐴 
𝜕𝑢 = 𝑢(𝐵)   𝑢(𝐴)
= 𝑢(𝜂 + 𝛿𝜂)   𝑢(𝜂)
=
𝜕𝑢
𝜕𝜂
𝛿𝜂
= 𝜖
𝜕𝑢
𝜕𝜂
𝐽
𝜕𝐺
𝜕𝜂
= 𝜖[𝑢,𝐺]𝜂. )276(
 ryt TywtlyAh   fl fiyl ›dq‘ Cwfl   A TywtlyAh    
¤AtA z  ¤l ›dwm  T d  l‘ TA ¤ ¤wAq  §wt  ry
¤wAq  §wtl ¤bls  rysft  ¤ ¤t  —  . 𝐾 = 𝐻 + 𝜕𝐹2/𝜕𝑡 = 𝐻 + 𝜖𝜕𝐺/𝜕𝑡
¤ A  , 𝐴′ ¤  𝐴  Aqtfl  dn 𝐾(𝐴′ ) ¤  𝐻(𝐴)  ryt TywtlyAh   A
𝐻(𝐵) ¤  𝐻(𝐴)  ¤lfl  ¤ Am ryt TywtlyAh   A ¤A§fl  rysft 
Tmy ¤ rf  ¢  ¤l 𝜕𝐻 r‘ TA  £@¡ ¤ . 𝐵 ¤  𝐴  Aqtfl  dn
'  §rysft  y TywtlyAh 
𝜕𝐻 = ( 𝐻(𝐵)   𝐻(𝐴))   (𝐾(𝐴′ )   𝐻(𝐴))
= 𝐻(𝐵)   𝐾(𝐴′ ). )277(
ry  T d  ryt   —  TA ¤ As  §r‘t  ¤l bWn§ §r‘t   @¡
 fl  	s .TywAq  fi§wt 
𝜕𝐻 = 𝐻(𝐵)   𝐻(𝐴′ )   𝜖𝜕𝐺
𝜕𝑡
= 𝐻(𝐵)   𝐻(𝐴)   𝜖𝜕𝐺
𝜕𝑡
= 𝜖[𝐻,𝐺]𝜂   𝜖𝜕𝐺
𝜕𝑡
=   𝜖
𝑑𝐺
𝑑𝑡
. )278(
Trl A ¤¡ 𝐺 ›dwm  T d  A  —  :¤AtA ¤¡ An¡ TyFAFfl  T}fi 
TywtlyAh  Tmy  ry§ fl Ah Aqm  rO  ¤ £Antm  ¤wAq  §wt   A
 dw XbSA ¤¡ Tr   w  —  .›dA} TywtlyAh  rt§ ¢  ' 
.›dA} TywtlyAh  rt ¤t  rO  ¤ Ty¡Antm  TywAq  fi§wt 
¤wA -  wtlyA¡ T A‘
y (𝑄𝑖, 𝑃𝑖) Ay dfl  ¤  (𝑞𝑖, 𝑝𝑖) Ay dfl   ¤wA §w rbt‘
§wt   @¡ . 𝑃𝑖 = 𝛼𝑖 ⁄ 𝑄𝑖 = 𝛽𝑖 '  z  ¤  w 𝑃𝑖 ⁄ 𝑄𝑖  wk    d§r
 fl . 𝐾(𝑄,𝑃, 𝑡) Twm  TywtlyAh   d‘  | rtA ¢qyq km§ ¤wAq 
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An§d  wk§     —  	§ 𝐾(𝑄,𝑃, 𝑡) = 𝐻(𝑞, 𝑝, 𝑡) + 𝜕𝐹/𝜕𝑡
𝐻(𝑞, 𝑝, 𝑡) + 𝜕𝐹
𝜕𝑡
= 0 . )279(
 dtFA . 𝐹 = 𝐹2(𝑞𝑖, 𝑃𝑖, 𝑡) '  ¤A  wn   𝐹 ›dwm  T d  @  ¶fim  
kK  ¤l £fi  T A‘m  	tk    km§ 𝑝𝑖 = 𝜕𝐹2/𝜕𝑞𝑖 §wt  T A‘
𝐻(𝑞1, 𝑞2, ..., 𝑞𝑛, 𝜕𝐹2
𝜕𝑞1
,
𝜕𝐹2
𝜕𝑞2
, ...,
𝜕𝐹2
𝜕𝑞𝑛
, 𝑡) + 𝜕𝐹2
𝜕𝑡
= 0 . )280(
Tbr   Ty¶z TylRAf T A‘ £@¡ .¤wA -  wtlyA¡ T A‘ ¤¡ £@¡

   ¤  zr . 𝐹2 ›dwm  T d     𝑡 ⁄ 𝑞𝑛,.... ,𝑞1 ryt 𝑛 + 1 ¤ ¤⁄fl 
 .Tysy¶r   wtlyA¡ T d ¢yms ⁄ 𝐹2 = 𝑆 = 𝑆(𝑞1, ..., 𝑞𝑛, 𝛼1, ..., 𝛼𝑛, 𝛼𝑛+1 , 𝑡)
 A  𝑆 A  —  ¢  AS§  R w   .Akt   w ¤¡ 𝛼𝑖   dfl     R w 
rh\§ ,𝛼𝑛+1 w¡ ky ⁄ , Ak A An¡  A 'r  ›CAb‘ . AS§  ¤¡ 𝑆 + 𝛼
@  dn ¤ft§ ¢fl   ¤ AAm h ry w¡ ¤AtA ⁄ 𝑆 ¤  AAS Xq
kK  @§ 𝐹2 = 𝑆    —  .Ty¶z  AAqtJfl 
𝐹2 = 𝑆 = 𝑆(𝑞1, ..., 𝑞𝑛, 𝛼1, ..., 𝛼𝑛, 𝑡). )281(
𝑃𝑖 Tr  Aym .¤wA -  wtlyA¡ T A‘m At  A ¤ms§    @¡
 ⁄d ⁄  —  A¡@  km§ ›rqf  £@¡ T§ d ¤ z  ¤  w Ah  AnRrt  ¤t 
'  𝛼𝑖  wl T§⁄As AK ' 
𝑃𝑖 = 𝛼𝑖. )282(
kK  ¤l  fl  𝑝𝑖 = 𝜕𝐹2/𝜕𝑞𝑖 T A‘m  	tk
𝑝𝑖 =
𝜕𝑆(𝑞, 𝛼, 𝑡)
𝜕𝑞𝑖
. )283(
.𝛼𝑖 ⁄ 𝑝𝑖 ⁄ 𝑞𝑖  Ty¶ dtfl  yq  y T A‘m  £@¡ Xr 𝑡0 Ty¶ dtfl  T\l  ¤
 AfiW  𝑝𝑖 ⁄ 𝑞𝑖  Ty¶ dtfl  yq  Tfld 𝛼𝑖 Akt   w yy‘ km§  — 
.T A‘m  £@¡
kK  ¤l  fl  	tk 𝑄𝑖 = 𝜕𝐹2/𝜕𝑃𝑖 T A‘m   A 'rfl  Th  
𝑄𝑖 = 𝛽𝑖 =
𝜕𝑆(𝑞, 𝛼, 𝑡)
𝜕𝛼𝑖
. )284(
Ty¶ dtfl  yq  ¢fld 𝛽𝑖 yy‘t An ms T A‘m  £@¡ 𝑡0 Ty¶ dtfl  T\l  ¤
'  z  ⁄ 𝛽𝑖 ,𝛼𝑖 Tfld 𝑞𝑖 ¤l wOl Ahbl km§ T A‘m  £@¡ . 𝛼𝑖 ⁄ 𝑞𝑖 
𝑞𝑖 = 𝑞𝑖(𝛼, 𝛽, 𝑡). )285(
z  ⁄ 𝛽𝑖 ,𝛼𝑖 Tfld 𝑝𝑖 ¤l O 𝑝𝑖 = 𝜕𝑆(𝑞, 𝛼, 𝑡)/𝜕𝑞𝑖 T A‘m  ¤ {§w‘tA
' 
𝑝𝑖 = 𝑝𝑖(𝛼, 𝛽, 𝑡). )286(
. wtlyA¡ fl A‘m At    {‘b  AmhS‘  (286) ⁄ (285)  At A‘m  kK
 ›CAb ¤¡ ¤t  , 𝑆 = 𝑆(𝑞, 𝛼, 𝑡) Tysy¶r   wtlyA¡ T   A§      —  tnts
 rb ,z  ¤ TtA Ay dfl A@§ '@  ¤wAq  §wtl ›dwm  T d 
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.Trl  wtlyA¡ fl A‘m   A§fl ‚Ak w¡ ¤wA -  wtlyA¡ T A‘
-  wtlyA¡ T A‘m AAm T•Ak Trl  wtlyA¡ fl A‘  A 'r  ›CAb‘
.¤wA
.¤AtA r  ¢yRw km§ Tysy¶r   wtlyA¡ T d ¤¶A§zyf  ¤n‘m 
	s
𝑑𝑆
𝑑𝑡
=
𝜕𝑆
𝜕𝑞𝑖
_𝑞𝑖 +
𝜕𝑆
𝜕𝑡
= 𝑝𝑖 _𝑞𝑖 −𝐻
= 𝐿. )287(
:‘f  w¡ 𝑆    ' 
𝑆 =
∫︁
𝐿𝑑𝑡 + constant . )288(
¤wA -  wtlyA¡ T A‘  A T r} zA l‘t fl TywtlyAh  A  — 
kK   bO
𝐻(𝑞𝑖, 𝜕𝑆
𝜕𝑞𝑖
) + 𝜕𝑆
𝜕𝑡
= 0 . )289(
kK    | rtA z  O km§
𝑆(𝑞𝑖, 𝛼𝑖, 𝑡) = 𝑊 (𝑞𝑖, 𝛼𝑖) − 𝛼1𝑡. )290(
kK   ¤wA -  wtlyA¡ T A‘ bO
𝐻(𝑞𝑖, 𝜕𝑊
𝜕𝑞𝑖
) = 𝛼1. )291(
Ahy  wk ¤t  flA   ¤ TAW  '⁄As§ Trl A ¤¡ 𝛼1    ' 
T d  £@¡ .›zymm   wtlyA¡ T  ¤ms 𝑊 T d  .TAW  T  ¤¡ TywtlyAh 
fl Ah  '  T§C⁄ Ay dfl   £ry  bO '@  ¤wAq  §wt  dw
.Twm  TywtlyAh  ¤ rh\
Tr  Aym ¢y  wk '@  (𝑞𝑖, 𝑝𝑖) −→ (𝑄𝑖, 𝑃𝑖) ¤wAq  §wt  rbt‘n
l‘t fl 𝑊 (𝑞𝑖, 𝑃𝑖) ›dw T   𝛼𝑖 '⁄As Tr  w 𝑃𝑖 ›d§d  Tmm‘m 
𝐻(𝑞𝑖, 𝑝𝑖) TywtlyAh     |rtf . 𝐾(𝑄𝑖, 𝑃𝑖) = 𝐻(𝑞𝑖, 𝑝𝑖) ¤AtA ⁄ zA T r}
𝑝𝑖 = 𝜕𝑊/𝜕𝑞𝑖 An§d  wk§    	§ As  ¤ Am . 𝛼1 '⁄AsTr A ¤¡
‚Ak w¡ 𝐻(𝑞𝑖, 𝑝𝑖) = 𝛼1 	lWm   A ¤AtA ⁄ 𝑄𝑖 = 𝜕𝑊/𝜕𝑃𝑖 = 𝜕𝑊/𝜕𝛼𝑖 ⁄
   '  𝐾(𝑄𝑖, 𝑃𝑖) = 𝑃1 ¤wAq  §wt   @¡ ry  ¢  ^fi . (291) 
¤h ¤AtA ⁄ 𝑄𝑖 ›d§d  Tmm‘m  Ay dflA l‘t fl Twm  TywtlyAh 
    wtlyA¡ fl A‘  Plts    AS§  km§  @¡ ¤  TARflA .T§C⁄ Ahl
›d§d  Tmm‘m  Ay dfl      '  𝑖 ̸= 1    𝑄𝑖 = 𝛽𝑖 ⁄ 𝑄1 = 𝑡 + 𝛽1
.Tr  w ¤¡ ¤⁄fl  ”AntFA
51
§CAm
Tym 	s  . . 𝑙 wV ⁄ 𝑚 Tlt ⁄— Xys x w Tr rbt‘ :1 §rm
.Trl  wtlyA¡ fl A‘ tJ   Tlm  TywtlyA¡ ⁄ Tmm‘m  Tr 
›w '  :T§zr ›w ry  'wtsm  ¤ rt§ ys rbt‘ :2 §rm
.𝑟 = j?⃗?j TAsmA fl  l‘t§ fl  wm  TqtK
rfl fl A‘ ⁄ Tlm  Ty rfl 	s  ⁄ Tmm‘m  Ay dfl  y 
.Trl
.Tlm  TywtlyA¡ ⁄ Tmm‘m  Tr  Aym 	s  
.TA  £@¡ ¤ T§C⁄ Ay d  An¡ ¡ .Trl  wtlyA¡ fl A‘ 	s  
?tnts  —A
.𝑉 (𝑥, 𝑦, 𝑧)  wmk S§  A‘  fi ¤ rt§ 𝑚 Tlt ⁄— ys :3 §rm
.TyCAk§d  Ay dfl  ¤ ys  TywtlyA¡ 	t  
.Ty wWFfl  Ay dfl  ¤ Tlm  TywtlyA¡ tJ  
¤ ys  TywtlyA¡ ⁄ Tmm‘m  Tr  Aym ,Ty rfl 	s  
.T§⁄rk  Ay dfl 
.⃗𝑔 \tn ¤Aq q ¤ r “wqF TA ¤ ys rbt‘ :4 §rm
¤ T\fn Ah  '  Trl A Ah  y ⁄ ys  TywtlyA¡ y 
.z 
.”ASf   @¡ ¤ ys  CAs w¡ A .TA  £@¡ ¤ 'CwW  ”ASf  } 
𝑝1  𝑝  𝑝2 Tr Tym Ah ¤t  'CwW  ”ASf  ¤ flA   d 	s  
.𝐸1  𝐸  𝐸2 TAV ⁄
”ASf  ¤ 𝐹 TAsm   AbFAnt  wk§    	§ flA   d :TZwl
.𝐸1  𝐸  𝐸2 ⁄ 𝑝1  𝑝  𝑝2 
 › dm  'CwW 
fl A‘ ry  As   ¥s  ¤ 
wsm  flA   d‘ d§  —A 
. wtlyA¡
:5 §rm
.
 '⁄ z  £r w ⁄ 𝑚 ¢tlt d ⁄ d‘ ¤ ¤q w E z¡ TywtlyA¡ 	t  

 ¤W‘ ⁄fl  wn   (𝑞, 𝑝)  ! (𝑄,𝑃 ) ¤wA §wt ›dwm  T d  
𝐹1(𝑞,𝑄) = 12𝑚
 𝑞
2 cot𝑄. )292(
.T r} ¤wAq  §wt  	s 
.^fi  —A . 𝐾(𝑄,𝑃 ) ›d§d  TywtlyAh  	s  
.¤q wt  E zh  CAs fl A‘ tntF  .›d§d   wtlyA¡ fl A‘  
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TWq rt y E zt¡flA ¢ ms§ 𝑚 ¢tlt ⁄ 𝑙 ¢wV x w :6 §rm
Tlm  TywtlyA¡ 	s  . 13 kK  r\  . 𝑦 = 𝑎𝑥2 ‚Ak W ¤l ¢qyl‘
fl A‘  .¤‘yrt  	§rqt  ¤  ¥s  d  .Trl  wtlyA¡ fl A‘ ⁄
.Tr  r w y ⁄ Tr 

 ¤W‘ Tlm Ty rfl :7 §rm
𝐿 = _𝑞21 +
_𝑞22
𝑎 + 𝑏𝑞21
+ 𝑘1𝑞
2
1 + 𝑘2 _𝑞1 _𝑞2. )293(
.Trl  wtlyA¡ fl A‘ ⁄ Tlm  TywtlyA¡ 	s 
TWq rt y 'wts ¤ zth§ 𝑙 ¢wV ⁄ 𝑚 ¢tlt x w :8 §rm
.𝛾 '⁄ E r wt 𝑎 A¡rW O Tm\tn T§r¶  Tr ¢qyl‘
.AhWysb ⁄A ⁄ Tlm  Ty rfl 	s  
.Tlm  TywtlyA¡ 	s  
.Trl  wtlyA¡ fl A‘ tJ  
:9 §rm

 ¤W‘ Tlm Ty rfl 
𝐿 =
𝑚
2 ( _𝑞
2 sin2 
 𝑡 + _𝑞𝑞 
 sin 2
 𝑡 + 𝑞2 
 2). )294(
.T\fn ¤¡ ¡ .Ty rfi  £@h Tqrm  TywtlyAh  	s 
rytm  Tfld £fi  Ty rfi  	t  
𝑄 = 𝑞 sin 
 𝑡. )295(
.T\fn ¤¡ ¡ ⁄ Ty rfi  £@h Tqrm  TywtlyAh  	s 
§wt  ¤W‘ :10 §rm
𝑄 = log( 1
𝑞
sin𝑝) , 𝑃 = 𝑞 cot 𝑝. )296(
.¤wA §wt   @¡    ›rJAb y
¤At  §wt  ¤W‘ :11 §rm
𝑄1 = 𝑞1 , 𝑄2 = 𝑝2 , 𝑃1 = 𝑝1   2𝑝2 , 𝑃2 =   2𝑞1   𝑞2. )297(
.›dwm  ¢t  y ⁄ ¤wA §w w¡ §wt   @¡    y
53
:12 §rm
Xys x w Ty rfl tntF   TnAk  TAW  ⁄ Tyr  TAW  	s  
.¢tr fl A‘ tJ  ⁄ ) 9 kK  ( 𝑙 ¢wV ⁄ 𝑚 ¢tlt
¢qyl‘ TWq ¤ TwRw 𝑚′ Tlt  Xysb  x wn  Tlm  fl  rbt‘ 
¢y zth§ '@  'wtsm  ¤ yqts ¤q  X ¤l Tr  Ahnkm§ y
tntF   Tlm  Ty rfl TA  £@¡ ¤ 	s  . 12 kK  r\  .x wn 
.Trl  rfl fl A‘
.Trl  wtlyA¡ fl A‘ ⁄ Tlm  TywtlyA¡ tJ  
54
wl

 ¤W‘ x wn  Tr TAV ⁄ TrF ,Rw :1 §rm
?⃗? = 𝑙(sin 𝜃?^? + cos 𝜃?^?). )298(
?⃗? = 𝑙 _𝜃(cos𝜃?^?   sin𝜃?^?). )299(
𝑇 =
1
2𝑚𝑙
2
_𝜃2. )300(
'  TAq  ›w m PAn ›AW‘ x wnl TnAk  TAW 
𝑉 =   𝑊 =   𝑚𝑔?^??⃗? =   𝑚𝑔𝑙 cos𝜃. )301(

  —  ¤W‘ Tlm  Ty rfl
𝐿 =
1
2𝑚𝑙
2
_𝜃2 + 𝑚𝑔𝑙 cos𝜃. )302(

 Tmm‘m  Tr  Tym  fl  	s
𝑝𝜃 =
𝜕𝐿
𝜕 _𝜃
= 𝑚𝑙2 _𝜃. )303(
¤AtA 	s Tlm  TywtlyA¡
𝐻 = _𝜃𝑝𝜃   𝐿
=
1
2𝑚𝑙
2
_𝜃2   𝑚𝑔𝑙 cos𝜃
=
𝑝2𝜃
2𝑚𝑙2   𝑚𝑔𝑙 cos𝜃. )304(

 ¤W‘  wtlyA¡ fl A‘
_𝜃 =
𝜕𝐻
𝜕𝑝𝜃
=
𝑝𝜃
𝑚𝑙2
,   _𝑝𝜃 =
𝜕𝐻
𝜕𝜃
= 𝑚𝑔𝑙 sin𝜃. )305(

 ¤W‘§ Rwm  A‘J . 𝜑 ,𝑟 ¤¡ Tmm‘m  Ay dfl  :2 §rm
?⃗? = 𝑟?⃗?𝑟 , ?⃗?𝑟 = cos𝜑?^? + sin 𝜑?^?. )306(
 —  Trs  A‘J
?⃗? = _𝑟?⃗?𝑟 + 𝑟 _𝜑?⃗?𝜑 , ?⃗?𝜑 =   sin𝜑?^? + cos𝜑?^?. )307(
Ty rfi  ⁄ Tyr  TAW 
𝑇 =
1
2𝑚?⃗?
2
=
1
2𝑚( _𝑟
2 + 𝑟2 _𝜑2). )308(
55
L = 𝑇   𝑉 = 12𝑚?⃗?
2
=
1
2𝑚( _𝑟
2 + 𝑟2 _𝜑2)   𝑉 (𝑟). )309(
Trl  rfl fl A‘
𝑟 : 𝑚 𝑟   𝑚𝑟 _𝜑2 +
𝜕𝑉
𝜕𝑟
= 0 . )310(
𝜑 :
𝑑
𝑑𝑡
(𝑚𝑟2 _𝜑) = 0 . )311(
Tmm‘m  Tr  Aym
𝑝𝑟 =
𝜕𝐿
𝜕 _𝑟
= 𝑚_𝑟. )312(
𝑝𝜑 =
𝜕𝐿
𝜕 _𝜑
= 𝑚𝑟2 _𝜑. )313(

  —  ¤W‘ TywtlyAh 
𝐻 = _𝑟𝑝𝑟 + _𝜑𝑝𝜑   𝐿 =
1
2𝑚𝑝
2
𝑟 +
1
2𝑚𝑟2 𝑝
2
𝜑 + 𝑉 (𝑟). )314(
Trl  wtlyA¡ fl A‘
𝑟 : _𝑟 =
𝜕𝐻
𝜕𝑝𝑟
=
𝑝𝑟
𝑚
,   _𝑝𝑟 =
𝜕𝐻
𝜕𝑟
=  
𝑝2𝜑
𝑚𝑟3
+
𝜕𝑉
𝜕𝑟
) 𝑚 𝑟   𝑚𝑟 _𝜑2 + 𝜕𝑉
𝜕𝑟
= 0 . )315(
𝜑 : _𝜑 =
𝜕𝐻
𝜕𝑝𝜑
=
𝑝𝜑
𝑚𝑟2
,   _𝑝𝜑 =
𝜕𝐻
𝜕𝜑
= 0 ) 𝑑
𝑑𝑡
(𝑚𝑟2 _𝜑) = 0 . )316(
Tmm‘m  Tr  Tym  A ¤AtA ⁄ T§C⁄ Ty d  ¤¡ 𝜑 Tmm‘m  Ty dfl 
Tlm    C⁄ O 𝜑  fl .£fi  £Any A w¡ ⁄ T\fn  wk    	§ TlAqm 
‘fA .Tlml ¤r  z‘A Xbr  wk§    	§ 𝑝𝜑  A
?⃗? = 𝑚?⃗?x?⃗? = 𝑚𝑟2 _𝜑?⃗?𝑟x?⃗?𝜑 = 𝑝𝜑?^?. )317(
TyCAk§d  Ay dfl  ¤ Tlm  TywtlyA¡ :3 §rm
𝐻 =
𝑝2𝑥
2𝑚 +
𝑝2𝑦
2𝑚 +
𝑝2𝑧
2𝑚 + 𝑉 (𝑥, 𝑦, 𝑧). )318(
)6( Ty wWFfl  Ay dfl  ¤ Tlm  TywtlyA¡
𝐻 =
𝑝2𝜌
2𝑚 +
𝑝2𝜑
2𝑚𝜌2 +
𝑝2𝑧
2𝑚 + 𝑉 (𝜌, 𝜑, 𝑧). )319(
)7( T§⁄rk  Ay dfl  ¤ Tlm  TywtlyA¡
𝐻 =
𝑝2𝑟
2𝑚 +
𝑝2𝜃
2𝑚𝑟2 +
𝑝2𝜑
2𝑚𝑟2 sin2 𝜃
+ 𝑉 (𝑟, 𝜃, 𝜑). )320(
.^k ⁄ ~u

=   sin  i^ + cos  j^ ,~u

= cos  i^ + sin  j^ :Ty wWFfl  ›dw  T‘J  )6(
,~ur = sin  cos  i^ + sin  sin  j^ + cos  k^ :T§⁄rk  ›dw  T‘J  )7(
.^u

=   sin  i^ + cos  j^ ⁄ ~u

= cos  cos  i^ + cos  sin  j^   sin  k^
56
)𝑝 = 𝑚 _𝑧  ( 
 ¤W‘ Tlm  TywtlyA¡ :4 §rm
𝐻 =
𝑝2
2𝑚 + 𝑚𝑔𝑧. )321(
yb    Annkm§  wtlyA¡ fl A‘ Am‘tFA
𝑑𝐻
𝑑𝑡
=
𝜕𝐻
𝜕𝑡
= 0 ) 𝐻 = 𝐸. )322(
.Tlm  TAV w¡ 𝐸 Tlm  Tr A
⁄ 𝑧 RwmA ¤W‘ C⁄A  TA  £@¡ ¤ §d‘ ⁄— 'CwW  ”ASf 

 ¤W‘§ ”ASf   @¡ ¤ Tlm  CAs . 𝑝 Tr  Tym
𝐸 =
𝑝2
2𝑚 + 𝑚𝑔𝑧 ) 𝑧 =
1
𝑚𝑔
(𝐸   𝑝
2
2𝑚 ). )323(
.‚Ak W T A‘ £@¡
𝐸1  𝐸  𝐸2 TAV ⁄ 𝑝1  𝑝  𝑝2 Tr Tym Ah ¤t  flA   d
⁄ 𝑝1  𝑝  𝑝2 
 › dm  'CwW  ”ASf  ¤ 𝐹 TAsm   	FAnt w¡
¤At  Akt  §rV  	s TAsm  £@¡ . 𝐸1  𝐸  𝐸2
𝐹 =
∫︁ 𝑝2
𝑝1
𝑑𝑝
∫︁ 1
mg (𝐸2− p
2
2m )
1
mg (𝐸1− p
2
2m )
𝑑𝑧 =
𝐸2   𝐸1
𝑚𝑔
∫︁ 𝑝2
𝑝1
𝑑𝑝 =
𝐸2   𝐸1
𝑚𝑔
(𝑝2   𝑝1). )324(
¤AtA 	sn Tr  Tym  A  wtlyA¡ fl A‘ ry 
_𝑝 =   𝑚𝑔 ) 𝑝′𝑖 = 𝑝𝑖   𝑚𝑔𝑡 , 𝑖 = 1 ,2. )325(
¤   —  ryt 𝐹 TAsm 
𝐹
′
=
𝐸2   𝐸1
𝑚𝑔
(𝑝′2   𝑝
′
1). )326(
ryt§ fl flA   d    '  𝐹 ′ = 𝐹 ¤l O {§w‘tA . 11 kK  ¤  r\ 
.ywy Tn¡rb ¤l A  @¡ . wtlyA¡ fl A‘ ry 

 '⁄ z  £r w ⁄ 𝑚 ¢tlt d ⁄ d‘ ¤ ¤q w E z¡ TywtlyA¡ :5 §rm

 ¤W‘
𝐻 =
1
2𝑚𝑝
2 +
1
2𝑚 

2𝑞2. )327(
⁄fl  wn   ›dwm   ⁄d     An§d
𝑝 =
𝜕𝐹1
𝜕𝑞
= 𝑚
 𝑞 cot𝑄. )328(
𝑃 =  
𝜕𝐹1
𝜕𝑄
=
1
2𝑚
 𝑞
2 1
sin2 𝑄
. )329(
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¤wAq  §wt  ¤l O
𝑞 =
√︂
2𝑃
𝑚

sin𝑄 , 𝑝 =
p
2𝑚
 𝑃 cos𝑄. )330(
TywtlyAh  	s
𝐾(𝑄,𝑃 ) = 𝐻(︀𝑞(𝑄,𝑃 ), 𝑝(𝑄,𝑃 ))︀
= 
 𝑃. )331(
Tym    tnts ¢n ⁄ T§C⁄ Ty d  ¤¡ 𝑄 ›d§d  Tmm‘m  Ty dfl   — 
.Trl A ¤¡ 𝑃 ›d§d  Tmm‘m  Tr 
¤l O Tyqbtm  ›d§d   wtlyA¡ T A‘ 
_𝑄 =
𝜕𝐾
𝜕𝑃
= 
 ) 𝑄 = 
 𝑡 + 𝑄0. )332(
.T⁄r‘m  ¤q wt  E zh  CAs fl A‘ ¤l O (330) ¤ {§w‘tA
yl‘t  TWq Ay d  . 𝑦 = 𝑎𝑥2 ¤Akm  Wq  zr dbm  @ :6 §rm
 —  ¤¡ x wn  Ay d  . 𝑦 = 𝑎𝑥2 ⁄ 𝑥 ¤¡
𝑥𝑚 = 𝑥 + 𝑙 sin𝜃 , 𝑦𝑚 = 𝑦   𝑙 cos𝜃. )333(

 ¤W‘ Tyr  TAW 
𝑇 =
1
2𝑚( _𝑥
2
𝑚 + _𝑦
2
𝑚) + 12𝑀 ( _𝑥
2 + _𝑦2)
=
1
2(𝑚 + 𝑀 )(1 + 4 𝑎
2𝑥2) _𝑥2 + 12𝑚𝑙
2
_𝜃2 + 𝑚𝑙 _𝜃 _𝑥(cos𝜃 + 2𝑎𝑥 sin𝜃)
=
1
2𝐴(𝑥) _𝑥
2 +
1
2𝐵
_𝜃2 + 𝐶(𝑥, 𝜃) _𝜃 _𝑥. )334(

 ¤W‘ TnAk  TAW 
𝑉 = 𝑚𝑔(   𝑙 cos𝜃 + 𝑦) + 𝑀𝑔𝑦. )335(
Tmm‘m  Tr  Aym  fl  tK
𝑃𝑥 =
𝜕𝑇
𝜕 _𝑥
= 𝐴 _𝑥 + 𝐶 _𝜃 , 𝑃𝜃 =
𝜕𝑇
𝜕 _𝜃
= 𝐵 _𝜃 + 𝐶 _𝑥. )336(
¤W‘§ Afi‘  £@¡ 	l
_𝑥 =
1

(𝐵𝑃𝑥   𝐶𝑃𝜃) , _𝜃 = 1

(   𝐶𝑃𝑥 + 𝐴𝑃𝜃), )337(

 ¤W‘§  dm 
 = 𝐴𝐵   𝐶2
= 𝑚2𝑙2(sin2 𝜃 + 4𝑎2𝑥2 cos2 𝜃   2𝑎𝑥 sin 2𝜃) + 𝑀𝑚𝑙2(1 + 4𝑎2𝑥2). )338(
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¤l O Tmm‘m  Tr  Aym Tfld Tyr  TAW   ryb‘tA
𝑇 =
𝐵
2 𝑃
2
𝑥 +
𝐴
2 𝑃
2
𝜃  
𝐶

𝑃𝑥𝑃𝜃. )339(

 ¤W‘ Tlm  TywtlyA¡
𝐻 =
𝐵
2 𝑃
2
𝑥 +
𝐴
2 𝑃
2
𝜃  
𝐶

𝑃𝑥𝑃𝜃 + 𝑎(𝑚 + 𝑀 )𝑔𝑥2   𝑚𝑔𝑙 cos𝜃. )340(

 ¤W‘  wtlyA¡ fl A‘
_𝑥 =
𝜕𝐻
𝜕𝑃𝑥
=
𝐵

𝑃𝑥  
𝐶

𝑃𝜃 , _𝜃 =
𝜕𝐻
𝜕𝑃𝜃
=  
𝐶

𝑃𝑥 +
𝐴

𝑃𝜃. )341(
 
_𝑃𝑥 =
𝜕𝐻
𝜕𝑥
,   _𝑃𝜃 =
𝜕𝐻
𝜕𝜃
. )342(
. d §wV k hF yryfl  yt A‘m  yA¡ 
As
fl A‘ ryfl  ¤ d .ryb d ¤  Xsbt fl A‘m  ¤‘yrt  	§rqt  ¤
Tr 
𝑥 + 𝑙 𝜃 + 𝑔𝜃 = 0 , 𝑥 + 𝑚𝑙
𝑚 + 𝑀
𝜃 + 2𝑎𝑔𝑥 = 0 . )343(
'  𝛾 '⁄ z  r wt  Hfn T§E zt¡   ⁄ w¡  
𝑥 = 𝐴exp(𝑖𝛾𝑡) , 𝜃 = 𝐵 exp(𝑖𝛾𝑡). )344(
'⁄ z  r wt  ¤l O  rtfl   @h Tr  fl A‘ ¤ {§w‘tA
𝛾2 =
𝑔(1 + 2𝑎𝑙) 
√︁
𝑔2(1 + 2𝑎𝑙)2   8𝑎𝑙𝑔2 𝑀𝑀+ 𝑚
2 𝑀𝑀+ 𝑚 𝑙
. )345(
Tmm‘m  Tr  Aym 	s :7 §rm
𝑝1 =
𝜕𝐿
𝜕 _𝑞1
= 2 _𝑞1 + 𝑘2 _𝑞2 , 𝑝2 =
𝜕𝐿
𝜕 _𝑞2
= 𝑘2 _𝑞1 +
2
𝑎 + 𝑏𝑞21
_𝑞2. )346(

 ¤W‘§ fl A‘m  £@¡ 	l
_𝑞1 =
1

( 2
𝑎 + 𝑏𝑞21
𝑝1   𝑘2𝑝2) , _𝑞2 = 1

(   𝑘2𝑝1 + 2𝑝2). )347(

 ¤W‘§  dm 
 =
4
𝑎 + 𝑏𝑞21
  𝑘22 . )348(
	s
_𝑞21 +
_𝑞22
𝑎 + 𝑏𝑞21
+ 𝑘2 _𝑞1 _𝑞2 =
𝑝21
( 𝑎 + 𝑏𝑞21)
+
𝑝22

 
𝑘2𝑝1𝑝2

. )349(
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 ¤W‘ TywtlyAh 
𝐻 = 𝑝1 _𝑞1 + 𝑝2 _𝑞2   𝐿
=
𝑝21
( 𝑎 + 𝑏𝑞21)
+
𝑝22

 
𝑘2𝑝1𝑝2

  𝑘1𝑞
2
1 . )350(
Trl  wtlyA¡ fl A‘
_𝑞1 =
𝜕𝐻
𝜕𝑝1
=
2𝑝1
( 𝑎 + 𝑏𝑞21)
 
𝑘2𝑝2

. )351(
_𝑞2 =
𝜕𝐻
𝜕𝑝2
=
2𝑝2

 
𝑘2𝑝1

. )352(
  _𝑝1 =
𝜕𝐻
𝜕𝑞1
. )353(
  _𝑝2 =
𝜕𝐻
𝜕𝑞2
= 0 . )354(
.A Aw §wV 
As ¤  At TA  T A‘m  Xq
¤¡ yl‘t  TWq Ay d  .›r¶ d  zr Ay dfl  db @ :8 §rm
𝑥𝑠 = 𝑎 cos𝛾𝑡 , 𝑦𝑠 =   𝑎 sin𝛾𝑡. )355(
¤¡ 𝑚 Tltk  Ay d 
𝑥𝑚 = 𝑎 cos𝛾𝑡 + 𝑙 sin𝜃 , 𝑦𝑚 =   𝑎 sin𝛾𝑡 + 𝑙 cos𝜃. )356(
Tyr  TAW  	s
𝑇 =
1
2𝑚𝑙
2
_𝜃2 +
1
2𝑚𝑎
2𝛾2 + 𝑚𝑎𝛾𝑙 _𝜃 sin(𝜃   𝛾𝑡). )357(
TnAk  TAW  	s
𝑉 =   𝑚𝑔𝑎 sin𝛾𝑡 + 𝑚𝑔𝑙 cos𝜃. )358(

 ¤W‘ Tlm  Ty rfl
𝐿 =
1
2𝑚𝑙
2
_𝜃2 + 𝑚𝑎𝑙𝛾2 sin(𝜃   𝛾𝑡) + 𝑚𝑔𝑙 cos𝜃. )359(
¤t  ⁄ Xq zA l‘t ¤t  ⁄ TtA   ⁄d  Anlm¡  ›ryfl  T A‘m  £@¡ ¤
.TA TqtK  ›CAb ¤¡

 ¤W‘Tmm‘m  Tr  Tym
𝑝𝜃 =
𝜕𝐿
𝜕 _𝜃
= 𝑚𝑙2 _𝜃. )360(
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 ¤W‘ TywtlyAh 
𝐻 = _𝜃𝑝𝜃   𝐿
=
𝑝2𝜃
2𝑚𝑙2   𝑚𝑎𝑙𝛾
2 sin(𝜃   𝛾𝑡)   𝑚𝑔𝑙 cos𝜃. )361(
Trl  wtlyA¡ fl A‘
_𝜃 =
𝜕𝐻
𝜕𝑝𝜃
=
𝑝𝜃
𝑚𝑙2
. )362(
  _𝑝𝜃 =
𝜕𝐻
𝜕𝜃
=   𝑚𝑎𝑙𝛾2 cos(𝜃   𝛾𝑡) + 𝑚𝑔𝑙 sin𝜃. )363(

 ¤W‘ 𝑞 
 Tqrm  Tmm‘m  Tr  Tym :9 §rm
𝑝 =
𝜕𝐿
𝜕 _𝑞
=
𝑚
2 (2 _𝑞 sin
2

 𝑡 + 𝑞 
 sin 2
 𝑡). )364(

 ¤W‘  —  TywtlyAh  .d ⁄ ryt An§d ¢fl Xys An¡ 	lq 
ℎ = 𝑝 _𝑞   𝐿
=
𝑚
2
[︂
1
𝑚2 sin2 
 𝑡
(︀
𝑝  
𝑚 
 𝑞 sin 2
 𝑡
2
)︀2
  𝑞2 
 2
]︂
. )365(
.T\fn ry TywtlyAh  £@¡

 ¤W‘ 𝑄 rytm  Tfld Ty rfi 
𝐿 =
𝑚
2
(︀
_𝑄2 + 
 2𝑄2
)︀
. )366(
¤W‘ 𝑄 rytmA Tqrm  Tmm‘m  Tr  Tym .¤q w E z¡ TywtlyA¡ £@¡


𝑃 =
𝜕𝐿
𝜕 _𝑄
= 𝑚 _𝑄 =
𝑝
sin 
 𝑡 . )367(

 ¤W‘ T\fn TA  £@¡ ¤ TywtlyAh 
𝐻 =
𝑚
2
(︀𝑃 2
𝑚2
  

2𝑄2
)︀
. )368(
fl⁄   —  	s . wtlyA¡ fl A‘  Aqq 𝑝 ⁄ 𝑞    r‘ :10 §rm
_𝑞 =
𝜕𝐻
𝜕𝑝
=
𝜕𝑃
𝜕𝑝
𝜕𝐻
𝜕𝑃
+
𝜕𝑄
𝜕𝑝
𝜕𝐻
𝜕𝑄
=  
𝑞
sin2 𝑝
𝜕𝐻
𝜕𝑃
+ cot 𝑝
𝜕𝐻
𝜕𝑄
. )369(
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  _𝑝 =
𝜕𝐻
𝜕𝑞
=
𝜕𝑃
𝜕𝑞
𝜕𝐻
𝜕𝑃
+
𝜕𝑄
𝜕𝑞
𝜕𝐻
𝜕𝑄
= cot 𝑝
𝜕𝐻
𝜕𝑃
 
1
𝑞
𝜕𝐻
𝜕𝑄
. )370(
¤l O fl A‘m  £@¡ 	l
𝜕𝐻
𝜕𝑃
=  
_𝑞
𝑞
+ _𝑝 cot 𝑝. )371(
𝜕𝐻
𝜕𝑄
=   _𝑞 cot 𝑝 +
𝑞
sin2 𝑝
_𝑝. )372(
.𝐾 = 𝐻 ¤AtA ⁄  ⁄d ¤wAq  §wt   wk§    wt AnA 'rfl  Th  
'rfl  Th   	s  — 
𝜕𝐻
𝜕𝑃
= _𝑄 =
𝜕𝑄
𝜕𝑞
_𝑞 +
𝜕𝑄
𝜕𝑝
_𝑝. )373(
𝜕𝐻
𝜕𝑄
=   _𝑃 =  
𝜕𝑃
𝜕𝑞
_𝑞  
𝜕𝑃
𝜕𝑝
_𝑝. )374(
.AWt fl A‘m     d TCAqmA
fl ›dwm  T d     '   ⁄d ¤wAq  §wt     R w   :11 §rm
q    	§ ›dwm  T d  . 𝐾 = 𝐻 ⁄ zA l‘t
𝑝𝑖 _𝑞𝑖   𝐻 = 𝑃𝑖 _𝑄𝑖   𝐾 +
𝑑𝐹
𝑑𝑡
. )375(
kJ ¤l Ahynb k 𝐹 = 𝐹1(𝑞𝑖, 𝑄𝑖) '  ⁄fl  wn   ›dwm  T d  @
'  𝑄𝑖 ⁄ 𝑞2 ,𝑝1 
 l‘t 𝐹13 T d Cdww §w
𝐹 = 𝐹1(𝑞𝑖, 𝑄𝑖) = 𝑞1𝑝1 + 𝐹13(𝑝1, 𝑞2, 𝑄𝑖). )376(
¤l§ Am £fi  “rK  TAt km§ ¤wAq  §wt  Am‘tFA
𝑝2 _𝑞2 = ( 𝑝1   2𝑝2) _𝑞1 + (   2𝑞1   𝑞2) _𝑝2 + 𝜕𝐹13
𝜕𝑝1
_𝑝1 +
𝜕𝐹13
𝜕𝑄1
_𝑞1 +
𝜕𝐹13
𝜕𝑞2
_𝑞2 +
𝜕𝐹13
𝜕𝑄2
_𝑝2 + 𝑞1 _𝑝1.
)377(
An§d  wk§    	§
𝜕𝐹13
𝜕𝑝1
=   𝑞1 =   𝑄1. )378(
𝜕𝐹13
𝜕𝑞2
= 𝑝2 = 𝑄2. )379(
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@F13
𝜕𝑄1
=   𝑝1 + 2𝑝2 =   𝑝1 + 2𝑄2. )380(
𝜕𝐹13
𝜕𝑄2
= 2 𝑞1 + 𝑞2 = 2𝑄1 + 𝑞2. )381(

 ¤W‘§ £fi  T‘Cfl  TylRAft  fl A‘m  
𝐹13 = 2𝑄1𝑄2 + 𝑞2𝑄2   𝑝1𝑄1. )382(
:12 §rm
.R ⁄ 

 ¤W‘ 𝑚 Tltk  Tr TAV ⁄ TrF ⁄ Rw 
?⃗? = ( 𝑥 + 𝑙 sin𝜃)⃗𝑖   𝑙 cos𝜃?⃗?. )383(
?⃗? = ( _𝑥 + 𝑙 _𝜃 cos𝜃)⃗𝑖 + 𝑙 _𝜃 sin𝜃?⃗?. )384(
𝑇 =
1
2𝑚( _𝑥
2 + 𝑙2 _𝜃2 + 2 𝑙 _𝑥 _𝜃 cos𝜃). )385(

 ¤W‘ 𝑚′ Tltk  Tr TAV
𝑇 =
1
2𝑚
′
_𝑥2. )386(
Tlm  Ty rfl
𝐿 =
1
2(𝑚 + 𝑚
′ ) _𝑥2 + 12𝑚(𝑙
2
_𝜃2 + 2 𝑙 _𝑥 _𝜃 cos𝜃) + 𝑚𝑔𝑙 cos𝜃. )387(
.Xys r   rfl fl A‘ ¤l wO 
Aybs §wV r  Trl  wtlyA¡ fl A‘ ⁄ Tlm  TywtlyA¡ AqtJ  
.Xys ¤qb§ k
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Thermodynamics and
Statistical Mechanics
This part is based primarily on the books [5, 6]. Huang is very elegant
and precise while Ngo and Ngo (in french) is very pedagogical. Again, only
fundamental topics are discussed: 1) Thermodynamics, and 2) The micocanonical
ensemble. In the first chapter, we have concentrated on the discussion of
fundamentals of thermodynamics, like the first and second principles and the
thermoynamical state functions, and avoided discussion of applications due to
lack of time. In the second chapter, we have given an introduction to statistical
mechanics, by providing a systematic exposition of the micocanonical ensemble,
and its application to the ideal gaz. See chapters 1 and 6 of Huang, and chapters
1-5 of Ngo and Ngo. The treatise of Landau [7] was also consulted extensively.
Most exercises are taken from [6], which offers also pedagogical solutions, and
some exercises were taken from [5].
78
yAn§ wrt  ¤ Tdq
Tdq
)8( A§r¡ wZ › Am  }w th§ ”A§zyf   r w¡ yAn§ wrt 
TE wtm  TywkF⁄rAm  Ty¶A§zyf  m  P¶AO TF Cd th§ QwOA⁄
TAW  ¤lkJ y '  Ahny d ¤t  TAW  ¤ fl Abt  TF C ⁄ A§C r
.¤kyAkym  m‘  ⁄ ›C r  Tym : yyFAFfl 
¤  wr   ⁄ ¤wkFrAm  A‘  }⁄ ¤  d A yAn§ wrt 
Tyr  T§r\n  ¤¡ AmC ”AntFfl  ¤•§z  yAn§dl )9( Ty⁄fl  ' Abm 
.T§C@  T§r\n   ›rJAb Ah QA  yAn§ wrt  AqtJ  km§ ¤t   EAl
yAn§ wrt  ”An ⁄A ¤t  TyFAFfl  T§r\n  w¡ ¤¶AOfl  yAkym 
}  rbt‘ ¤h ¤AtA⁄ 'C@  ⁄ ¤•§z  A‘  k ¤t  ”A§zyf   AfiW 
.A‘    ¤ £rysf ⁄ yAn§ wrt 
A‘  ⁄ ¤wkF⁄rkym  A‘  y }w  ›zm¡ w¡  —  ¤¶AOfl  yAkym 
TywkF⁄rkym  Amys   d  fl ¤¶AO  XbSA w¡ ⁄ ¤wkF⁄rAm 
rybk   d‘   @¡  w⁄ . d ryb  d w¡ Ty¶A§zy Tlm 'fl TlkKm 
Tqyfl ⁄ TWysb  y wq  AqtJA An ms§ '@  }fl  w¡ Amys  
,TE wtm  TywkF⁄rAm  Ty¶A§zyf  m  P¶AO O ¤t  ,yAn§ wrtl
.¤¶AOfl  yAkym  y w   ” dt 
¤¶AOfl  yAkym  ¥ ⁄ ,yAn§ wrtA AntF C Of   @¡ ¤ db
¢‘ ⁄ Ah A‘t§   @l  A‘  ⁄ Tl  
r  r‘ ¤t ,T Aq  wOfl
.¢sF¥ ⁄ ¢mk ¤t  AyRA§r  ¤ Qw  b ¤¶AOfl  yAkym 
TA §CA‘
 ¤wkF⁄rA ”z ¤¡ TykyAn§ wrt  Tlm  : TykyAn§ wrt  m 
⁄  T⁄z‘  wk d Tlm  £@¡ .'CAbt   wk§ d l Ws  ⁄d  wk 
An¡  A  — A  ¤CA  XFw   Ah fiAf '  An¡ k§   —  Twl
.Twtf ¤ms TlmA ¤CA  XFw   Af
 TCAqmA  d ›ryb  A‘   — Tlm ¤¡ )10( TywkF⁄rAm  Tlm 
Awkm  £@¡  d Awm .Ty⁄fl  ⁄  T§⁄wn  ,T§C@  ,Ty•§z  AhAwk  A‘ 
phenomenological.)8(
rst principles .)9(
macroscopic.)10(
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)12(⁄C Aw   d TbC Hf  fi ¶A¡  d w¡ )11(TywkF⁄rkym 
N = 6 .021x1023. )388(
fl ¤¶AOfl  yAkym  fi ¤l yAn§ wrt   A £fi  ¢y  ArJ  Am
Xq ⁄A§ ⁄ TykyAn§ wrt  Tlml TywkF⁄rkym  Awkm  £@h th§
  : TywkF⁄rA  ryt Am‘tFA§ TywkF⁄rAm  Tlm  }⁄
.𝑁 Amys   d ⁄ 𝑇 ›C r  TC , 𝑃 XS  , 𝑉
zyr  A  —  TsAt ¤ms TykyAn§ wrt  Tlm  : TsAtm  m 
 wkt TsAtm  Tlm     '  .Tlm  ¤ 'r  ¤  TWq  ryt§ fl AhAwk
Tlm   A Tysk‘  TA  ¤ .Tm\tn T§CwV TA ⁄  ›d ⁄ T§CwV TA 
.TsAt ry ¤ms
ytykyAn§ wr ytlm rbt‘ : T§d§dmt  r§ Aqm  ⁄ Tyfykt  r§ Aqm 
   › wt TsAt Tlm ¤¡ Tlm     |rtf . 2 ⁄ 1 ytlAmt
TlkKm  Tlm  .¤ wt  ¤l 𝑛𝑟,....,𝑛2 ,𝑛1 Ahflw  d Tbr 𝑟  TlkK ⁄ 𝑉
2𝑉 Ahm TsAt Tlm AS§  ¤¡ {‘b  AmhS‘ ¤  £fi  ytlm  TAR  
.¤ wt  ¤l 2𝑛𝑟,....,2𝑛2,2𝑛1 '⁄As§ flw  d  Abrm  Hf  TlkK ⁄
 2 ⁄ 1 ytlm  ¤ 𝑋0 Tmyq  @§ '@  Ty¶A§zyf  r§ Aqm  d  𝑋 ky
.›d ¤l
wq AnA 𝑋0 Tmyq  Hf 1 + 2 Tylk  Tlm  ¤ @§ 𝑋 rytm   A  — 
.Tyfyk r§ Aq ¤¡ ›C r  TC ⁄ XS  :A . )13(¤fyk C dq w¡ 𝑋   
𝑋    wq AnA 2𝑋0 Tmyq 1 + 2 Tylk  Tlm  ¤ @§ 𝑋 rytm   A  —  A 
.T§d§dm r§ Aq ¤¡ Amys   d ⁄   :A . )14('d§dm C dq w¡
Tlm  ¤ › Am  Tym  	FAnt ¤t  r§ Aqm  ¤¡ T§d§dmt  r§ Aqm   — 
.Tlm  ¤ › Am  Tymk l‘t fl ¤t  r§ Aqm  ¤h Tyfykt  r§ Aqm  A 
AkyAn§ wr TywkF⁄rAm  Tlm  TA y‘ : TywkF⁄rAm  flA 
 A ¤AtA . 𝑁 ,𝑇 ,𝑃 ,𝑉 TywkF⁄rAm   rytml › d y ”AWA AkA
 rytml › d Tmyq Tqr Tlml Tny‘ ›Cw} ¤¡ TywkF⁄rAm  TA 
.TywkF⁄rAm 
TA ¤ TywkF⁄rAm  Ty¶A§zyf  Tlm   wk : ¤kyAn§ wrt   E wt 
Tlm  £@h Tf} w  TywkF⁄rAm   rytm  A  —  ¤kyAn§ wr  E w
ry Tlm  .TE wt ry Tlm   wk Tysk‘  TA  ¤ .z   ryt fl
'@  z  .AhE w TA lb    ¤  'rA ⁄  ›CwO z  ¤ CwWt TE wt
.”ArtFfl  E ¤ms§  E wt  lb ¤t Tlm  ¢rts
microscopic.)11(
Avogadro .)12(
intensive .)13(
extensive.)14(
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Xr Tfi ¤¡ TykyAn§ wrt  Tlm  TA T A‘ : TA  T A‘
 rytm  A  —  fi .AhE w TA ¤ TykyAn§ wrt  Ah ryt y
kK   Tfi ¤¡ TA  T A‘  A 𝑇 ,𝑃 ,𝑉 ¤¡ A Tlm TykyAn§ wrt 
𝑓 (𝑃, 𝑉, 𝑇 ) = 0 . )389(
Tlm  TA Anl  —  .Tfi  y  AyW  fiqts Xq   ryt An¡  — 
 @¡ ¤ WF r‘ TA  T A‘  A 𝑃   𝑉   𝑇 ¤fi  ”ASf  ¤ TWqn
 E w TA  ›CAb ¤¡ ¢n TWq  y 𝑓 = 0 
 XbSA ¤W‘ ”ASf 
.Tlml Tnkm
XWmA r‘§ A ¤W‘§ 𝑃   𝑉 'wtsm  ¤l TA  T A‘ WF “AqF 
. E w TA m XWm   @¡  TWq  . 𝑃   𝑉
Tbyrt  TyAn   .Am ¤Am  EA  Ts An¡ @ :¤Am  EA 
rOt   @¡ . )15(Thym  wk Adn kK  Hfn rOt Tyqyq   EA  
¢A•§z  wk '@  EA  w¡ ¤Am  EA   —  .¤A EA ¢f}⁄ km§ )16(¤wk 
.¤A EA w¡ {fn XR  wylyh  fi .Tlmh T Abt fiAf  —
EA  TA T A‘ . 𝑁 ⁄ 𝑇 ,𝑃 ,𝑉  ryt 4 ”AWA  d ¤Am  EA  TA
)17(
§w T A‘ ¤¡ ¤Am 
𝑃𝑉 = 𝑛𝑅𝑇 , 𝑃𝑉 = 𝑁𝑘𝑇 , 𝑛 =
𝑁
N , 𝑘 = N 𝑅. )390(
  @l  TyAm   EA  A w¡ 𝑅 ⁄  Aztw A w¡ 𝑘 ,flwm   d w¡ 𝑛

  AyW‘§
𝑘 = 1 .38x10−23𝐽/𝐾 , 𝑅 = 8 .315𝐽/𝐾mole. )391(
”AW  ¤AtA⁄ rAwr §r‘t ¤Am  EA  TA T A‘  dtF  km§
.›C r  TC ls ¤w §r‘
 TAW   Abt TywkF⁄rAm  Ty¶A§zyf  m  : ›C r  Tym ⁄ m‘ 
.›C r  Tym ⁄ m‘  Am¡ ytflt ytq§rW ¤CA  XFw 
 A  —  .¤kyAky kJ ¤l TAWl ¤wkF⁄rA  Ab w¡ : 𝑊 m‘  
 d A TykyAn§ wrt   rytm  ¤ ry ¢n n§ TAW  ¤  Abt 
.m  Ab An¡    wq AnA ›C r  TC 
fi 𝑑𝑊 m‘   A 𝑇 ⁄ 𝑉 , 𝑃 ¤¡ TykyAn§ wrt   rytm  A  — 

 ¤W‘§ 𝑑𝑉 
   ¢fi ryt§ rO  ¤ £Ant ¤kyAn§ wr w
𝑑𝑊 = 𝑃𝑑𝑉. )392(
 —  .'C r kJ ¤l TAWl ¤wkF⁄rky  Ab w¡ : 𝑄 ›C r  Tym 
wb  Xq ›C r  TC ¤ ry ¢n n§ TAW  ¤  Abt   A
Tymk  Ab An¡    wq AnA Ahmy ¤l TykyAn§ wrt   rytm  ¤A
.›C r
diluted .)15(
universal .)16(
Boyl .)17(
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AfC  ¤  ' ¥§ Am TsAt Tlm b  TOtmm  𝑑𝑄 ›C r  Tym

 ¤W‘ m 'A Ayq  d  𝑑𝑇 
 ›C r  TC 
𝑑𝑄 = 𝐶𝑑𝑇, )393(
.T§C r  T‘sA ¤ms§ A ¤¡ 𝐶 y
,'CwAkA AS§  xAq ›C r  Tym .wA ›C r  Tym ⁄ m‘  Hyq
1  ”Am    r 1 ›C r TC r T§C⁄rS  ›C r  Tym w¡ '@ 

 r‘§⁄ ,T§w• TC 15.5 ¤  T§w• TC 14.5  'w XR
1ca = 4.18𝐽. )394(
TC ryt fl TykyAn§ wr Tlm w¡ 'C r    z  : 'C r    z 
.›C r  Tymk Tyhtn Tmy 'fl  Ab '  ry  AhC r
TykyAn§ wrt  fi§wt 
TAl ry Tylm w¡ ¤kyAn§ wrt  §wt  : TykyAn§ wrt  fi§wt 
,
)18(
AF ¢bJ  wk§    §wtl km§ .TykyAn§ wr Tlm TywkF⁄rAm 
TA ¤ Tlm  ¤qb As  ¢bJ §wt  fi . )20(¤sk ry ⁄  , )19(¤sk
km§ AF ¢bJ §w wh ¤sk‘  §wt  A  ¤b§rq ¤kyAn§ wr  E w
'@  ¤sk‘  ry §wt  Hk Ty¶ dtfl  AhtA ¤  ¢y TlmA wr  Am¶  
.Ty¶ dtfl  AhtA ¤  TlmA ¢y wr  km§ fl
¤ms ›C r  TC  d A TykyAn§ wrt   rytm  : TyCA   rytm 
Tlm 𝑆 kt .¤kyAky m dw§    km§ Ahy ry '  ⁄ , )21(TyCA   rytm 
 ¤kyAn§ wr §wAhyl 'r  Tny‘ Ty¶ dt  TA ¤ TykyAn§ wr
y Tlm  CwW  A  —  .Tlm  £@h TyCA   rytm  {‘ ryy §rV
¢bJ ¤ms§ ¢ Anm '@  §wt   A ¤kyAn§ wr  E w TA ¤ Am¶  ¤qb Ah 
Ty¶ dtfl  AhtA ¤  TlmA wr  km§  A  —  — ¤  TARflA .AF
fl  A  —  ⁄ .¤sk §w ¤ms§ §wt   A Tlml ¤sk §wt AyqA
.¤sk ry ¤ms§ §wt   A Ty¶ dtfl  TA  ¤  wr  km§
TyCA   rytm  ¤l 	§ Tysk‘  ⁄ TnAs  ¢bJ fi§wt  TA ¤
r\  .TykyAn§ wrt  Tlml ”ArtFfl  E  TCAqmA A ”Wb ryt   
.£A   Am 
Tlm '  ¤¡ T⁄z‘m  Tlm   A AqAF Ar— Am : TykyAA§ fl  fi§wt 
 Abt fl ¤t  Tlm  ¤¡ A§C r T⁄z‘m  Tlm  .¤CA  A‘   Aft fl
C d Tlm  z rb rfl   @¡ yq km§ .¤CA  A‘   ›C r Tym
quasi   static .)18(
reversible.)19(
irreversible .)20(
external variables .)21(
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TykyAn§ wrt  fi§wt  ym .›C r  Tym qn ms§ fl )22(¤kyAA§  
.TykyAA§   fi§w ¤ms TA  £@¡ ¤ Tlm  Ah S ¤t 
An¡ ›C r  Tym qn ms§ fl '@  ¤kyAA§ fl  C d   Hk‘  ¤l
.›C r  Tymk ¤A A w¡ '@  )23( CAA§d  C d 
›C r  T§⁄Ast TykyAn§ wr fi§w ¤¡ )24( : T§C r⁄z§fl  fi§wt 
.›C r  TC Hf dn d ' 
TykyAA§   T wWF    zt EA rbt‘ : TnAs  ¢bJ fi§wt  ¤ m‘ 
'   ⁄d rt§ Hbk  ›CAb T wWFfl  ¤dA 'd  .›C rl TmA ' 
ryt w¡ ⁄ EA    A Hbkm  rt§ Am .T wWFfl    Cd  Akt 
 fl  |rtf . 1 kK  ¤  r\  .ryt§ ¤CA
. d Tfy‘R Hbkm  r TrF    
w¡ 𝑥 + 𝑑𝑥 Ty‘Rw  ¤  𝑥 Ty‘Rw   Aqtfl     Efi  z     
XFw   'C r  Abt Ayql Tlml Efi  z   ryk rb 
Tlm  ”ArtF  E    fi AnRrt   —  . E wt  ¤  w}wl ¤CA 
£Cd E ¤ 𝑥 + 𝑑𝑥 ¤  𝑥  Hbkm  qtn§    ¤fk§ ¢A 1/1000 secw¡
¢fl ›ryb TC ¤  AF ¢bJ ¢ wt  CAbt  km§ ¤t 1/10 sec
.¤kyAn§ wr  E w TA ¤ Tlm   wktF T\  ¤
.AF ¢bJ w w¡ 𝑥 + 𝑑𝑥 ¤  𝑥  wt   A ⁄r\  £@¡ 
 A  E w TA ¤ Tlm   fl . 𝑥 Ty‘Rw  ¤ Hbkm  𝑡 = 0 T\l  ¤
𝑃𝐴 ¤¡ Hbkm  ¤l r¥ ¤t  Tylk  ›wq  .Ah    ⁄Ast XS 
  XS   A 𝑑𝑥 TAs Hbkm  rt§ ¤t .Hbkm  TAs ¤¡ 𝐴 y
EA   dqm  m‘  .¤CA  XS   ylq rb   wk§    	§ T wWFfl 
w¡ ¤CA  XFw   dqm  m‘   —  . 𝑃𝐴𝑑𝑥 w¡
𝑑𝑊 =   𝑃𝑑𝑉. )395(
yAn§ wrtl rfO  dbm 
¤l   AtE wt  AtywkF⁄rA  AtykyAn§ wr  Atlm 2 ⁄ 1 A  — 
Amy  AtE wt 2 ⁄ 1  A 3 TA TywkF⁄rA TykyAn§ wr Tlm  ›d
ytywkF⁄rA ytykyAn§ wr ytlm  :T•Ak 'r  ›CAb‘ .Amhny
.›C r  TC Hf Amh ytE wt
yAn§ wrtl ⁄fl  dbm  ⁄ Tyl d  TAW 
,T⁄z‘ TykyAn§ wr Tlm Tylk  TAW     ⁄r‘m   :Tyl d  TAW 
'  Trl A ¤¡ ,TnAk  TAW  ⁄ Tyr  TAW  wm '⁄As ¤t ⁄
adiabatic .)22(
diatherme .)23(
isothermic .)24(
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' ¥§ ¤w  wA w¡  @¡ TAW  _Af  db .z  ¤ T\fn ¤qb Ah 
yAn§ wrt  ¤ .yAn§ wrtl ⁄fl  dbm  ¤  yAn§ wrt  ¤ ¢qybW
    —  . 𝑈 
 Ahy  zr ⁄ )25(Tyl d  TAWA ¤ms Tlml Tylk  TAW 
'  d‘n  wk§ Tyl d  TAW  ¤ ryt   A T⁄z‘ TykyAn§ wr Tlm
𝑑𝑈 = 0 . )396(
TAW   A ¤CA  XFw   Aft Ah  '  T⁄z‘ ry Tlm  A  — 
 Abt Tlm   A ¤kyAn§ wrt  §wt   @¡ fi . 𝑑𝑈 C dqm ryt Tylk 
y 𝑑𝑄 ›C r Tym ⁄ 𝑑𝑊 m ¤CA  XFw  
𝑑𝑈 = 𝑑𝑄 + 𝑑𝑊. )397(
'@  w¡ ¤CA  XFw   A ybw 𝑑𝑄 ›C r  Tym ⁄ ⁄ 𝑑𝑊 m‘   A  — 
›C r  Tym ⁄ m‘   A  —  A  .›C r  Tym Ptm Tlm  ⁄ m‘A wq§
Ptm§ '@  w¡ ¤CA  XFw  ⁄ 𝑑𝑊 m‘A wq ¤t  ¤¡ Tlm   A ybAF
.𝑑𝑄 ›C r  Tym
Tlml Tyl d  TAW  ¤ ryt     ¤l Pn§ :yAn§ wrtl ⁄fl  dbm 
TA  Hf y Xr ¤t  TykyAn§ wrt  fi§wt      ¢sf w¡
)26( TA T  w¡ 𝑈    QwOA ¤n‘§  @¡ .Ty¶Ahn  TA  Hf ⁄ Ty¶ dtfl 
l‘t§ ⁄ Ty¶Ah TA ⁄ Ty¶ dt  TA y btm  §rWA l‘t§ fl 𝑑𝑈    ¤n‘m
w¡ AhlRAf𝑈 T  dw 'r  ›CAb‘ .Ty¶Ahn  ⁄ Ty¶ dtfl  ytAA Xq
   ⁄  A RAf w¡ 𝑑𝑈    '  𝑑𝑈 XbSA
∫︁
𝐶
𝑑𝑈 = 𝑈𝑓   𝑈𝑖. )398(
Ahfl £fi  Q wA  A‘tmt§ fl 𝑑𝑄 ›C r  Tym ⁄ 𝑑𝑊 m‘     R w  
Xq .btm  §rWA  Aql‘t§ ›C r  Tym ⁄ m‘   —  .TA  ⁄d sy
ryt  ¤AtA ⁄ TA  ⁄ ›C r  Tym ⁄  m‘  Ahy  wk§ T}A flA ¤
A .Ty¶Ahn  ⁄ Ty¶ dtfl  ytAA Xq l‘t§ ⁄ btm  §rWA l‘t§ fl Amhy
Tymk  Ab  ⁄d d ¤t  '  ›C rl TmAk  TykyAA§ fl  fi§wt  —
TA  £@¡ ¤ ¤AtA ⁄ ›C r 
𝑑𝑄 = 0 , 𝑑𝑈 = 𝑑𝑊. )399(
TA T A‘  𝑇 ⁄ 𝑉 ,𝑃 ¤¡ Tlml TykyAn§ wrt   rytm     Arbt   — 
𝑉 ⁄ 𝑃 An¡ @n .AyW Tlqts ¤¡  rytm   Xq yn   A 𝑓 (𝑃, 𝑉, 𝑇 ) = 0
¤ T  ¤¡ Tlml Tyl d  TAW   —  .AyW Tlqts TykyAn§ wr  rytm
'  𝑉 ⁄ 𝑃
𝑈 = 𝑈 (𝑃, 𝑉 ). )400(
	s
𝑑𝑈 = ( 𝜕𝑈
𝜕𝑉
)𝑃 𝑑𝑉 + ( 𝜕𝑈
𝜕𝑃
)𝑉 𝑑𝑃. )401(
internal energy .)25(
state function .)26(
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Tytn  ›rJAb An§d ¢A A RAf w¡ 𝑑𝑈  fl
𝜕
𝜕𝑃
[︂
( 𝜕𝑈
𝜕𝑉
)𝑃
]︂
𝑉
=
𝜕
𝜕𝑉
[︂
( 𝜕𝑈
𝜕𝑃
)𝑉
]︂
𝑃
. )402(
TAV    ¤n‘§  @¡ .'d§dm C dq Tyl d  TAW  rbt‘ yAn§ wrt  ¤
¤¡ ¤ wt  ¤l 𝑈2 ⁄ 𝑈1 AmhytAV2 ⁄ 1 ytlm  TlkK 1 + 2 Tlm
𝑈1+2 = 𝑈1 + 𝑈2. )403(
 — TywkF⁄rAm  ml TbsnA A} 	§rq Xq w¡ rfl   @¡ k
T A‘mA Tqyq  ¤ ¤W‘    	§ 𝑈1+2 TAW   fl Tfy‘S  fiAft 
𝑈1+2 = 𝑈1 + 𝑈2 + 𝑈12. )404(
 — TywkF⁄rAm  m     AhAm¡  km§ ¤t  Aft  TAV ¤¡ 𝑈12
.Tfy‘S  fiAft 
)27( TykyAn§ wrt  T§Ahn  ¤ Xq 'd§dm C dq ¤¡ Tyl d  TAW 

 Tr‘m 
𝑁  ! 1 , 𝑉  ! 1 : 𝑁
𝑉
= constant . )405(
bO TAW     '  .  CA  A  Tlmh bO Ws  CA  T§Ahn  £@¡ ¤
.𝑉 ⁄  𝑁 Tlm   A‘   ›rJAb A§ rV TbFAnt
yAn§ wrtl ¤A  dbm 
yAn§ wrtl ⁄fl  dbm  q ¤t  TykyAn§ wrt  fi§wt  {‘ An¡
.T‘ybW  ¤ Ty¶Aql ›CwO d    km§ fl Ahnk
›C r     › A d¡AKm  . CA ”A   wRw AF  d‘ rbt‘ Am
dbm  ¤l Xq  Amtfl   k . CAb  ”Am  ¤  As   d‘m   qtn
   z§ y As  ¤   CAb   qtn    ›C rl km§ yAn§ wrtl ⁄fl 
¤A  dbm  .T‘ybW  ¤ d¡AK ry  @¡ k .› ⁄r ”Am     z§ ⁄ TwF  d‘m 
.›C r  Ahy qtn ¤t  A¡Afl  yRw ¤  dh§ yAn§ wrtl
q  wk ›dyw  ¢tyt ¤kyAn§ wr §w dw§ fl )28( :xwyFwl  Ay
¤   CA s  ›C r  q km§ .AF s ¤   CA s  ›C r Tym
.y‘ m @b AF s
›dyw  Ahtyt   wk TykyAn§ wr fi§w dw fl )29( :fi -fl  Ay
⁄ ¢tA ›C r TC ⁄— dy⁄ 'C r   z  ›C r Tym  rtF  w¡
.m ¤  AkA ¢l§w
thermodynamical limit .)27(
Clausius statement .)28(
Kelvin   Planck statement .)29(
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Hf dn '  T§C r ⁄z§  Tysk Tq§rW  dmt§ ¤A EA @A Am
›C r  TCd fl  l‘t fl Tyl d  TAW  ¤A EA    . 𝑇 ›C r  TC 
£@¡ ¤  —  .TA  £@¡ ¤ ¢tA 𝑇  fl 𝑑𝑈 = 0 ¤AtA ⁄ ) An§rmt  ¤  r\  (
Ptm§ EA     '  𝑑𝑄 > 0 ¤AtA ⁄  rb§ ¢A  dmt§ EA   fl .   𝑑𝑄 = 𝑑𝑊 TA 
w¡ EA     '  𝑑𝑊 < 0    tnts ¢n ⁄ ›C r  TC Ab ¤l _Afl ›C r
¤  Ahl§w  ›C r  Tym  TA  £@¡ ¤ ¢  ^fi .m‘A wq§ '@ 
¤ EA   fl ¤kyAn§ wrt  §wt   @h ›dyw  Tytn  £@¡ Hy k m
.rb   t§ Ty¶Ahn  ¢tA
-fl  Ayb AAm ‚Ak w¡ xwyFwl  Ay    Ansf  nq    hm  
.fi
wCA ›C⁄ 
¢bJ TykyAn§ wrt  fi§wt   T‘Att Twm ¤¡ )30( wCA ›C⁄ 
⁄ 𝑇1 ›C r ¤tCd y§C r yy z Ahy m‘ts§ ¤t  Tysk‘  ⁄ TnAs 
.Akt   ⁄d rt§ Hbk  ›CAb AhdA T wWF  ¤ EA rbt‘n . 𝑇2 < 𝑇1
:) 2 kK  ¤  r\ ( ¤flA w¡ 𝑃   𝑉 'wtsm  ¤ EA  ¢‘bt§ '@  §rW 
XR ⁄ 𝑇1 ›C r TC , 𝑉1   wk ) 𝐴 TWqn ( EAl Ty¶ dtfl  TA  
.𝑃1
w¡ AtFwrt  . 𝑇1 ›C r TC ⁄— AtFwrt AO  ¤l Tlm  S
EAl ¢tA ›C r TC ¤l _AfA ms§ ryb 'C r   z  ›CAb
.AhC r TC  ry§ fl ›rbt‘m  Tlm   ›C rl  Ab   fl
𝑃2 XS  bO§ ¤t T§C r⁄z§  Tysk Tq§rW EA  TA ryyt wq
¤l bWm  XSl AF ¢bJ ryy §rV  — ⁄ 𝐵 TWqn  dn
. rb§ ¤AtA ⁄  dmt§ EA     '  𝑉2 > 𝑉1 bO§ ¤¶Ahn    .Hbkm 
 𝑄1 > 0 ›C r Tym Ptm§ ¢tA ›C r TC ¤l EA  ^A§ ¤t
.CA  bnm 
.›C r  Tymk  Ab '  nm§ ›C rl A ¤kyAA§   C d EA  z‘ 
›C r  TC bO ¤t TykyAA§   Tysk Tq§rW  dmt§ EA  rt wq
bO§ .𝐶 TWqn  dn  CAb  bnm  ›C r TC ¤¡ ¤t  𝑇2 < 𝑇1  T§⁄As
.𝐶 TWqn  dn𝑃3 XS  ⁄ 𝑉3  
¤l ^A ¤t 𝑇2 ›C r TC ⁄— AtFwrt AO  ¤l Tlm  S 
  ¤  𝑉3    EA  XS wq . 𝑇2  T§⁄As ¢C r TC 
AS§  ¤¡ Tylm‘  £@¡ .𝑃4 > 𝑃3 XS  ¤  𝑃3 XS   ⁄ 𝑉4 < 𝑉3
EA  . 𝑇2  T§⁄As TtA ¤qb ›C r  TC    '  T§C r⁄z§  ⁄ Tysk
¤l 	§ ¢tA ›C r TC ¤l ^A ¤t ¤AtA ⁄ s§ “wSm 
q 𝐷 TWqn  .¤CA  XFw  ¤  𝑄2 < 0 ›C r Tym ¤W‘§    EA 
.𝐴 
 CAm  ¤kyAA§ fl  X  ¤l
.𝐴 ¤  𝐷  Tysk ⁄ TykyAA§    wk TtA XR Tylm‘ ›C⁄d  l 
.𝑇1 ¤  𝑇2  EA  ›C r TC ryt Wqm   @¡ fi
yAn§ wrtl ⁄fl  dbm  	s An§d wCA ›C⁄ fi
 𝑈 = 0 . )406(
Carnot cycle .)30(
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¤¡ wCA ›C⁄ fi Twqnm  ›C r  Tym
𝑄 = 𝑄1 + 𝑄2. )407(
w¡𝐴𝐵𝐶 fi ¤CA  XFw  ⁄ EA  y  Abtm  m‘ 
𝑊1 = −
∫︁
𝐴𝐵𝐶
𝑃𝑑𝑉 < 0. )408(
TAsm  ¤¡ 𝑊1 .𝑑𝑉 > 0 ¤AtA ⁄ C rmtFA d§ zt§ ”z   @¡ fi    fl
.m‘A wq ¤t  ¤¡ Tlm   A 𝑊1 < 0  fl . 𝐴𝐵𝐶 ¤nnm  
w¡ 𝐶𝐷𝐴 fi ¤CA  XFw  ⁄ EA  y  Abtm  m‘ 
𝑊2 = −
∫︁
𝐶𝐷𝐴
𝑃𝑑𝑉 > 0. )409(
TAsm  ¤¡ 𝑊2 .𝑑𝑉 < 0 ¤AtA ⁄ C rmtFA Lmkn§ ”z   @¡ fi    fl
.m‘A wq§ '@  w¡ ¤CA  XFw   A 𝑊2 > 0  fl . 𝐶𝐷𝐴 ¤nnm  
:ytyAt  ytA  rbt‘
: ¤⁄fl  TyAkfl  ∙
|𝑊1| > |𝑊2|. )410(
'  	AF w¡ TA  £@¡ ¤ ¤lk  m‘   — 
𝑊 = 𝑊1 + 𝑊2 < 0. )411(
Ah  '  ¤CA  XFwl m rw '  m‘A wq ¤t  ¤¡ Tlm     ' 
.¤kyAky m ¤  T§C r TAV w Ahfl 'C r rm rOt
,𝑄
′
2 = −𝑄2 > 0  ( ¤AtA yAn§ wrtl ⁄fl  dbm  Am‘tFA
)𝑊 ′1 = −𝑊1 > 0
 𝑈 = 𝑊 + 𝑄 = 0 ⇒ −𝑊 = 𝑄 > 0. )412(
 ‚Ak  @¡
𝑊
′
1 −𝑊2 = 𝑄1 −𝑄
′
2. )413(
.𝑄1 > 0 ⁄ 𝑄′2 > 0  A −𝑊 > 0  A  —  ¢   d A kK ¡rb    km§
	w 𝑊 ¤lk  m‘  Ahy  wk§ ¤t  TyAkfl  AS§  An¡ :TyA  TyAkfl  ∙
.m‘A wq§ '@  w¡ ¤CA  XFw     ' 
 A 𝑄′2 < 0 ⁄ −𝑊 < 0  A  —  ¢   d A kK ¡rb    AS§  km§
 Plt§ Amny  CAb  bnm   EA   fl  AhOtm§ ›C r   —  . 𝑄1 < 0
rw    	§  @¡  yq    ⁄ CA  bnml Ah¶AWA ›C r 
wCA ›C⁄  A TA  £@¡ ¤ ¢  '  .¤CA  XFw   EAl m
¤kyAky m m‘ts Anfl   rb rOt ⁄ Am  £Afl  ¤ m‘
.›C r  TC ¤ Cd  dfl
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¢ A '@  m‘  y Tbsn  w¡ 'C r  wCA r  ⁄ r    R w  
'  CA  bm   ›—wm  ›C r  Tym ⁄ )EA ( Tlm 
𝜂 =
𝑊
′
1   𝑊2
𝑄1
= 1   𝑄
′
2
𝑄1
. )414(
: A¡r '   ⁄d Tmhm  ¶Atn  {‘  fl  r@
𝑇2 ⁄ 𝑇1 ›C r ¤tC y m‘§ 'C r r dw§ fl :wCA Tn¡rb 
.'C r  wCA r  TyA‘ r  w¡
Ah𝑇2 ⁄ 𝑇1 ›C r ¤tC y m‘ ¤t  wCA  C⁄  :wCA TEfl 
. ⁄ rm  Hf
.   wkyF  ⁄ rm   A Tysk ry fi§w ¤l 'wt ›C⁄d  A  —  
Tfi‘  rb ›C r  ACd lWm  ls  §r‘t An ms wCA ›C⁄ 
:Tyb§rt 
𝑄1
𝑄
′
2
=
𝑇1
𝑇2
. )415(
.An§rmt  ¤  r\ 
yAn§ wrtl ¤A  dbm  ⁄ ¤⁄rtfl  ,xwyFwl Tn¡rb
kK  ¤l £fi  (28) Tfi‘  TAt dy‘
𝑄1
𝑇1
+
𝑄2
𝑇2
= 0 . )416(
¤flA TnAs  ¢bJ  C⁄d  k T A‘m  £@¡ ym‘ km§∮︁
𝑑𝑄
𝑇
= 0 . )417(
¢bJ Tq§rW T Abtm  ›C r  Tym ¤¡ 𝑑𝑄 ⁄ ›C⁄d  wV ¤l —w Akt 
¤¡ Tytn  £@¡ .𝑇  T§⁄As ›C r  TC  wk §  ›C⁄d  TWq ¤ TnAF
.xwyFwl Tn¡rbm ¤ms§ A  ”z
TyAt  T rtm   A O 'C⁄ ¤kyAn§ wr §w '  ¤ :xwyFwl Tn¡rb
:Ty}∮︁
𝑑𝑄
𝑇
 0. )418(
 A ¤sk ¤kyAn§ wrt  §wt   A  — ∮︁
𝑑𝑄
𝑇
= 0 . )419(
88
rO  ¤ £Ant §w 𝑛 −→ ∞ ¤  𝒪 §wt  sq .¤flA 'r§  A¡rb 
¤ Tlm     CwOt  —  .›wW  ¤ ¢tA Ab§rq ›C r  TC  wk y
Ptm Ah  '  𝑇𝑖 ›C r TC ⁄— 'C r  zm AO  ¤l ¤¡ 𝑖 ›wW 
.𝑇𝑖 dn ›C r  TC Ab ¤l _Af     ›wW  ¤ 𝑄𝑖 ›C r Tym
y ¤¡ 𝐶𝑖  y {𝐶1, 𝐶2, ..., 𝐶𝑛} wCAk ›C⁄ 𝑛 ¤nb
.𝑖     𝑇𝑜 ≥ 𝑇𝑖 ⁄ 𝑇𝑖 ›C r  ¤tC y m‘ .)1(
.𝑇𝑜  𝑄
𝑜
𝑖 ›C r  Tym Ptm .)2(
.𝑇𝑖  𝑄𝑖 ›C r  Tym  Plt .)3(
TrtK 𝑖 ›wW  y 𝒪 + {𝐶1, 𝐶2, ..., 𝐶𝑛} ¤kyAn§ wrt  §wt  rbt‘
T Abtm  Tylk  ›C r  Tym  —  .ysA‘t y¡A  ¤ k 𝐶𝑖 ⁄ 𝒪 y
¤¡ §wt   @¡ fi
𝑄𝑜 =
𝑛∑︁
𝑖=1
𝑄𝑜𝑖 . )420(
¤W‘§ ›C r  TCd lWm  ls  k
𝑄𝑜𝑖
𝑄𝑖
=
𝑇𝑜
𝑇𝑖
. )421(
¤¡ T Abtm  Tylk  ›C r  Tym  — 
𝑄𝑜 = 𝑇𝑜
𝑛∑︁
𝑖=1
𝑄𝑖
𝑇𝑖
. )422(
w ¤t  ⁄ 𝑇𝑜 'C r    z   TOtmm  Tylk  ›C r  Tym ¤¡ £@¡
 m ¤  AkA )  𝑈 = 𝑊𝑜 + 𝑄𝑜 = 0 ( yAn§ wrtl ⁄fl  dbm  	s
-fl  Ay 	s yAn§ wrtl ¤A  dbm  Am‘tFA .'r  ¶At  ⁄ 
 rtF  w¡ ›dyw  Ahtyt   wk TykyAn§ wr fi§w dw fl ¢A fi
AkA ¢l§w ⁄ ¢tA ›C r TC ⁄— dy⁄ 'C r   z  ›C r Tym
 A ¤AtA ⁄ 𝑊𝑜 > 0    '  m rw§    	§ ¤CA  XFw   —  .m ¤ 
‚Ak§ w¡ ⁄ 𝑄𝑜 ≤ 0
𝑛∑︁
𝑖=1
𝑄𝑖
𝑇𝑖
≤ 0. )423(
.d§r A  @¡ ⁄
§wt      wW  Hf dy‘    Annkm§ AnA ¤sk §wt   A  — 
¤l On −𝑄𝑖 
 𝑄𝑖 ¢y |w‘ '@  −𝒪 ¤sk‘ 
−
𝑛∑︁
𝑖=1
𝑄𝑖
𝑇𝑖
≤ 0. )424(
¤l ›rJAb Tysk‘  fi§wt     O £fi  yt A‘m  
𝑛∑︁
𝑖=1
𝑄𝑖
𝑇𝑖
= 0 . )425(
.xwyFwl Tn¡rb ¤l  A¡rb  mk§  @¡ ⁄
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Akt  :¤⁄rtfl  §r‘ ⁄ xwyFwl TEfl∮︁
𝑑𝑄
𝑇
, )426(
 A¡rb  .Ty¶Ahn  ⁄ Ty¶ dtfl  ytAA Xq l‘t§ ⁄ btm  §rWA l‘t§ fl
𝐵 ⁄ 𝐴 ytA rbt‘n .xwyFwl Tn¡rbm rJAb ybW ¤l dmt‘§  d hF
.𝐼𝐼  ¤sk‘  §rW  𝐼𝐼 ′ ky . 𝐵 ⁄ 𝐴 y yflt yq§rV 𝐼𝐼 ⁄ 𝐼 ky ⁄
An§d xwyFwl Tn¡rb Am‘tFA∫︁
𝐼
𝑑𝑄
𝑇
+
∫︁
𝐼𝐼′
𝑑𝑄
𝑇
= 0 . )427(
tnts ›rJAb  — ∫︁
𝐼
𝑑𝑄
𝑇
=
∫︁
𝐼𝐼
𝑑𝑄
𝑇
. )428(
At  RAftA )31(¤⁄rtfl  ¤¡ 𝑆 ›d§d TA T  r‘     —  Annkm§
𝑑𝑆 =
𝑑𝑄
𝑇
. )429(
§r‘t   .rO  ¤ £Ant ¤sk §w fi ¤⁄rtfl  r‘ Tfi‘  £@¡
'  fi ¤⁄rtfl  w¡ 𝐴 TykyAn§ wr TA '  ¤⁄rt     R w   £fi 
T§A ¤  Xq r‘ w¡ ⁄ 𝐴 TA  ⁄ 𝑂 Ty¶ dt  TA y Xr§ ¤sk §w
Tfi‘A ¤fy ¤‘ym A
𝑆(𝐴) =
∫︁ 𝐴
𝑂
𝑑𝑄
𝑇
. )430(
Tfi‘A Td r‘ w¡ 𝐵 ⁄ 𝐴 ytA y ¤⁄rtfl  ¤ rf   A Aqm  ¤
𝑆(𝐴)   𝑆(𝐵) =
∫︁ 𝐴
𝐵
𝑑𝑄
𝑇
. )431(
TAW   ¢l TykyAn§ wrt  T§Ahn  ¤ Xq 'd§dm C dq w¡ ¤⁄rtfl 
.TykyAn§ wrt  Tlm  ¤ ¤Rwf  ⁄  A\fi  xAyq w¡ ⁄ ,Tyl d 
fl A§C r T⁄z‘ Tlm ¤⁄rt  : )'r  ›r( yAn§ wrtl ¤A  dbm 
   '  d§z§    fl  ¢nkm§
 𝑆  0. )432(
m     A   𝑆 = 0  A Tysk‘  TykyAn§ wrt  m    
. 𝑆 > 0  A Tysk‘  ry TykyAn§ wrt 
𝑅 ky ⁄ 𝐵 ⁄ 𝐴 ytykyAn§ wr ytA rbt‘n .¤flA 'r§  A¡rb 
§rW     . 𝐵 ⁄ 𝐴 ytA  y  AWr§ ¤sk ry §rV 𝐼 ⁄ ¤sk §rV
§r‘t   An§d 𝑅
entropy .)31(
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S(𝐵)   𝑆(𝐴) =
∫︁
𝑅
𝑑𝑄
𝑇
. )433(
xwyFwl Tn¡rb Am‘tFA . 𝑅 Hk ⁄ 𝐼  kKm  'C⁄d  §wt  rbt‘
›rJAb An§d∫︁
𝐼
𝑑𝑄
𝑇
 
∫︁
𝑅
𝑑𝑄
𝑇
 0. )434(
' 
𝑆(𝐵)   𝑆(𝐴) 
∫︁
𝐼
𝑑𝑄
𝑇
. )435(
An§d TA TfO
𝑆(𝐵)   𝑆(𝐴) 
∫︁
𝑑𝑄
𝑇
. )436(
XFw   ›C r Tym '   Abt fl '  A§C r T⁄z‘ Tlm  fl  Arbt   — 
¤l £fi  Tytn   ›rJAb O ¤AtA ⁄ 𝑑𝑄 = 0  A ¤CA 
𝑆(𝐵)   𝑆(𝐴)  0. )437(
. d  PAnt§ fl A§C r T⁄z‘ Tlm ¤⁄rt   — 
¤⁄rt   A d§ zt§    fl  ¢nkm§ fl T⁄z‘ Tlm ¤⁄rt      r  ¤l
t§    ¢nkm§ fl ¤⁄rtfl  PAn    '  .PAnt§    ¢nkm§ T⁄z‘m  ry m 
.¤CA  XFw  ⁄ Tlm  y TAV  Abt fl 
Tlm 𝑋 TywkF⁄rAm  TA  : )'r  ›r( Tysk‘  ry ⁄ Tysk‘  fi§wt 
  , 𝐸 TAW  Anml  —  AkA y‘t AykyAn§ wr TE wt ⁄ A§C r T⁄z‘
Xysbt     |rtf .Ah Twkm  𝑁𝑖 TywkF⁄rkym  Amys   d ⁄ 𝑉
.𝑋 = ( 𝐸, 𝑉,𝑁 ) 	tk .wn  Hf  ¤¡ TywkF⁄rkym  Amys     
”AS w¡ 𝑆 ⁄ 𝑁 ,𝑉 ,𝐸 Ay dfl  ⁄— ¤Ar  ”ASf  . 𝑋 ¤ T  w¡ 𝑆 ¤⁄rtfl 
.3 kK  ¤  r\  .TykyAn§ wrt  Tlm  £@h TA 
'  .TykyAn§ wrt  Tlml ¢ny‘  E w TA m ”ASf   @¡  TWq ' 
¤ w  ›CAb ¢fl AF ¢bJ ¤kyAn§ wr w m§ ”ASf   @¡   CAs
A ¤⁄rtA t§ ¤kyAn§ wrt  wt   A  —  .TykyAn§ wr  E w flA
 —  TA ¤ .TA  ”AS   yqts ¤q  X  w§ w¡ ⁄ ¤sk wtA
w¡ ¤sk w  .¤sk ry w ¢A d§ zt ¤⁄rtA t§ wt   A
.y} ry Hk‘  k AF ¢bJ w
d§ TA  £@¡ ¤ .TnAF ¢bJ sy Tysk ry flw dw  w  ¤
”ASf  ¤  ¤mtn fl flA  £@¡  A ¤AtA ⁄  E w fl flA ¤ wt §wt 
l‘t ¤t  𝑌 ›d§d  ryt d §wt   @¡ }⁄ t§ ¤t . (𝑆,𝑋) ¤Ar 
.(𝑆,𝑋, 𝑌 ) ”ASf     fl  t§ Tlm  CwW .§wt   @¡ T‘ybW
yAn§ wrtl A  dbm 
dmt‘§𝐴 Tyfy TykyAn§ wr TA ¤⁄rt  §r‘    yl b Ar—
   . 𝑂 ›CAt Ty‘r TA 'A 𝐴 Xr Tysk fi§w  w⁄ ¤l
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flA    A ›d ⁄ )32(TC⁄  kK TA WF ‚Ak ¤t  TA  fl A‘
¤l Ahl q Ahfl Tysk fi§wt Ahny Amy TWbr  wk TykyAn§ wrt 
¤ Am¶  dw§𝑂 ⁄ 𝐴 Xr§ '@  ¤sk‘  §rW   A 'r  ›CAb‘ .TCw  £@¡
.TA  £@¡
§CwW ›d ⁄ › A ⁄  ytflt y A 'rfl  Th   Arbt   — 
TC⁄  r   kK  wk§ d TA WF ¤Ak TA  T A‘  A yflt
𝑂 ⁄ 𝐴 y Xr§ '@  ¤sk‘  §rW   A TA  £@¡ ¤ .TlOt ry ›d ⁄
 —  .TA  £@¡ ¤ ¢f§r‘ km§ fl ¤⁄rtfl  ¤ rf   A ¤AtA⁄ dw§ fl d
¤⁄rtfl  ¤ rf  ›dy⁄ ›CwO y‘§    km§ fl yAn§ wrtl ¤A  dbm 
CwV ⁄  › A P 𝐵 ⁄ CwV ⁄  › A P 𝐴 A  —  𝐵 ⁄ 𝐴 ytA y
§r‘ ‘§ , 1905 ¤ )33( sCA ¢A} '@  ,¤⁄rtfi A  dbm  .r 
dbm  @¡ .Af  ›Cw@m  flA  AhnmR  ⁄ flA   ¤ dy⁄ ¤⁄rtfl 
:¤fl  ¤l Pn§
TC dn rfO  '⁄As§  E w TA ¤ TykyAn§ wr Tlm '  ¤⁄rt 
:lWm  rfO  ›C r
𝑆(0) = 0 . )438(
TykyAn§ wrt   ⁄d 

 Tr‘m  Tyl d  TAW  ¤¡ TykyAn§ wrt   ⁄d  ¡  ⁄ ⁄ 
𝑑𝑈 = 𝑑𝑊 + 𝑑𝑄 =   𝑃𝑑𝑉 + 𝑇𝑑𝑆. )439(
'  𝑁 ⁄ 𝑉 ,𝑆 T§d§dmt  r§ Aqm  ¤ T  ¤h ¤AtA ⁄ 'd§dm C dq ¤¡ 𝑈
𝑈 = 𝑈 (𝑆, 𝑉,𝑁 ). )440(
 A Tlqts  rytm 𝑉 ⁄ 𝑆 CAbtA ⁄ TA T  ¤¡ 𝑈  fl
𝑑𝑈 =
(︀𝜕𝑈
𝜕𝑆
)︀
𝑉,𝑁
𝑑𝑆 +
(︀𝜕𝑈
𝜕𝑉
)︀
𝑆,𝑁
𝑑𝑉. )441(
¤l O ¢CAqmA
𝑇 =
(︀𝜕𝑈
𝜕𝑆
)︀
𝑉,𝑁
,   𝑃 =
(︀𝜕𝑈
𝜕𝑉
)︀
𝑇,𝑁
. )442(
¤l 'rfl  Th   O AnA rytA Amys   d‘ AS§  AnmF  — 
𝑑𝑈 =
(︀𝜕𝑈
𝜕𝑆
)︀
𝑉,𝑁
𝑑𝑆 +
(︀𝜕𝑈
𝜕𝑉
)︀
𝑆,𝑁
𝑑𝑉 +
(︀ 𝜕𝑈
𝜕𝑁
)︀
𝑉,𝑆
𝑑𝑁. )443(
'  Amys   d ¤ rytA rm  rytm  w¡ ¢  ¤l ¤¶Aymyk   wmk  r‘
𝜇 =
(︀ 𝜕𝑈
𝜕𝑁
)︀
𝑉,𝑆
. )444(
sheet.)32(
Nernst .)33(
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 wm‘  ¤ ¤W‘§ Tyl d  TAW  ¤ ryt     ' 
𝑑𝑈 =   𝑃𝑑𝑉 + 𝑇𝑑𝑆 + 𝜇𝑑𝑁. )445(
𝜆 ¤qyq  d '     ¤AtA ⁄ 1 TbC  — TsAt T  ¤¡ Tyl d  TAW 
An§d
𝑈 (𝜆𝑆, 𝜆𝑉, 𝜆𝑁 ) = 𝜆𝑈 (𝑆, 𝑉,𝑁 ). )446(
TAWl )34( r⁄  Ty} ¤l O 𝜆 = 1 R⁄  𝜆 ¤  TbsnA AqtJflA
:Tyl d 
𝑈 (𝑆, 𝑉,𝑁 ) =   𝑃𝑉 + 𝑇𝑆 + 𝜇𝑁. )447(
TAWl Cdww fi§w §rV  'rfl  TykyAn§ wrt   ⁄d  ¤l O
TAWl Cdww §w Ah  ¤l )35( ztwmlh ›r  TAW  r‘ .Tyl d 

 r‘m  𝑇 $ 𝑆  rytml TbsnATyl d 
𝐹 = 𝐹 (𝑇, 𝑉,𝑁 ) = 𝑈 (𝑆, 𝑉,𝑁 )   𝑇𝑆 =   𝑃𝑉 + 𝜇𝑁. )448(
𝑑𝐹 = 𝑑𝑈   𝑑𝑇.𝑆   𝑇.𝑑𝑆 =   𝑃𝑑𝑉 + 𝜇𝑑𝑁   𝑆𝑑𝑇. )449(
§w Ah  ¤l )36( Hby )›r  TAW  ⁄ ( ¤kyAn§ wrt   wmk  r‘

 r‘m  𝑃 $ 𝑉  rytml TbsnA ztwmlh ›r  TAWl Cdww
𝐺 = 𝐺(𝑇, 𝑃,𝑁 ) = 𝐹 (𝑇, 𝑉,𝑁 ) + 𝑃𝑉 = 𝜇𝑁. )450(
𝑑𝐺 =   𝑆𝑑𝑇 + 𝑉 𝑑𝑃 + 𝜇𝑑𝑁. )451(
 rytml TbsnA Tyl d  TAWl Cdww §w ¢  ¤l )37(¤bAtfl  r‘

 r‘m  𝑃 $ 𝑉
𝐻 = 𝐻(𝑆, 𝑃,𝑁 ) = 𝑈 (𝑆, 𝑉,𝑁 ) + 𝑃𝑉 = 𝑇𝑆 + 𝜇𝑁. )452(
𝑑𝐻 = 𝑑𝑈 + 𝑑𝑃.𝑉 + 𝑃.𝑑𝑉 = 𝑇𝑑𝑆 + 𝑉 𝑑𝑃 + 𝜇𝑑𝑁. )453(
:TyAt  ›dyfm  An¡rbmA Of   @¡ t
TAW   A ¢tA ›C r TC dn AykyAky T⁄z‘ Tlm    :1 Tn¡rb
TAW  Ahy  wk ¤t  TA  ¤¡  E wt  TA . d  d§ zt fl ztwmlh ›r 
.T§r}  ztwmlh ›r 
𝐴 ytykyAn§ wr ytA y 'C r⁄z§  §w rbt‘ .¤l§ Am  A¡rb 
An§d ¤A  dbm   . 𝐵 ⁄∫︁ 𝐵
𝐴
𝑑𝑄
𝑇
 𝑆(𝐵)   𝑆(𝐴). )454(
Euler .)34(
Helmholtz free energy .)35(
.Gibbs thermodynamic potential .)36(
enthalpy .)37(
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¤AtA ⁄ ¢tA 𝑇  A ' r⁄z§  §wt   fl
 𝑄
𝑇
  𝑆. )455(
An§d ⁄fl  dbm   k .§wt  fi TOtmm  ›C r  Tym ¤¡  𝑄
   𝑊 =    𝑈 +  𝑄     𝑈 + 𝑇  𝑆 =    𝐹. )456(
O  —  .ztwmlh ›r  TAW  ¤¡ 𝐹 ⁄ Tlm  ¢ A '@  m‘  w¡  𝑊
¤l
 𝐹   𝑊. )457(
¤AtA ⁄  𝑊 = 0 An§d AykyAky T⁄z‘m  fi§wt    
 𝐹  0. )458(
' (  E wt  TA ¤ ⁄ TA  £@¡ ¤  d  d§ zt fl ztwmlh ›r  TAW   — 
. 𝐹 = 0  A )Tysk‘  fi§wt    
 A A ^R ⁄ ¢tA ›C r TC dn TZwf Tlm    :2 Tn¡rb
 wk§ ¤t  TA  ¤¡  E wt  TA . d  d§ zt§ fl Hby ¤kyAn§ wrt   wmk 
.'r}  Hby ¤kyAn§ wrt   wmk  Ahy
An§d ¢tA ›C r TC    . d hF  A¡rb 
 𝐹   𝑊. )459(
¤l ›rJAb O A XR   
 𝐺  0. )460(
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§CAm
:1 §rm
    rf  ¤ r   dmtA ¤A EA ms )38( w Tr ¤ 
Ayb§r .𝑇2 ›C r  TC ⁄ 𝑉2 > 𝑉1   ¤  𝑇1 ›C r  TC ⁄ 𝑉1
TCd fl  l‘t fl ¤A EA Tyl d  TAW     y . 𝑇1 = 𝑇2    ^fi
.›C r 
.(𝑇2, 𝑉2) TA  ¤  (𝑇1, 𝑉1) TA   ¤sk 'C r⁄z§   dm  fl  rbt‘ 
.¤⁄rtfl  ¤ rf  	s 
Tr ¤ ¤⁄rtfl  ¤ rf  	s  .¤sk §w w¡ w  dm ¡ 
.w
¤flA ›AW‘ ¤¡ A XR ⁄    Tywn  › r  :2 §rm
𝐶𝑣 = ( 𝑑𝑄
𝑑𝑇
)𝑉 , 𝐶𝑝 = ( 𝑑𝑄
𝑑𝑇
)𝑃 . )461(
 rb  𝑑𝑄   fl A‘ rtF  yAn§ wrtl ⁄fl  dbm  Am‘tFA 
.𝑇 ›C r  TC ⁄ 𝑈 Tyl d  TAW  Tfld 𝐶𝑝 ⁄ 𝐶𝑣
TyAm   EAl )39(r§A Tfi ¡r 
𝐶𝑝   𝐶𝑣 = 𝑛𝑅. )462(
⁄ 𝑇2 ›C r TC dn 𝑄′2 > 0 ›C r Tym Ptm wCA ›C⁄ :3 §rm
Tylk  ›C r  Tym . 𝑇1 < 𝑇2 ›C r  TC dn 𝑄′1 ›C r Tym  Plt
 ⁄ rm     '  𝑊 =   𝑄 w¡ ¤lk  m‘   A ¤AtA ⁄ 𝑄 = 𝑄′2   𝑄
′
1 ¤¡ T Abtm 
w¡
𝜂 =
𝑊
𝑄
′
2
= 1   𝑄
′
1
𝑄
′
2
. )463(
Tyb§rt  Tfi‘A ¤W‘§ TqlWm  ›C r  TC §r‘
𝑄
′
1
𝑄
′
2
=
𝑇1
𝑇2
. )464(
⁄  rb  Am¶  ¤¡ TqlWm  ›C r  TC  A 0  𝜂  1  fl ¢  R w  
.rfO   '⁄As§
𝑊 m‘  Hf Ahl ' ¥ ¤t  wCA  C⁄  TlslF Am‘tFA ¢  y
TqAs  ›C⁄d  Ahn Plt ¤t  ›C r  Tym ›C⁄  Ahy Ptm ¤t ⁄
.TqlWm  ›C r  ACd \tn lF ¤l wO  km§
Joule.)38(
Mayer .)39(
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'  ,CAA§ Tql T wWF    'wt ¤A EA  w 1 rbt‘ :4 §rm
S .rt Hbk  ›CAb AhydA 'd  ,›C rl TyA TlA   Cd  —
.𝑇 ¢C r TC ¶As ”wlm ryb   z   ¢ wWFfl 
 dmt§ EA  rt . 𝑉1 '⁄As§ ¢m ⁄ 𝑃1 '⁄As§ EA  XR T§ db  ¤ 
dqm  m‘  	s  . 𝑃2 ¢WR ⁄ 𝑉2 ¢m bO§ ¤t TnAF ¢bJ Tq§rW
.¤CA  XFw  ¤  EA  
EA  XR ryy t§ §  Tysk ry Tq§rW  A  dmt      fl  |rtfn 
.TA  £@¡ ¤ m‘  	s  .¢t 𝑃2 Tmyq  ¤  𝑃1 
XS  ¤  𝑃1 XS   fl⁄  Tysk ry Tq§rW  A  dmt     |rtfn 
.TA  £@¡ ¤ m‘  	s  . 𝑃2 < 𝑃3 XS  ¤  𝑃3 XS    𝑃3 < 𝑃1
.𝑃3 = 2 atm ,𝑃2 = 1 atm ,𝑃1 = 3 atm fi @ .tnts    nkm§  —A
⁄ ,›C rl TyA TEA '  ,TykyAA§   T wWFfl    Cd     fl  |rtfn 
⁄ XS  y Tfi‘  d⁄  .¤sk w rb t§ EA   dm    |rtf
dtF  .wt   @¡ ¤  
𝛾 =
𝐶𝑝
𝐶𝑣
. )465(
.𝛾 = 7/5  A ¤AtA ⁄ )40(›C@  ¤¶An EA w¡ ¤Am  EA     |rtfn 
	s  ,¤¶ dtfl  ¢m O ⁄ ›r '⁄As§ EAl ¤¶Ahn     A  — 
fi @ . 𝑇1 Ty¶ dtfl  ›C r  TC Tfld 𝑇2 Ty¶Ahn  ›C r  TC 
.𝑇1 = 300 K
:5 §rm
   	§ '@  “rK  w¡ A . 𝑉 ⁄ 𝑇 ¤ T  ¤¡ Tlm 'fl Tyl d  TAW  
T  𝑆 = 𝑆(𝑇, 𝑉 ) ¤⁄rtfl   wk§ ¤t (𝜕𝑈/𝜕𝑉 )𝑇 Ty¶z  TqtKm  ¢qq
.TA
.¤Am  EA     ¢tnts    km§  —A 
.¤Am  EA  TA ¤ 𝑆(𝑇, 𝑉 ) 	s  
:6 §rm
Hbk  ›CAb ”AW  — TywAJ T wWF    )fi ”A( ¶AF S 
‚ltm§ Hbkm  ⁄ ¶As  y  rf   A Hbkm  ¤l 
@ Am .rt
.ry fl Xq ¶As  ›C r TCd l‘t§ bKm  CAb  XR .bK CAb
TC ⁄— AtFwr ¤ rm Hbk d¶ E ¶AF TykyAn§ wrt  Tlm 
A§C r⁄z§fl  '  ¢tA  ›C r  TC  — Aynnm  } . 𝑇 ›C r
.𝑃   𝑉 ”ASf    CA d¶ E ¶AF Tlml
.w  Hf ¤ ¶As  ⁄ CAb  d wt§ §  ›C r  AC Am th 
𝑈2 ⁄ 𝑈1 kt ⁄ tk  ›d⁄ ¤ CAb  ⁄ ¶As  ¤m 𝑉2 ⁄ 𝑉1 ky
T‘A  ⁄ ¤¡ 𝑈𝑖 ,𝑉𝑖 ,𝑃 r§ Aqm  .tk  ›d⁄ ¤ CAb  ⁄ ¶As  ¤tAV
¤¡ T wWFfl    › wtm  › Aml Tylk  Tltk  .Xq ›C r  TCd
Tlt £”An  ¤ rO  ¤ £Ant 'C r⁄z§  §w rbt‘ . 𝑚 = 𝑚1 + 𝑚2
.rbt ¶As   𝑑𝑚
diatomic .)40(
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.Tlml Tylk  TAW  ¤ 𝑑𝑈 ryt  ⁄   ¤ 𝑑𝑉 ryt  	s  
 ›d ⁄ rb    TEfi  𝜆 = 𝑑𝑄/𝑑𝑚 ›C r  Tym tntF 
.¶As  Tlt
.𝑉2 ⁄ 𝑉1 ,𝜆 ,𝑇 ,𝑃 y Xr ¤t  )41(  ⁄ryfi T A‘ tntF  
𝑉2 >> 𝑉1    CAbtA .¤A EA w¡ CAb  ⁄ ”A w¡ ¶As     |rt  
.𝑇 ⁄ 𝜆 ,𝑃 y X r   wAq  rtF 
:7 §rm
 A TA T A‘m Ahny Amy TWbr 𝑧 ⁄ 𝑦 ,𝑥 A  —  ¢  y 
( 𝜕𝑥
𝜕𝑦
)𝑧( 𝜕𝑦
𝜕𝑥
)𝑧 = 1 , ( 𝜕𝑥
𝜕𝑦
)𝑧( 𝜕𝑦
𝜕𝑧
)𝑥 =   ( 𝜕𝑥
𝜕𝑧
)𝑦. )466(
   y . rytm   Xq yn  ¤ T  𝑓 kt 
( 𝜕𝑥
𝜕𝑦
)𝑓 ( 𝜕𝑦
𝜕𝑧
)𝑓 = ( 𝜕𝑥
𝜕𝑧
)𝑓 . )467(
:8 §rm
rtF  ¤⁄fl  𝑑𝑄   T A‘ ¤ yAn§ wrtl ¤A  dbm  Am‘tFA 
Tfi‘ 
( 𝜕𝑃
𝜕𝑇
)𝑉 = 1
𝑇
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
]︂
. )468(
.Tfi‘  £@¡ Am‘tFA ¤⁄fl  𝑑𝑄   T A‘ TAt d 
 @k¡ O . wW  Hf rb C⁄rmA TyA  𝑑𝑄   T A‘ TAt d  
.𝑇𝑑𝑆   fl A‘m ¤ms§ A ¤l
TyVASfl  , 𝛼 'C r   dmt  fiA‘ Am‘tFA 𝑇𝑑𝑆   fl A‘ TAt d  

 Tr‘m  𝜅𝑆 TykyAA§ fl  TyVASfl  ⁄ 𝜅𝑇 T§C r⁄z§fl 
𝛼 =
1
𝑉
( 𝜕𝑉
𝜕𝑇
)𝑃 , 𝜅𝑇 =   1
𝑉
( 𝜕𝑉
𝜕𝑃
)𝑇 , 𝜅𝑆 =   1
𝑉
( 𝜕𝑉
𝜕𝑃
)𝑆 . )469(
.Ayb§r xAq ¤t  ¤¡ fiA‘m  £@¡
.𝛾 = 𝐶𝑝/𝐶𝑣 ⁄ 𝐶𝑝   𝐶𝑣 	s  
:9 §rm
rtF  𝑑𝑈 =   𝑃𝑑𝑉 + 𝑇𝑑𝑆 yAn§ wrtl ⁄fl  dbm   AfiW  
§wsA Afi
( 𝜕𝑈
𝜕𝑉
)𝑆 =   𝑃 , ( 𝜕𝑈
𝜕𝑆
)𝑉 = 𝑇. )470(
,𝑑𝐹 =   𝑃𝑑𝑉   𝑆𝑑𝑇 ztwmlh ›r  TAW  ¤ ryt  §r‘  AfiW  
¤bAtfl  ¤ ryt  ⁄ 𝑑𝐺 =   𝑆𝑑𝑇 + 𝑉 𝑑𝑃 ¤kyAn§ wrt   wmk  ¤ ryt 
.'rfl  Tts  §wsA Afi rtF  𝑑𝐻 = 𝑇𝑑𝑆 + 𝑉 𝑑𝑃
Clapeyron .)41(
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TyAt  Q wA › A zymt :10 §rm

 ¤W‘§ 𝑇0 'C r⁄z§  §w fi m‘  
𝑊 =   𝑅𝑇0 ln
𝑉
𝑉0
. )471(

 ¤W‘§ ¤⁄rtfl  
𝑆 = 𝑅
𝑉
𝑉0
(︀ 𝑇
𝑇0
)︀𝑎
. )472(
. w 𝑎 ⁄ 𝑉0 ,𝑇0 y
.ztwmlh ›r  TAW  	s  
.TA  T A‘ 	s  
.¤fy 𝑇 'C r⁄z§  §w    m‘  	s  
W TtF  kK 'C⁄ ¤sk ¤kyAn§ wr §w rbt‘ :11 §rm
:¤flA 𝑇   𝑆 XWm  ¤ Tmyqts
¤⁄rtfl  ¤  𝑆1 ¤⁄rtfl   𝑇1 ›C r  TC dn 'C r⁄z§  §w 
.𝑆2 > 𝑆1
TC ¤  𝑇1 ›C r  TC  𝑆2 
 ¤W‘ A ¤⁄rt  dn §w 
.𝑇3 > 𝑇1 ›C r 
¤⁄rtfl  ¤  𝑆2 ¤⁄rtfl   𝑇3 ›C r  TC dn 'C r⁄z§  §w 
.𝑆3 < 𝑆2
TC ¤  𝑇3 ›C r  TC  𝑆3 
 ¤W‘ A ¤⁄rt  dn §w 
.𝑇2 > 𝑇3 ›C r 
¤⁄rtfl  ¤  𝑆3 ¤⁄rtfl   𝑇2 ›C r  TC dn 'C r⁄z§  §w 
.𝑆1 < 𝑆3
TC ¤  𝑇2 ›C r  TC  𝑆1 
 ¤W‘ A ¤⁄rt  dn §w 
.𝑇1 < 𝑇2 ›C r 
wCA ›C⁄    y . ⁄ rm  tntF   TOtmm  ›C r  Tym ⁄ m‘  	s 
.¤l   ⁄ r Ah {ffl  ⁄ ¤lfl  ›C r  ¤tC y m‘ ¤t 
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wl
:1 §rm
T§ d @n rf} ¢yl XS   A  rf  ¤ r kK  dmt§ EA   fl 
'  d‘n§ m‘   A ¤AtA ⁄ wt 
 𝑊 = 0 . )473(
¤CA  XFw   T Abtm  ›C r  Tym  A ryt fl ›C r  TC  fl
'  d‘n
 𝑄 = 0 . )474(
 — 
 𝑈 = 0 $ 𝑈1 = 𝑈2. )475(
 Ahsf ¤¡ 𝑈  fl ⁄ , 𝑉 ⁄ 𝑇 
 Xq l‘t    km§ TA T  ¤¡ 𝑈  fl
.𝑇 
 Xq l‘t ⁄ 𝑉 
 l‘t fl 𝑈  A (𝑇2 = 𝑇1, 𝑉2 > 𝑉1) ⁄ (𝑇1, 𝑉1)  
'C r⁄z§fl  §wt  fi ¢A ¤AtA ⁄ 𝑈 = 𝑈 (𝑇 )  A ¤A EA   fl 
 —  	s .  𝑄 =    𝑊 '   𝑈 = 0 An§d
 𝑊 =  
∫︁
𝑃𝑑𝑉 =   𝑅𝑇 ln 𝑉2
𝑉1
)  𝑄 = 𝑅𝑇 ln 𝑉2
𝑉1
. )476(

 ¤W‘§ w¡ EA  ¤⁄rt  ¤ rf   A 'C r⁄z§  ¤sk §wt   fl
( 𝑆)gas =
∫︁
𝑑𝑄
𝑇
=
 𝑄
𝑇
= 𝑅 ln 𝑉2
𝑉1
. )477(
›C r  Tym ¤¡    𝑄    '  EA   TOtmm  ›C r  Tym ¤¡  𝑄
w¡ 'C r    z  ¤⁄rt  ¤ rf  . 𝑇 'C r    z  A¡dqf§ ¤t 
 — 
( 𝑆)reservoir =
∫︁
𝑑𝑄
𝑇
=  
 𝑄
𝑇
=   𝑅 ln 𝑉2
𝑉1
. )478(
km§ .¤sk §wt TbsnA 	§ Am d‘n§ ¤lk  ¤⁄rtfl  ¤ rf 
.§wt  Hk‘ ,fi {A ¤ ¢n§z km§ '@  ,dqm  m‘   dtF 
Tfi‘  ybW km§ fl ¤AtA ⁄ ¤sk ry §w w¡ w  dm 
ytAA fl  l‘t fl TA T  w¡ ¤⁄rtfl   fl k . 𝑑𝑆 = 𝑑𝑄/𝑇

 ¤W‘§  E A EA  ¤⁄rt  ¤ rf   A Ty¶Ahn  ⁄ Ty¶ dtfl 
( 𝑆)gas = 𝑅 ln 𝑉2
𝑉1
. )479(
¤⁄rt   A   z  ⁄ EA  y 'C r  Ab dw§ fl ¢fl TA  £@¡ ¤
'  d‘t§   z 
( 𝑆)reservoir = 0 . )480(

 ¤W‘§ rfO   rb  ¤lk  ¤⁄rtfl 
( 𝑆)total = 𝑅 ln 𝑉2
𝑉1
. )481(
.¤sk §wt   fl 𝑊 m‘  Tym yyS 
99
  ⁄ ›C r  TCd l‘t§ 'd§dm C dq ¤¡ Tyl d  TAW  :2 §rm
' 
𝑈 = 𝑈 (𝑇, 𝑉 ). )482(
 — 
𝑑𝑈 = ( 𝜕𝑈
𝜕𝑇
)𝑉 𝑑𝑇 + ( 𝜕𝑈
𝜕𝑉
)𝑇 𝑑𝑉. )483(
AS§  An§d
𝑑𝑈 = 𝑑𝑊 + 𝑑𝑄 =   𝑃𝑑𝑉 + 𝑑𝑄. )484(
tnts yt A‘m  yA¡ 
𝑑𝑄 = ( 𝜕𝑈
𝜕𝑇
)𝑉 𝑑𝑇 +
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
]︂
𝑑𝑉. )485(
¤l O A   .¤⁄fl  𝑑𝑄   T A‘ ¤¡ £@¡
𝑑𝑄 = ( 𝜕𝑈
𝜕𝑇
)𝑉 𝑑𝑇. )486(
 — 
𝐶𝑣 = ( 𝑑𝑄
𝑑𝑇
)𝑉 = ( 𝜕𝑈
𝜕𝑇
)𝑉 . )487(
AnA𝑉 ⁄ 𝑇 |w Tyl d  TAW  ¤ Tlqts  rytm 𝑃 ⁄ 𝑇 Art   — 
¤l O
𝑑𝑈 = ( 𝜕𝑈
𝜕𝑇
)𝑃 𝑑𝑇 + ( 𝜕𝑈
𝜕𝑃
)𝑇 𝑑𝑃
=   𝑃𝑑𝑉 + 𝑑𝑄
=   𝑃
[︂
( 𝜕𝑉
𝜕𝑇
)𝑃 𝑑𝑇 + ( 𝜕𝑉
𝜕𝑃
)𝑇 𝑑𝑃
]︂
+ 𝑑𝑄. )488(
 — 
𝑑𝑄 =
[︂
( 𝜕𝑈
𝜕𝑇
)𝑃 + 𝑃 ( 𝜕𝑉
𝜕𝑇
)𝑃
]︂
𝑑𝑇 +
[︂
( 𝜕𝑈
𝜕𝑃
)𝑇 + 𝑃 ( 𝜕𝑉
𝜕𝑃
)𝑇
]︂
𝑑𝑃. )489(
A XR  .TyA  𝑑𝑄   T A‘ ¤¡ £@¡
𝑑𝑄 =
[︂
( 𝜕𝑈
𝜕𝑇
)𝑃 + 𝑃 ( 𝜕𝑉
𝜕𝑇
)𝑃
]︂
𝑑𝑇. )490(
 — 
𝐶𝑝 = ( 𝑑𝑄
𝑑𝑇
)𝑃 = ( 𝜕𝑈
𝜕𝑇
)𝑃 + 𝑃 ( 𝜕𝑉
𝜕𝑇
)𝑃 . )491(
kK  ¤l T A‘m  £@¡ TAt km§
𝐶𝑝 = ( 𝑑𝑄
𝑑𝑇
)𝑃 = ( 𝜕𝐻
𝜕𝑇
)𝑃 . )492(
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¤bAtfl  w¡ 𝐻
𝐻 = 𝑈 + 𝑃𝑉. )493(
dn Tq§rW  Hfn ›ryfl  𝑑𝑄   T A‘  rtF  km§
𝑑𝑄 = ( 𝜕𝑈
𝜕𝑃
)𝑉 𝑑𝑃 +
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑃
]︂
𝑑𝑉. )494(
An§d TyAm   EAl TbsnA
𝑃𝑉 = 𝑛𝑅𝑇 ) 𝑉 = 𝑛𝑅𝑇
𝑃
. )495(
( 𝜕𝑉
𝜕𝑇
)𝑃 = 𝑛𝑅
𝑃
) 𝑃 ( 𝜕𝑉
𝜕𝑇
)𝑃 = 𝑛𝑅. )496(
¤AtA
𝐶𝑝   𝐶𝑣 = ( 𝜕𝑈
𝜕𝑇
)𝑃 + 𝑃 ( 𝜕𝑉
𝜕𝑇
)𝑃   ( 𝜕𝑈
𝜕𝑇
)𝑉
= 𝑛𝑅, )497(
'  ¤A EA ¤  TbsnA ›C r  TCd fl  l‘t fl Tyl d  TAW  TAW   fl
( 𝜕𝑈
𝜕𝑇
)𝑃 = ( 𝜕𝑈
𝜕𝑇
)𝑉 . )498(
:𝑛 ›C⁄  ¤ An§d ›rJAb :3 §rm
  𝑊 = 𝑄
′
𝑛+1   𝑄
′
𝑛. )499(
AS§ 
𝑄
′
𝑛+1
𝑄′𝑛
=
𝑇𝑛+1
𝑇𝑛
) 𝑇𝑛+1
𝑄
′
𝑛+1
=
𝑇𝑛
𝑄′𝑛
= 𝑥. )500(
¤l O ¤⁄fl  Tfi‘  ¤ ›ryfl  Tfi‘   dtFA . 𝑛 
 l‘t§ fl 𝑥
𝑇𝑛+1 = 𝑇𝑛   𝑥𝑊. )501(
.TqlWm  ›C r  TCd \tn lF ¤l O 𝑥𝑊 =   1 K ⁄ 𝑇1 = 0 K CAytA
:4 §rm
An§d ¤A EA    
𝑃𝑉 = 𝑅𝑇. )502(
w¡ 'C r⁄z§  ¤sk §w  ›CAb ¤¡ ¤t  ¤⁄fl  TA  ¤ m‘ 
𝑊 =  
∫︁
𝑃𝑑𝑉 =   𝑅𝑇
∫︁ 𝑉2
𝑉1
𝑑𝑉
𝑉
=   𝑅𝑇 ln 𝑉2
𝑉1
= 𝑅𝑇 ln 𝑃2
𝑃1
. )503(
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ryy t§ ¤sk ry §w  ›CAb ¤¡ ¤t  TyA  TA  ¤ m‘  ∙
 fi 𝑃2 '⁄As§ XS   A ¤AtA ⁄ 𝑃2 ¤  𝑃1  ¢t ¢y XS 
w¡ §wt 
𝑊 = −
∫︁
𝑃𝑑𝑉 = −𝑃2
∫︁ 𝑉2
𝑉1
𝑑𝑉 = 𝑅𝑇 (𝑃2
𝑃1
− 1). )504(
An§d  —  .¤A  §wtA yhybJ yl§w 	r TA  TA  ¤ ∙
𝑃1 −→ 𝑃3 : 𝑊 = 𝑅𝑇 (𝑃3
𝑃1
− 1)
𝑃3 −→ 𝑃2 : 𝑊 = 𝑅𝑇 (𝑃2
𝑃3
− 1). )505(
w¡ TA  TA  ¤ ¤lk  m‘   — 
𝑊 = 𝑅𝑇 (𝑃3
𝑃1
− 1) + 𝑅𝑇 (𝑃2
𝑃3
− 1). )506(
.¤sk‘  As  ¢bJ §wt  ¤ ¤m\  w¡ TqlWm  TmyqA m‘ 
'  ¤kyAA§   ¤sk §w ¤¡ T‘ r  TA  ∙
𝑑𝑄 = 0 ⇒ 𝑑𝑈 = 𝑑𝑊 = −𝑃𝑑𝑉. )507(
¤A EA   
𝑈 = 𝑈 (𝑇 ) , 𝑑𝑈 = 𝐶𝑣𝑑𝑇 = 𝐶𝑣 𝑉
𝑅
𝑑𝑃 + 𝐶𝑣
𝑃
𝑅
𝑑𝑉. )508(
¤l O £fi  yt A‘m  
𝑉 𝑑𝑃 = −𝑃 (1 + 𝑅
𝐶𝑣
)𝑑𝑉 = −𝑃𝛾𝑑𝑉. )509(
›rJAb ¤W‘ TlAkm 
𝑃𝑉 𝛾 = constant . )510(
›rJAb An§d ∙
𝑃1𝑉
𝛾
1 = 𝑃2𝑉
𝛾
2 ⇒ 𝑇1𝑉 𝛾−11 = 𝑇2𝑉 𝛾−12 . )511(
 — 
𝑇2 = 𝑇1
(︂
𝑉1
𝑉2
)︂𝛾−1
. )512(
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 lWn 
𝑑𝑈 = 𝑑𝑊 + 𝑑𝑄 =   𝑃𝑑𝑉 + 𝑇𝑑𝑆 ) 𝑑𝑆 = 1
𝑇
( 𝜕𝑈
𝜕𝑇
)𝑉 𝑑𝑇 + 1
𝑇
(︀
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
)︀
𝑑𝑉.
)513(
An§d  wk§    	§ TA T  𝑆  wk ¤t
( 𝜕𝑆
𝜕𝑇
)𝑉 = 1
𝑇
( 𝜕𝑈
𝜕𝑇
)𝑉 ) 𝜕
2𝑆
𝜕𝑉 𝜕𝑇
=
1
𝑇
𝜕2𝑈
𝜕𝑉 𝜕𝑇
. )514(
( 𝜕𝑆
𝜕𝑉
)𝑇 = 1
𝑇
(︀
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
)︀ ) 𝜕2𝑆
𝜕𝑇𝜕𝑉
=  
1
𝑇 2
(︀
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
)︀
+
1
𝑇
(︀( 𝜕𝑃
𝜕𝑇
)𝑉 + 𝜕
2𝑈
𝜕𝑇𝜕𝑉
)︀
.)515(
Tfi‘  ¤l O £fi  yt A‘m  TCAqm
( 𝜕𝑈
𝜕𝑉
)𝑇 =   𝑃 + 𝑇 ( 𝜕𝑃
𝜕𝑇
)𝑉 . )516(
TA  T A‘ An§d ¤Am  EA     
𝑃 =
𝑅𝑇
𝑉
) 𝑇 ( 𝜕𝑃
𝜕𝑇
)𝑉 = 𝑃. )517(
 — 
( 𝜕𝑈
𝜕𝑉
)𝑇 = 0 ) 𝑈 = 𝑈 (𝑇 ). )518(
.¢C r TCd fl  l‘t fl ¤A EA Tyl d  TAW 
¤Am  EA     	s 
( 𝜕𝑆
𝜕𝑇
)𝑉 = 1
𝑇
( 𝜕𝑈
𝜕𝑇
)𝑉 = 𝐶𝑣
𝑇
. )519(
( 𝜕𝑆
𝜕𝑉
)𝑇 = 1
𝑇
(︀
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
)︀
=
𝑃
𝑇
=
𝑅
𝑉
. )520(
¤AtA
𝑑𝑆 =
𝐶𝑣
𝑇
𝑑𝑇 +
𝑅
𝑉
𝑑𝑉
= 𝐶𝑣𝑑 ln 𝑇 + 𝑅𝑑 ln 𝑉. )521(
¤l ›rJAb O ⁄ TlhF An¡ TlAkm 
𝑆 = 𝑆0 + 𝐶𝑣 ln 𝑇 + 𝑅 ln 𝑉
= 𝑆0 + 𝐶𝑣 ln 𝑇𝑉
R
C v
= 𝑆0 + 𝐶𝑣 ln 𝑇𝑉 𝛾−1. )522(
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 CAb  ⁄ ¶As  y  E wt   w§ yqtsm  X  . 4 kK  ¤  r\  
¤  ' ¥§ fl   PAn  A  E wt   @¡ fi .¢ny‘ ›C r TC  
y‘   .¶As  Tlt ¤ ry ¤  Xq ' ¥§ k XS  ¤ ry
¤  ' ¥§ An¡   ¤ PAn '  ⁄ T wWFfl  ¤ ¶As  fl  ¤qbt§ fl ¢A
'  ⁄ T wWFfl  ¤ CA fl  dw§ fl ¢A y‘  w .XS  ¤ d§ z
.XS  ¤ PAn ¤  ' ¥§ An¡   ¤ d§ z
X  yS§ ⁄    z§ bKm  CAb  XR  A ›C r  TC A E  — 
Tr ›C r TC 𝑇 ›C r  TC d‘  —  . E wtl  wm  yqtsm 
.   A Amh T wWFfl  ¤ ¤qbt§ '@  w¡ Xq CAb   A 𝑇𝑐
fl A‘mA  AyW‘§ Tylk  Tyl d  TAW  ⁄ ¤lk     
𝑉 = 𝑚1𝑉1 + 𝑚2𝑉2. )523(
𝑈 = 𝑚1𝑈1 + 𝑚2𝑈2. )524(
'C r⁄z§fl  §wt  fi rb ¤t  ¶As  Tlt ¤¡ 𝑑𝑚 A  — 
Tyl d  TAW  ¤ ryt  ⁄   ¤ ryt   A rO  ¤ £Antm 

  AyW‘§
𝑉 + 𝑑𝑉 = ( 𝑚1   𝑑𝑚)𝑉1 + ( 𝑚2 + 𝑑𝑚)𝑉2 ) 𝑑𝑉 = ( 𝑉2   𝑉1)𝑑𝑚.)525(
𝑈 + 𝑑𝑈 = ( 𝑚1   𝑑𝑚)𝑈1 + ( 𝑚2 + 𝑑𝑚)𝑈2 ) 𝑑𝑈 = ( 𝑈2   𝑈1)𝑑𝑚.)526(

  —  ¤W‘ tk  ›d⁄ ¤ ›C r  Tym
𝜆 =
𝑑𝑄
𝑑𝑚
=
𝑑𝑈
𝑑𝑚
+ 𝑃
𝑑𝑉
𝑑𝑚
= 𝑈2   𝑈1 + 𝑃 (𝑉2   𝑉1). )527(
›rJAb An§d £fi  ¶Atn   
𝑑𝑈 = ( 𝑈2   𝑈1)𝑑𝑚 = 𝑈2   𝑈1
𝑉2   𝑉1
𝑑𝑉 ) ( 𝜕𝑈
𝜕𝑉
)𝑇 = 𝑈2   𝑈1
𝑉2   𝑉1
. )528(
   r‘ Annk
( 𝜕𝑈
𝜕𝑉
)𝑇 = 𝑇 ( 𝜕𝑃
𝜕𝑇
)𝑉   𝑃. )529(
¤l O  — 
𝑈2   𝑈1
𝑉2   𝑉1
= 𝑇
𝑑𝑃
𝑑𝑇
  𝑃 ) 𝑑𝑃
𝑑𝑇
=
1
𝑇
𝜆
𝑉2   𝑉1
. )530(
. ⁄ryfi T A‘ ¤¡ £@¡
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O 𝑉2 >> 𝑉1 '  ¶As    ryk rb  CAb    A  —  
¤l
𝑑𝑃
𝑑𝑇
=
1
𝑇
𝜆
𝑉2
. )531(
 A ¤A EA w¡ CAb     AS§  AnRrt   — 
𝑉2 =
𝑛𝑅𝑇
𝑃
. )532(
 — 
𝑑𝑃
𝑃
=
𝜆
𝑛𝑅
𝑑𝑇
𝑇 2
) 𝑃 = 𝑃0 exp(  𝜆
𝑛𝑅𝑇
). )533(
:7 §rm
Tlqtsm   rytm  ¤¡ 𝑉 ⁄ 𝑇 @ . 𝑧 = 𝑃 ⁄ 𝑦 = 𝑉 ,𝑥 = 𝑇 rbt‘ Am 
¤AtA .Amhtfld𝑃  rb‘⁄
𝑑𝑃 = ( 𝜕𝑃
𝜕𝑇
)𝑉 𝑑𝑇 + ( 𝜕𝑃
𝜕𝑉
)𝑇 𝑑𝑉
= ( 𝜕𝑃
𝜕𝑇
)𝑉
(︂
( 𝜕𝑇
𝜕𝑉
)𝑃 𝑑𝑉 + ( 𝜕𝑇
𝜕𝑃
)𝑉 𝑑𝑃
)︂
+ ( 𝜕𝑃
𝜕𝑉
)𝑇 𝑑𝑉. )534(
 —  tnts
( 𝜕𝑃
𝜕𝑇
)𝑉 ( 𝜕𝑇
𝜕𝑃
)𝑉 = 1 , ( 𝜕𝑃
𝜕𝑇
)𝑉 ( 𝜕𝑇
𝜕𝑉
)𝑃 =   ( 𝜕𝑃
𝜕𝑉
)𝑇 . )535(
O . 𝑦 ⁄ 𝑓 ¤ T d 𝑥 @ . 𝑓 = 𝑓 (𝑥, 𝑦) An§d .𝑓 = 𝑆 rbt‘ Am 
Afi‘  ¤l ›rJAb
( 𝜕𝑓
𝜕𝑥
)𝑦( 𝜕𝑥
𝜕𝑓
)𝑦 = 1 . )536(
( 𝜕𝑥
𝜕𝑓
)𝑦( 𝜕𝑓
𝜕𝑦
)𝑥 =   ( 𝜕𝑥
𝜕𝑦
)𝑓 . )537(
Tfld 𝑦  rb‘    	§ ¢A 𝑧 ⁄ 𝑥 ¤ T  𝑓 Arbt   —  'rfl  Th  
Tfi‘  ¤l O . 𝑧 ⁄ 𝑥
( 𝜕𝑓
𝜕𝑦
)𝑥( 𝜕𝑦
𝜕𝑧
)𝑥 = ( 𝜕𝑓
𝜕𝑧
)𝑥. )538(
 fl  	s
( 𝜕𝑥
𝜕𝑦
)𝑓 ( 𝜕𝑦
𝜕𝑧
)𝑓 ( 𝜕𝑧
𝜕𝑥
)𝑓 =   ( 𝜕𝑓
𝜕𝑦
)𝑥( 𝜕𝑧
𝜕𝑓
)𝑥.( 𝜕𝑓
𝜕𝑧
)𝑦( 𝜕𝑥
𝜕𝑓
)𝑦.( 𝜕𝑓
𝜕𝑥
)𝑧( 𝜕𝑦
𝜕𝑓
)𝑧
=   ( 𝜕𝑧
𝜕𝑦
)𝑥.( 𝜕𝑥
𝜕𝑧
)𝑦.( 𝜕𝑦
𝜕𝑥
)𝑧
= 1 . )539(
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 ¤W‘ ¤⁄fl  𝑑𝑄   T A‘ 
𝑑𝑄 = ( 𝜕𝑈
𝜕𝑇
)𝑉 𝑑𝑇 +
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
]︂
𝑑𝑉
𝑇𝑑𝑆 = 𝐶𝑣𝑑𝑇 +
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
]︂
𝑑𝑉. )540(
›rJAb An§d ¢A TA T  w¡ ¤⁄rtfl   fl
𝜕
𝜕𝑉 𝑇
𝐶𝑣
𝑇
=
𝜕
𝜕𝑇 𝑉
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
]︂
. )541(
¤l O
( 𝜕𝑃
𝜕𝑇
)𝑉 = 1
𝑇
[︂
𝑃 + ( 𝜕𝑈
𝜕𝑉
)𝑇
]︂
. )542(
bO ¤⁄fl  𝑑𝑄   T A‘  A {§w‘tA
𝑇𝑑𝑆 = 𝐶𝑣𝑑𝑇 + 𝑇 ( 𝜕𝑃
𝜕𝑇
)𝑉 𝑑𝑉. )543(
¤¡ TyA  𝑑𝑄 T A‘ 
𝑑𝑄 =
[︂
( 𝜕𝑈
𝜕𝑇
)𝑃 + 𝑃 ( 𝜕𝑉
𝜕𝑇
)𝑃
]︂
𝑑𝑇 +
[︂
( 𝜕𝑈
𝜕𝑃
)𝑇 + 𝑃 ( 𝜕𝑉
𝜕𝑃
)𝑇
]︂
𝑑𝑃
𝑇𝑑𝑆 = 𝐶𝑝𝑑𝑇 +
[︂
( 𝜕𝑈
𝜕𝑃
)𝑇 + 𝑃 ( 𝜕𝑉
𝜕𝑃
)𝑇
]︂
𝑑𝑃. )544(
   yb    km§  wW  Hf rb C⁄rmA
  𝑇 ( 𝜕𝑉
𝜕𝑇
)𝑃 = ( 𝜕𝑈
𝜕𝑃
)𝑇 + 𝑃 ( 𝜕𝑉
𝜕𝑃
)𝑇 . )545(
kK  @ TyA  𝑑𝑄   T A‘  — 
𝑇𝑑𝑆 = 𝐶𝑝𝑑𝑇   𝑇 ( 𝜕𝑉
𝜕𝑇
)𝑃 𝑑𝑃. )546(
𝛼 'C r   dmt  A‘ Tfld ›rJAb Ahyl rb‘ TyA  𝑑𝑄   T A‘ 
¤AtA
𝑇𝑑𝑆 = 𝐶𝑝𝑑𝑇   𝛼𝑇𝑉 𝑑𝑃. )547(
.As  §rmt  ¶At Am‘tFA r  m ¤  At ¤⁄fl  𝑑𝑄 T A‘
An§d
( 𝜕𝑃
𝜕𝑇
)𝑉 =   ( 𝜕𝑃
𝜕𝑉
)𝑉 ( 𝜕𝑉
𝜕𝑇
)𝑉
=
𝛼
𝜅𝑇
. )548(
𝛼 'C r   dmt  A‘ Tfld Ahyl rb‘    km§ ¤⁄fl  𝑑𝑄 T A‘  — 
¤AtA T§C r⁄z§fl  TyVASfl  A‘ ⁄
𝑇𝑑𝑆 = 𝐶𝑣𝑑𝑇 +
𝛼
𝜅𝑇
𝑇𝑑𝑉. )549(
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¤l ›rJAb O £fi  𝑑𝑄   ¤t A‘ › ⁄Asm 
𝐶𝑝𝑑𝑇   𝛼𝑇𝑉 𝑑𝑃 = 𝐶𝑣𝑑𝑇 +
𝛼
𝜅𝑇
𝑇𝑑𝑉. )550(
T A‘m  ¤  O . 𝑉 ⁄ 𝑃 Tlqts  rytm @(︂
(𝐶𝑝   𝐶𝑣)( 𝜕𝑇
𝜕𝑉
)𝑃   𝛼
𝜅𝑇
𝑇
)︂
𝑑𝑉 +
(︂
(𝐶𝑝   𝐶𝑣)( 𝜕𝑇
𝜕𝑃
)𝑉   𝛼𝑇𝑉
)︂
𝑑𝑃 = 0 .)551(
   tnts ¢n
𝐶𝑝   𝐶𝑣 =
𝛼2
𝜅𝑇
𝑇𝑉. )552(
TykyAA§ fl  fi§wt     An§d ¢A 'rfl  Th  
𝐶𝑝 = 𝛼𝑇𝑉 ( 𝜕𝑃
𝜕𝑇
)𝑆 , 𝐶𝑣 =   𝛼𝑇
𝜅𝑇
( 𝜕𝑉
𝜕𝑇
)𝑆 . )553(
An§d  — 
𝛾 =
𝐶𝑝
𝐶𝑣
=   𝑉 𝜅𝑇 ( 𝜕𝑃
𝜕𝑇
)𝑆( 𝜕𝑇
𝜕𝑉
)𝑆
=   𝑉 𝜅𝑇 ( 𝜕𝑃
𝜕𝑉
)𝑆
=
𝜅𝑇
𝜅𝑆
. )554(
:10 §rm

 ¤W‘ ztwmlh ›r  TAW  
𝑑𝐹 =   𝑃𝑑𝑉   𝑆𝑑𝑇
= 𝑑𝑊   𝑆𝑑𝑇. )555(
An§d𝑇0 'C r⁄z§fl  §wt  fi
𝑑𝐹 = 𝑑𝑊 ) 𝐹 (𝑇0, 𝑉 ) = 𝑊 =   𝑅𝑇0 ln 𝑉
𝑉0
. )556(
An§d𝑉0 A     §wt  fi 'r  Th 
𝑑𝐹 =   𝑆𝑑𝑇 =   𝑅
𝑉
𝑉0
(︀ 𝑇
𝑇0
)︀𝑎
𝑑𝑇 ) 𝐹 (𝑇, 𝑉 ) =   𝑅
𝑎 + 1
𝑉
𝑉0
𝑇0
(︀ 𝑇
𝑇0
)︀𝑎+1
+ 𝑓 (𝑉 ).
)557(
¤l O ›ryfl  T A‘m  ¤ 𝑇 = 𝑇0 
 {§w‘tA
𝐹 (𝑇0, 𝑉 ) =   𝑅
𝑎 + 1
𝑉
𝑉0
𝑇0 + 𝑓 (𝑉 ). )558(
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¤l O TqAs  T A‘mA TCAqmA
𝑓 (𝑉 ) =   𝑅𝑇0 ln 𝑉
𝑉0
+
𝑅
𝑎 + 1
𝑉
𝑉0
𝑇0. )559(
T A‘mA  —  ›r  TAW  ¤W‘
𝐹 (𝑇, 𝑉 ) =   𝑅𝑇0 ln 𝑉
𝑉0
+
𝑅
𝑎 + 1
𝑉
𝑉0
𝑇0
(︀
1   𝑇
𝑎+1
𝑇 𝑎+10
)︀
. )560(
§wsA Tfi  Ahyl O    km§ TA  T A‘ 
  𝑃 = ( 𝜕𝐹
𝜕𝑉
)𝑇
=   𝑅𝑇0
1
𝑉
+
𝑅
𝑎 + 1
𝑇0
𝑉0
(︀
1   𝑇
𝑎+1
𝑇 𝑎+10
)︀
. )561(
Tfi‘A › A‘A ›rJAb 	s§ Tyfy 𝑇 TtA ›C r TC    m‘  
𝑊 =  
∫︁
𝑃𝑑𝑉
=
∫︁ [︂
  𝑅𝑇0
1
𝑉
+
𝑅
𝑎 + 1
𝑇0
𝑉0
(︀
1   𝑇
𝑎+1
𝑇 𝑎+10
)︀]︂
𝑑𝑉
=   𝑅𝑇0 ln
𝑉
𝑉0
+
𝑅
𝑎 + 1
𝑇0
𝑉0
(𝑉   𝑉0)
(︀
1   𝑇
𝑎+1
𝑇 𝑎+10
)︀
. )562(
 —  'C⁄ ¤sk §wt  :11 §rm
 𝑈 = 0 . )563(
 —  m‘ 
 𝑊 =    𝑄. )564(
¤fl  An§d ¤sk §wt   fl
𝑑𝑄 = 𝑇𝑑𝑆. )565(
 𝑄 =  𝑄1 + 0 +  𝑄3 + 0 +  𝑄2 + 0 . )566(
 𝑄1 = 𝑇1(𝑆2   𝑆1) = 𝐵. )567(
 𝑄3 = 𝑇3(𝑆3   𝑆2). )568(
 𝑄2 = 𝑇2(𝑆1   𝑆3). )569(
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 𝑄3 +  𝑄2 = −𝐴−𝐵. )570(
¤l O  — 
 𝑄 = −𝐴⇒  𝑊 = 𝐴. )571(
TOtmm  ›C r  Tym
 𝑄 = − 𝑄3 −  𝑄2 = 𝐴 + 𝐵. )572(
w¡  ⁄ rm   — 
𝜂 =
𝐴
𝐴 + 𝐵
. )573(
¤qb§𝐵 k    z§ 𝐴 '  rb  m ¤W‘ 𝑇2 ⁄ 𝑇1 y m‘ ¤t  wCA ›C⁄ 
.   z§  ⁄ rm   —  ¢sf
109
¤¶AOfl  yAkym  ¤  d
Twmm  :¤kyFfik 
TywA⁄rkym 
TywkF⁄rkym  flA 
§rV  TykyAn§ wr Tlm TA ¤wkF⁄rAm  'wtsm  ¤l  d
 d§ A  @¡ ⁄ AyW Tlqtsm  TykyAn§ wrt   rytm  k › d y ”AW 
Aq ›d w  TywkF⁄rAm  TA  £@¡ .Tlml )42(TywkF⁄rAm  TA 
Ahn ›d ⁄  ¤ t§ ¤t  Tlml )43(TywkF⁄rkym  flA   ¶A¡  d
Am‘tFA Tlm  £@h T§⁄wn ⁄  T§C@  ⁄  Ty¶z  Awkm   TA d§d
,¤mk  yAkym  Am‘tFA '  ,Tymk    dfl  FA T⁄r‘m  T§r  AC 
.TyA TykyFfik  T§r  AC  wk Tlylq   Ayfl  {‘ ¤ ¢  C
TF Cd Ty¶AOfl  Aynqt  Am‘tF   A  d ryb T§C@  Awkm   d  fl
 —Am wRw Ab§rq 'r    km§ AS§  ⁄ ¢n dfl r  TywkF⁄rkym  flA 
.›d ⁄ TywkF⁄rA TA Aq§    TywkF⁄rkym  flA   ryb  d‘ km§
TywkF⁄rAm  TA  Aq ¤t  
( 𝐸) TywkF⁄rkym  flA   d  A fi
¤ T§r TC 𝑛 An¡    | rtA , 𝐸 '⁄As Tlm  TAV Ahy  wk ¤t 
Tyb§rqt  Tfi‘A ¤W‘§ ,Tlm 

( 𝐸)  𝐸𝑛. )574(
.𝑛 = 3𝑁  A Tb‘k Tbl   r ¤mlF ys 𝑁  TlkK Tlm   
Amys  T‘ybV ¤l ›wq ⁄ AS§  l‘t§ 
( 𝐸) TywkF⁄rkym  flA   d
w¡ ¡ Amys  £@¡ ybF ¤l AS§  ⁄ fl   TqAWt ¤¡ ¡ Tlml Twkm 
C⁄ 	‘l§  d‘   @¡ ⁄ ,)Awyr( y} O  d ⁄  )A⁄Ew( y}  d
sy Tylm w¡ ¢As    Am ,¤¶AOfl  yAkym  ¤ 'rnF Am  d h
.Awm TWysbA
macrostate :)42(
microstates :)43(
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¤¶ wK‘  ”AKm  - n§z§  —wm :A
TkbJ ¤l 1/2 ybF  — ›C—𝑁  kKt§ d ⁄ d‘ ¤ )44( n§z§  —wm
ybsl 𝑆3 Tbrm   wk    Amt   A ¤CA ¤syVAn q 
Ay ¤ .TyW
flA   d .¤ wt  ¤l 𝑞 = 1/2 ⁄ 𝑝 = 1/2 w¡   1/2 ⁄ +1/2  T§⁄As
w¡ Tlml ¤lk  TywkF⁄rkym 

( 𝑁 )  2𝑁 . )575(
AhnybF ¤t   C@   d w¡ 𝑛2 ⁄ 'wl AhnybF ¤t   C@   d w¡ 𝑛1  A  — 
¤¡ Tylk  ybs  Tbr  A ¤lfF
𝑆3 =
𝑁∑︁
𝑖=1
𝑆3,𝑖 =
1
2(𝑛1   𝑛2) =
1
2(2𝑛1   𝑁 ). )576(
Ts ¤ 𝑥 = ( 𝑛1   𝑛2)𝑙 Aqtfl  C⁄ Hf 	‘l £@¡ Tylk  ybs  Tbr
¤ › d Tlml TywkF⁄rAm  TA  .Aqfl 'rnF Am ¤¶ wK‘  ”AKm 

 ¤W‘ 𝑆3 Tfld 𝑛1 ›CAb .𝑆3 Tmyq TA  £@¡
𝑛1 =
2𝑆3 + 𝑁
2 . )577(
Annkm§ ¤t  rW   d ¤  '⁄As§ 𝑆3 ybF Ah ¤t  TywkF⁄rkym  flA   d
𝑁 ! ¤lk  fi§dbt   d‘ ¤W‘§  d‘   @¡ .ybF 𝑁   y  ybF 𝑛1 CAyt  Ahy
Anybs  y 	yrt   fl 𝑛2! ⁄ 𝑛1! yy¶z  fi§dbt  ' d ” d ¤l wsq
 —  .h ry Ahny Amy Tylfs  ⁄  T§wl‘ 

( 𝑛1, 𝑁 ) = 𝐶𝑁𝑛1 =
𝑁 !
𝑛1!𝑛2!
=
𝑁 !
𝑛1!(𝑁   𝑛1)! . )578(
ybF 𝑛2 ⁄ 'wl ybF 𝑛1 ¤l 'wt ¤t  TywkF⁄rkym  flA   d w¡  @¡
Amt  w¡ 𝑝  fl 𝑝𝑛1 𝑞𝑛2 XbSA w¡ flA  £@¡  ›d ⁄  Amt  .¤lfF
O    Amt   —  .¤lfF ybs   wk§    Amt  w¡ 𝑞 ⁄ 'wl ybs   wk§   
w¡ ybF 𝑁   y  'wl ybF 𝑛1 ¤l
𝑊𝑁 (𝑛1) = 𝑁 !
𝑛1!(𝑁   𝑛1)! 𝑝
𝑛1 𝑞𝑁−𝑛1 . )579(
Ty}A  ¤  T‘ C Tymst  £@¡ .d  ¤¶An Amtfl  §Ew w¡  @¡
𝑁∑︁
𝑛1 =0
𝑊𝑁 (𝑛1) = ( 𝑝 + 𝑞)𝑁 = 1 . )580(
   ^fi

( 𝑛1, 𝑁 ) = 
( 𝑁 )𝑊𝑁 (𝑛1). )581(
Ising model :)44(
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.d ⁄ d‘ ¤ ¤¶ wK‘  ”AKm  Ts ¤l AkA ⁄ AS§  bW £fi  ¶Atn 
›wW ymy  ¤  A  𝑥 = 0  AfiW  yqts X ¤l rt§ ys rbt‘
.𝑞 AmtA −𝑎 '⁄As ›d ⁄ ›wW CAsy  ¤  ⁄  𝑝 AmtA + 𝑎 '⁄As ›d ⁄
 . 𝑁 = 𝑛1 + 𝑛2 ⁄ 𝑚 = 𝑛1 − 𝑛2 y 𝑥 = 𝑚𝑎 w¡ ”AKm  Rw ›wW 𝑁 d‘
TA  .Hk‘  ⁄ ¤⁄E 𝑁  A  —  ¤⁄E 𝑚   ⁄ −𝑁 ≤ 𝑚 ≤ +𝑁    R w 
›wW  ”AW  Aqt TywkF⁄rkym  TA  A  A 𝑚 Aq TywkF⁄rAm 
.›wW r  T§A ¤   @k¡⁄ CAs§ ⁄  ym§ :TyA  ›wW  ,CAs§ ⁄  ym§ :¤⁄fl 
CAsy  ¤  ›wW 𝑛2 ⁄ ymy  ¤  ›wW 𝑛1 Ahy ¤t  TywkF⁄rkym  flA   d
¤  ›wW 𝑛2 ⁄ ymy  ¤  ›wW 𝑛1 
 ”AKm  wq§    Amt  ⁄ 
( 𝑛1, 𝑁 ) w¡
.𝑊𝑁 (𝑛1) w¡ CAsy 
XFwtm  ¤ )45( ⁄Aft  ⁄  tKt  , < 𝑛1 > TWFwtm  Tmyq   fl  	s
An§d .𝜎𝑛1 'CAy‘m   rfl  ⁄ <  𝑛21 >
< 𝑛1 > =
∑︁
𝑛1
𝑊𝑁 (𝑛1)𝑛1
=
∑︁
𝑛1
𝑁 !
𝑛1!(𝑁 − 𝑛1)! 𝑝
𝑛1 𝑞𝑁−𝑛1𝑛1
= 𝑝
𝜕
𝜕𝑝
∑︁
𝑛1
𝑁 !
𝑛1!(𝑁 − 𝑛1)! 𝑝
𝑛1 𝑞𝑁−𝑛1
= 𝑝
𝜕
𝜕𝑝
(𝑝 + 𝑞)𝑁
= 𝑁𝑝. )582(
TyAt  TWFwtm  yq  AS§  tnts ›rJAb
< 𝑛2 > = 𝑁𝑞. )583(
< 𝑥 > = 𝑁 (𝑝− 𝑞)𝑎 , < 𝑆3 >= 𝑁 (𝑝− 𝑞) 12. )584(

 r‘ ⁄Aft  ⁄  tKt 
<  𝑛21 > = < (𝑛1− < 𝑛1 >)2 >
= < 𝑛21 > − < 𝑛1 >2 . )585(
𝑛1 rytm  y ¢ S '@  Amtfl  §Ew |r r Hyq§ tKt 
Tmyq  w 𝑛1 rytm  y tK 'd Hyq§ √︀<  𝑛21 >  —  .𝑊𝑁 (𝑛1) ' 
'  tKtl ¤‘yrt  C@   @¡ XbSA w¡ 'CAy‘m   rfl  .TWFwtm 
𝜎𝑛1 =
√︁
<  𝑛21 >. )586(
	s
< 𝑛21 > = ( 𝑝 𝜕𝜕𝑝 )
2
∑︁
𝑛1
𝑁 !
𝑛1!(𝑁 − 𝑛1)! 𝑝
𝑛1 𝑞𝑁−𝑛1
= 𝑁𝑝(𝑁𝑝 + 𝑞). )587(
dispersion or variance :)45(
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 — 
𝜎2𝑛1 = 𝑁𝑝𝑞. )588(

  —  ¤W‘§ 𝑊𝑁 (𝑛1) Amtfl  §Ewt ¤bsn  |r‘ 
𝜎𝑛1
< 𝑛1 >
=
p
𝑁𝑝𝑞
𝑁𝑝
=
√︂
𝑞
𝑝
1p
𝑁
. )589(
¤¡ TWFwtm  Tmyq     '  . 1/p 𝑁  rfO   
rtq§ ¤bsn  |r‘   — 
𝑁  ! 1 T§Ahn  ¤ r  Twhs rfl   @¡ T§ƒC km§ .flAmt  rfl  Tmyq 
   km§ .Amtfi xw §Ew §d  ¤¶An Amtfl  §Ew Ahy bO§ ¤t 
AttKt  AS§  	s
𝜎2𝑥 = 4𝑁𝑝𝑞𝑎2 , 𝜎2𝑆3 = 𝑁𝑝𝑞. )590(
¤¶AOfl  yAkym  Amls ⁄ Awl‘m  ¤⁄rt 
⁄  An ›rwtm  ry Awl‘m  Tym Hyq§ ¤⁄rt  w¡ :Awl‘m  ¤⁄rt 
.TyAmt  Tlm TA  TOAn 
 rb‘ ›rk  .›d ⁄ ›r ⁄ Tbl 𝑁  TlkK Tlm xwml Am @
   |rtf .ys  Ahy d wt§    km§ ¤t  flA  m 	l‘  ⁄ fi ys
:§rfl  d  Ay}  wk§    km§ .	l‘  'd  ¤ ›C⁄rSA › ww ›rk 
	l‘  'd  ¤ ›rk   w⁄ Amt     '  . )46( Amtfl  T§⁄Ast 	l‘   
.1/𝑁 w¡
.Ahl d ›rk   w⁄ ¤l d Tfi Ahyl ›rk  Ahl d dw ¤t  Tbl‘  
A  .TyA  TA  ¤ Tlm  TA w r  Awl‘ An§d ¢   d R w  
 ›rk  Ahy dw ¤t  Tbl‘A Tynyq§ Tr‘  ACwO  A ¤⁄fl  TA  ¤
T  w¡ 𝐼 Awl‘m  ¤⁄rt  .Tlm   AnAwl‘ Pq Hk‘§ TyAk  𝑁   y
	§ ¤⁄rtfl   @¡ .Tlm   TOAn  Awl‘m  Tym XbSA Hyq 
AyC 
:¤fl  q§   
'  𝑁 ¤ T   wk§    	§ 𝐼 :fl⁄  .)1(
𝐼 = 𝐼(𝑁 ). )591(
TOAn  Awl‘m  Tym  fl    z§ 𝐼 
AyCfl   A 	l‘   d   E  —  :AyA .)2(
Tlm   T⁄r‘m  Awl‘m  Tym  A 'r  ›CAb‘ .   z§ Tlm  
 —  .PAnt
𝐼(𝑀 ) > 𝐼(𝑁 ) , 𝑀 > 𝑁. )592(
equiprobable .)46(
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   '  .Tlm   ”¤J  r‘ AnA ›d ⁄ Tbl An¡ A  —  :AA .)3(
'  TA  £@¡ ¤ rf} '⁄As TOAn  Awl‘m  Tym
𝐼(1) = 0 . )593(
Amfl  ¤ ¢A Amtfl  T§⁄Ast TA 𝑀 ¤  Tbl  Anms  —  :A‘ C .)4(
Awl‘m  Tym TA  £@¡ ¤ .Amtfl  T§⁄Ast ›r 𝑁𝑀 An§d  wk§
.𝐼(𝑁𝑀 ) 
 ¤W‘ Tlm   TOAn 
Am .›rk  Ah ¤t  TA   Tbl‘  d     AkflA  A 'r  TyA 
¤t  Tbl‘  Tr‘ Ant⁄A dn TOAn  Awl‘m  Tym  A AqAF Anl
Ant⁄A dn TOAn  Awl‘m  Tym  A mA . 𝐼(𝑁 ) ¤¡ ›rk  Ah
Tym    AnRrt   —  . 𝐼(𝑀 )  wk§    	§ ›rk  Ah ¤t  TA  Tr‘
w¡ Tylk  TOAn  Awl‘m  Tym  A )47(¤AR  C dq ¤¡ Awl‘m 
¤n‘§ ¤AR  C dq ¤¡ Awl‘m  Tym  w . 𝐼(𝑁 ) + 𝐼(𝑀 ) wmm 
Tym  A C rk  ⁄d A•yK A•yJ Tlm T}A  Awl‘m  r  —  ¢ 
Ahyl Om  Awl‘m  Aym wm ¤  '⁄As TyAmfl  Awl‘m 
Awl‘m  Tym    ¤⁄fl  Tlrm  ¤ Anr Am   @¡ ¤ .Tlr  ¤
TyA  Tlrm  ¤ TOAn  Awl‘m  Tym    Anr  𝐼(𝑁 ) ¤¡ TOAn 
wmm  ¤¡ Tylk  TOAn  Awl‘m  Tym  A ¤AtA . 𝐼(𝑀 ) ¤¡
.𝐼(𝑁 ) + 𝐼(𝑀 )
Th   ⁄ 𝐼(𝑁𝑀 ) ¤¡ TOAn  Awl‘m  Tym    Ad⁄ Th   — 
tnts . 𝐼(𝑁 ) + 𝐼(𝑀 ) ¤¡ TOAn  Awl‘m  Tym    Ad⁄ 'rfl 
   ›rJAb
𝐼(𝑁𝑀 ) = 𝐼(𝑁 ) + 𝐼(𝑀 ). )594(
¤W‘§    	§ Awl‘m  ¤⁄rt     tnts    Annkm§ £fi  T‘Cfl  fl A‘m  
Tfi‘A
𝐼(𝑁 ) = 𝐶 ln 𝑁. )595(
bO§ 𝐼 Awl‘m  ¤⁄rt   A , Aztw A w¡ 𝑘 y , 𝐶 = 𝑘 A@   — 
flA   d w¡ 𝑁 y 𝑆 ¤¶AOfl  ¤⁄rtfl  ,Aqfl ybnF Am ,XbSA
.Tlm  Ahy  wk    km§ ¤t  TywkF⁄rkym 
¤ : Tflt Tbl 𝑟 ¤l lt s 𝑁 §Ew -TywkF⁄rkym  flA   d 
As
ry 	l‘      fl  |rtfn .Amtfl  T§⁄Ast 	l‘      AnRrt  £fi  Am 
An§d .1  𝑖  𝑁 Tbl‘  ›rk  t    Amt  𝑃𝑖 ky .Amtfl  T§⁄Ast
𝑃𝑖  0 ,
𝑁∑︁
𝑖=1
𝑃𝑖 = 1 . )596(
y TqAWt Tlm 𝑁 An§d ¢  rbt‘ .TyAt  Twmm  ¤ 𝑃𝑖 flAmtfl  r‘
 d 𝑁𝑖 kt .Tbl 𝑁 y  Tbl ¤ TwRw ›r  ›CAb ¤¡ Tlm 
An§d𝑁  ! 1 Am ¢  R w   . 𝑖 Tbl‘  ¤ ›rk  Ahy  wk ¤t  m 
𝑃𝑖 =
𝑁𝑖
𝑁
. )597(
additive .)47(
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An§d .𝑖 Tbl‘  ¤ ›rk  Ahy  wk ¤t  m   d w¡ 𝑁𝑖 = 𝑁𝑃𝑖 ' 
𝑁∑︁
𝑖=1
𝑁𝑖 =
𝑁∑︁
𝑖=1
𝑁𝑃𝑖 = 𝑁. )598(
“⁄rK  q ¤t  Tfltm  TywkF⁄rkym  flA   d d§d Anyl
§Ew Tsm T•Ak Tsm  £@¡ . TtA = 𝑁𝑖 ⁄ A = 𝑁 TywkF⁄rAm 
An¡ ,Tflt Tbl 𝑟 = 𝑁 ¤l ,£fi  ›rbt‘m  Tlm 𝑁   An¡ ,lt s 𝑁
 wk§     ⁄  ,Ty‘Rw  Hf ¤ ›rk  Ahy ¤t  m  Twm Aq Tbl‘ 
.Tym¡  T§  Tbl‘    	yrtl
›rk  Ahy Tlm 𝑁𝑖 = 𝑁𝑃𝑖 k .Tlm 𝑁  Tflt Tl§db 𝑁 ! An§d fl⁄ 
𝑁𝑖!    —  . Tym¡  '  	yrtl Hy '  TqAWt m ¤h ¤AtA ⁄ 𝑖 Tbl‘  ¤
flA   d .TywkF⁄rkym  TA  Hf ¤  Ahl ' ¥ m  £@h Tl§db
 —  w¡ TywkF⁄rkym 
N = 𝑁 !∏︀𝑟
𝑖=1 𝑁𝑖!
. )599(
 TOAn  Awl‘m  Tym ¤AtA ⁄ Amtfl  T§⁄Ast ¤¡ flA  £@¡ 
¤¡ Tlm 𝑁   wm
𝐼𝑁 = 𝑘 ln
𝑁 !∏︀𝑁
𝑖=1 (𝑁𝑃𝑖)!
= 𝑘
(︂
ln 𝑁 !  
𝑁∑︁
𝑖=1
ln(𝑁𝑃𝑖)!
)︂
. )600(
)48(
nyrytF Tfi m‘ts
ln 𝑛! = 𝑛 ln 𝑛   𝑛 , 𝑛  ! 1 . )601(
¤l O
𝐼𝑁 = 𝑘
(︂
𝑁 ln 𝑁   𝑁  
𝑁∑︁
𝑖=1
𝑁𝑃𝑖 ln 𝑁𝑃𝑖 +
𝑁∑︁
𝑖=1
𝑁𝑃𝑖
)︂
=   𝑘𝑁
𝑁∑︁
𝑖=1
𝑃𝑖 ln 𝑃𝑖. )602(
TOAn  Awl‘m  Tym  A Amtfl  T§⁄Ast ¤¡ Tlm 𝑁    Tlm   fl
'  𝐼𝑁/𝑁 ¤¡ Tlm k
𝐼 =   𝑘
𝑁∑︁
𝑖=1
𝑃𝑖 ln 𝑃𝑖. )603(
§  TA   w§ ¤¶AOfl   E wt  :¤¶AOfl  ¤⁄rtfl  ⁄ ¤¶AOfl   E wt 
TA  £@¡ ¤ .Amtfl  T§⁄Ast TywkF⁄rkym  flA  ym  wk
𝑃𝑖 =
1

( 𝐸) , )604(
Stirling .)48(
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  —  O . 𝐸 TAV Ah ¤t  TywkF⁄rkym  flA   d w¡ 
( 𝐸) y
¤⁄rtfi ⁄As 𝐼 Awl‘ ¤⁄rt  ¤l Ay¶AO  TE wt T⁄z‘ Tlm  

 ,Aqfl ybnF Am ,r‘m  𝑆 ¤¶AOfl 
𝑆 = 𝑘 ln 
( 𝐸). )605(
¤kyAn§ wrt  ¤⁄rtfl  ¢sf w¡ ¤¶AOfl  ¤⁄rtfl     Aqfl AS§  ybnF
TA ¤ fl  r‘§ fl ¤¶AOfl  ¤⁄rtfl   fl .As  Of  ¤ £Anr '@ 
Ay‘Rwl ¤¶AOfl  ¤⁄rtfi ym‘  —  w¡ Awl‘m  ¤⁄rt   A  E wt 
. E wt   TCA 
    ⁄d ,TqAs  ›rqf  ¤ AndtF  : ¤¶AOfl  yAkyml ¤⁄fl  Tmlsm 
. fl  AhKAn ¤t  ¤¶AOfl  yAkyml ¤⁄fl  Tmlsm  ,T r} — r@
TywkF⁄rkym  flA    A ¤¶AO   E w TA ¤ T⁄z‘ Tlm    :Pn 
.Amtfl  T§⁄Ast ¤¡ Ah wmsm 
“rK  q ¤t  TywkF⁄rkym  flA   d w¡ 
( 𝐸)  A  —   — 
Tlm   wk    Amt   A Tlm  TAV ¤¡ 𝐸 y A = 𝐸 ¤wkF⁄rAm 
Antr‘   fl  d ¤qWn  @¡ . 1/
( 𝐸) w¡ TywkF⁄rkym  flA  £@¡ 'd  ¤
A TywkF⁄rky TA Sf Anl‘§ bs 	bF '  dw§ fl Xq Tlm  TAW
wF ⁄  E w TA ¤ sy Tlm   A rfl   @¡ qt§   —  .'r  ¤l
. E wt  lb    ¤  z  ¤ CwWt
¤⁄rt  ⁄  TOAn  Awl‘m  Tym Tfld Tmlsm  £@¡ TAy} km§
TA  fit  Amt  𝑃𝑖 ky ⁄ T⁄z‘ Tlm rbt‘ .¤AtA 𝐼 Awl‘m 

 r‘ Tlm  £@h Awl‘m  ¤⁄rt  . 𝑖 TywkF⁄rkym 
𝐼 =   𝑘
∑︁
𝑖
𝑃𝑖 ln 𝑃𝑖. )606(
“rK  q 𝑃𝑖 flAmtfl ∑︁
𝑖
𝑃𝑖 = 1 . )607(
” r     .£fi  Amtfl  _Af  “rJ  𝐼  ¤m\‘  Tmyq   A§  d§r

 𝐹 T d  r‘ . rfl A⁄rS Tq§rV dts Tylm‘  £@¡
𝐹 = 𝐼   𝜆(
∑︁
𝑖
𝑃𝑖   1)
=   𝑘
∑︁
𝑖
𝑃𝑖 ln 𝑃𝑖   𝜆(
∑︁
𝑖
𝑃𝑖   1). )608(
,Tym\  ⁄  T§r}  ,'wOq  yq  “rJ . rfl 
⁄rS XbSA w¡ 𝜆 rytm 

 › A‘A ¤W‘§ 𝑃𝑖 rytml TbsnA
𝜕𝐹
𝜕𝑃𝑖
=
𝜕𝐼
𝜕𝑃𝑖
  𝜆
=   𝑘 ln 𝑃𝑖   𝑘   𝜆
= 0 ) 𝑃𝑖 = exp(   1   𝜆). )609(
 rfl 
⁄rS Tmy ¤l O Amtfl  _Af   wA  fl   dtFA
exp(1 + 𝜆) = 
( 𝐸). )610(
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   ' 
𝑃𝑖 = exp(   1   𝜆) = 1

( 𝐸) . )611(
TywkF⁄rkym  flA   : E wtA QA  Amtfl  §Ew ¤l  —  O
   AS§  ^fi .Amtfl  T§⁄Ast
𝜕2𝐹
𝜕𝑃 2𝑖
=
𝜕2𝐼
𝜕𝑃 2𝑖
< 0. )612(
Awl‘m  Tym  A ¤AtA⁄ ¤m\  Awl‘m  ¤⁄rt   A  E wt  dn ' 
¤⁄rtfl     ⁄ ¤m\  A\fi  ⁄  ¤Rwf     wq .T§r}  Tlm   ›rwtm 
.¤Rwf  xAyq w¡
¤ AS§  AndtF  : T§ wCfl  TyRrf  -¤¶AOfl  yAkyml TyA  Tmlsm 
yAkyml TyA  Tmlsm  ,T r} — r@     ⁄d AS§  ⁄ ,TqAs  ›rqf 
Ah⁄Ant ¤t  ⁄ )49(T§ wCfl  TyRrf  ¤ms  AS§  r‘ ¤t  ¤¶AOfl 
. MAqnA  fl 
 ryt TynE T\ '  ¤ Tlm  Ahy d wt ¤t  TywkF⁄rkym  TA 
Tlm  An\fl  —  .Tlm  Ah S ¤t  fiAft  	bs z  ¤ Tlm  CwW
w¡ TywkF⁄rky TA  ¤ Tlm  ¢ySq '@  z   A ¢tn ry z
.£fi  ¤⁄fl  Tmlsm  ¤Stq w¡ ⁄ flA  k TbsnA ¢sf
 wk§ d r  w¡ ⁄ z  fi A¡CwW bt ⁄ ›d ⁄ Tlm CAbt  |w
.Tny‘ T\ ¤ TqAWtm  m   Twm rbt‘ AnA TR ⁄ 
AbFfl Ab‘}
TqAWtm  m  £@¡ d  ¤l wO  Amt     y Twmm  £@¡ kK
 —  .TywkF⁄rkym  TA  A Amh ¢sf w¡ Tny‘ TywkF⁄rky TA ¤
m   d w¡ 𝑁/
( 𝐸)  A TqAWt Tlm 𝑁  ! 1  TlkK Twmm  A
w¡ TywkF⁄rky TA '  ¤l wO  Amt   fl TywkF⁄rky TA '  ¤
Pn T§ wCfl  TyRrf  .Amtfl  T§⁄Ast flA  : 1/ 
( 𝐸) 
 ¤W‘ ¢sf
.¤fl  ¤l
Twm ¤l —w rytm   @¡ XFwt '⁄As§ A rytm z  ¤ XFwtm  :Pn 
.£fi  ›Cw@m  Q w  Ah ¤t  TqAWtm  m  
XFwtm  ⁄ z  ¤ XF wtm   A TF Cd  dy rytm  w¡ 𝑦 = 𝑦(𝑡)  A  — 
¤ wt  ¤l  AyW‘§ 𝑡 T\l  ¤ TqAWt Tlm 𝑁  TlkK Twm ¤l
TyAt  Afi‘A
< 𝑦 >= lim 𝑡′−→∞
1
𝑡′
∫︁ 𝑡′
0
𝑦(𝑡′ )𝑑𝑡′ . )613(
< 𝑦 >𝑡=
1
𝑁
𝑁∑︁
𝑖=1
𝑦𝑖(𝑡). )614(
An§d  wk§    	§ ¢A T§ wCfl  TyRrf  	s
< 𝑦 >=< 𝑦 >𝑡 . )615(
ergodic hypothesis .)49(
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TywA⁄rkym  Twmm 
Amt  '⁄As ¤l Pn ¤t  ¤¶AOfl  yAkyml ¤⁄fl  Tmlsm  : §r‘
 E w TA ¤ T⁄z‘ Tlm '     ¤  ›rJAb ' ¥ TywkF⁄rkym  flA 
£@¡ .A AmtA ›zym Ty¶AO  Twm ¤  ¤mtn    	§ ¤kyAn§ wr
Twmm  Am‘tF     . )50(TywA⁄rkym  Twmm  FA r‘§ A ¤¡ Twmm 
Ab§rq AhAk m‘ts AnA ¤AtA ⁄ Awm dq‘ ybWt  ¤ TywA⁄rkym 
.'rbk  TywAq  Twmm  ⁄ TywAq  Twmm  
.›C⁄rSA ¢tA ,TAW  £@¡ 𝐸0 kt ⁄ ,T⁄z‘ Tlm TAV    wl‘m  
.𝛿𝐸 << 𝐸0 AWA ¤W‘ TAW  Tmy Tr‘ ¤ 
AyC  Am¶  An¡ wm‘  ¤
¤   C w¡ AS§  k ⁄ Tyb§rt  ”AWfl  ¤   C 
AyCfl   @¡    R w  
rbz§Ah 
AyCfl  db  ¤mk  yAkym   TmAn  Ty¶A§zyf   ryt 
›dm   Ask 	FAnt TAW  ¤ 
AyCfl     ¤l £ wn d  ¤ Pn§ '@  )51(
y A ¤  —  ¤¡ Tlm  TAV .Tlm  ¤l xAyq  Ahy 'r§ ¤t  › dm 
TAV Ah ¤t  ¤h Tlml Ah wmsm  TywkF⁄rkym  flA  A  𝐸0 + 𝛿𝐸 ⁄ 𝐸0
y 𝐸
𝐸0  𝐸  𝐸0 + 𝛿𝐸 , 𝛿𝐸 << 𝐸0. )616(
rbt‘ z  ¤ A¡CwW Ab  ⁄ ›d ⁄ Tlm CAbt  |w As  ¤ Anl‘ Am
fl TywkF⁄rAm  TyAn   Tyl}fl  Tlm   TqAWtm  m   Twm
 Tlm  .TywkF⁄rAm  r§ Aqm  ¤l AFAy ” rA Ahny zyymt  km§
 E wt  |rtf .£fi  “rK  q TywkF⁄rky TA ¤ ¤¡ Twmm  £@¡
£@¡ .Amtfl  T§⁄Ast ¤¡ TywkF⁄rkym  flA   ¤AtA ⁄ ¤¶AOfl 
.TywA⁄rkym  Twmm  ¤ms Ty¶AOfl  Twmm 
.𝐸 + 𝛿𝐸 ⁄ 𝐸 y TAV Ah ¤t  TywkF⁄rkym  flA   d 
( 𝐸) ky
T A‘mA ¤W‘§ Tlm  ¤⁄rt 
𝑆 = 𝑘 ln 
( 𝐸). )617(
 . 𝐸  '⁄As ⁄    TAV Ah ¤t  TywkF⁄rkym  flA   d ( 𝐸) ky
rf  k Wqt ryt wm‘  ¤ ¤¡ ¤mk  yAkym  ¤ TAW     ⁄r‘m |rtf     —  Annkm§ .  𝐸 << 𝛿𝐸 << 𝐸 y w¡ y§wts y  𝐸 TAW  ¤
.›rmts T  ¤¡ ( 𝐸)  A ¤AtA ⁄ rmts ryt w¡ 𝐸    EAtm 	§rq w¡ ⁄
flA  TA r‘    AS§  Annkm§ . 𝐸  ›d§dJ Trs d§ zt T d  £@¡
Tfi‘A TAW  ›d ⁄ ¤ flA   d '  TywkF⁄rkym 
𝜌(𝐸) = 𝑑 ( 𝐸)
𝑑𝐸
. )618(
   ' 
( 𝐸) =
∫︁ 𝐸
0
𝑑𝐸
′
𝜌(𝐸′). )619(
 Ws  TAs ¤¡ ( 𝐸) .TAW   ›dK d§ rt T  
( 𝐸)  𝜌(𝐸)
 A 𝛿𝐸 << 𝐸  fl . 𝐸′ = 𝐸 Cwm  ⁄ 𝐸′ = 0 Cwm  y 𝜌(𝐸′ ) T d  ¤nn
microcanonical ensemble :)50(
Heisenberg uncertainty principle .)51(
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 (𝐸) TywkF⁄rkym  flA  TA '⁄As§ 
( 𝐸) TywkF⁄rkym  flA   d
'  𝛿𝐸 ¤ T⁄rS

( 𝐸) = 𝜌(𝐸)𝛿𝐸. )620(
T§r TC    TWFwtm  TAW  𝜖 ⁄ Tlm  T§r AC  d 𝑛 ky
Tfi‘A  —  ¤W‘ 𝐸 TAW  .›d ⁄
𝐸 = 𝑛𝜖. )621(
 —  An§d
𝑆 = 𝑘
[︂
ln 𝜌(𝐸)𝜖 + ln 𝛿𝐸
𝜖
]︂
. )622(
¤flA 𝐸 TAWA
( 𝐸) TywkF⁄rkym  flA   d l‘t§ wm‘  ¤

( 𝐸)  𝐸𝑛. )623(
 £fi  ¤⁄rtfl  ¤ ⁄fl  d  rOt§ ¤AtA ⁄ 𝐸𝑛  rOt§ 𝜌(𝐸)  — 
⁄fl  d   A  d ryb 𝑛  fl  —  . ln 𝑛  rOt§ ¢A ¤A  d  A  , 𝑛 ln 𝐸
Tfi‘  ¤l  —  O .¤⁄rtfl  Tmy ¤l AkA myh§ ¤⁄rtfl  ¤
𝑆 = 𝑘 ln 𝜌(𝐸). )624(
¤l 'wt Tlm  TywA⁄rkym  Twmm  ¤ : yAn§ wrt  AqtJ 
yAkym     AnRrt   —  . 𝐸 + 𝛿𝐸 ⁄ 𝐸 y TAV ⁄ 𝑉  Ah ⁄ ys 𝑁
TAV Ah ¤t  
( 𝐸)𝛿𝐸 TywkF⁄rkym  flA   d  A ybWtl A ¤kyFfik 
TywA⁄rkym  Twmm  ¢lt '@     	FAnt w¡ 𝐸 + 𝛿𝐸 ⁄ 𝐸 y
'  'CwW  ”ASf  ¤

( 𝐸)   ( 𝐸) =
∫︁
𝐸≤𝐻≤𝐸+ 𝛿𝐸
𝑑3𝑁𝑝𝑑3𝑁𝑞. )625(
 '⁄As ⁄    TAV Ah ¤t  ( 𝐸) TywkF⁄rkym  flA   d  A AqmA
TAW  ⁄— TAW  WF   'wtm  'CwW  ”ASf  ¤    	FAnt 𝐸
'  𝐸
( 𝐸)  ( 𝐸) =
∫︁
𝐻≤𝐸
𝑑3𝑁𝑝𝑑3𝑁𝑞. )626(
   R w  
 ( 𝐸) = ( 𝐸 + 𝛿𝐸)   ( 𝐸). )627(
flA  TA  fl  r‘ y  ( 𝐸) = 𝛿𝐸𝜌(𝐸) ¤l O 𝛿𝐸  ! 0   
Tfi‘A 𝜌(𝐸)
𝜌(𝐸) = 𝜕 ( 𝐸)
𝜕𝐸
. )628(
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Afi‘  'dA ¤⁄rtfl  r‘    km§ £fi  Any Am
𝑆 = 𝑘 ln  ( 𝐸). )629(
𝑆 = 𝑘 ln 𝜌(𝐸). )630(
¤⁄rtfl  ¤  ,An§rmt  ¤ ybnF Am ,' ¥§ ¤¶AOfl  ¤⁄rtfi §r‘t   @¡
¤A  dbm  ⁄ T§d§dmt  Ty}A   T⁄r‘m  ¢} w k ¤kyAn§ wrt 
.yAn§ wrtl
TywArkym  Twmm   AfiW  yAn§ wrt   AqtJ   fl  Annkm§
fi§wt  §r‘ ¤  fl⁄  At .¤flA ¤⁄rtfi §r‘t   @¡ Am‘tFA
 ryt  An¡ Aq fi§wt  £@¡ .CAVfl   @¡ ¤ TnAs  ¢bJ TykyAn§ wrt 
.¤CA  XFw   Tlm  fiAf  TmAn    ⁄ TAW  ¤  d T•yWb 
“Aqn   Twmm m TywA⁄rkym  Twmm   A fi§wt  £@¡ fi
”ASf  ¤ d§dJ ”Wb rt§  ¤ )Amtfl  '⁄As Tmls ( AWtA TEw
¤ £Antm  ryt  .TywA⁄rky Twm An§d T\  ¤ y 'CwW 

 ¤W‘§ TykyAn§ wrt  fi§wt  £@¡ fi ¤⁄rtfl  ¤ rO 
𝑑𝑆(𝐸, 𝑉 ) = (︀ 𝜕𝑆
𝜕𝐸
)︀
𝑉
𝑑𝐸 +
(︀ 𝜕𝑆
𝜕𝑉
)︀
𝐸
𝑑𝐸. )631(
Afi‘A XS  ⁄ ›C r  TC r‘
(︀ 𝜕𝑆
𝜕𝐸
)︀
𝑉
=
1
𝑇
,
(︀ 𝜕𝑆
𝜕𝑉
)︀
𝐸
=
𝑃
𝑇
. )632(
yAn§ wrtl ⁄fl  dbm  ¤l ›rJAb O
𝑑𝐸 = −𝑃𝑑𝑉 + 𝑇𝑑𝑆. )633(
bt TywA⁄rkym  Twmm   AfiW  yAn§ wrt  ¤l wOl  — 
:TyAt   wW 
.TywtlyAh   AfiW  𝜌(𝐸) flA  TA 	s  ∙
Tfi‘  Am‘tFA ¤⁄rtfl  	s  ∙
𝑆 = 𝑘 ln 𝜌(𝐸). )634(
¤¡ Tytn  . 𝑉 ⁄ 𝑆 Tfld 𝐸 
As    𝑆 = 𝑆(𝐸, 𝑉 ) T d  	l  ∙
'  Tyl d  TAW  XbSA
𝑈 = 𝐸(𝑆, 𝑉 ). )635(
Afi‘  Am‘tFA TykyA§ wrt  r§ Aqm  ¤A 	s  ∙
𝑇 =
(︀𝜕𝑈
𝜕𝑆
)︀
𝑉
. )636(
𝑃 = −(︀𝜕𝑈
𝜕𝑉
)︀
𝑆
. )637(
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F = 𝑈   𝑇𝑆. )638(
𝐺 = 𝑈 + 𝑃𝑉   𝑇𝑆. )639(
𝐶𝑣 =
(︀𝜕𝑈
𝜕𝑇
)︀
𝑆
. )640(
¤kyAn§ wrt   E wt 
flA  yO §  AhE w TA lb    ¤  z  ¤ CwWt T⁄z‘ Tlm 
-Awl‘m  ¤⁄rt  -¤⁄rtfl  bO§ ⁄ Amtfl  T§⁄Ast TywkF⁄rkym 
¢tA ¤ yAn§ wrtl ¤A  dbm  ¢yl Pn§ A w¡  @¡ .¤m\ 
w¡ Tlm  ¤ A\fi  xAyq w¡ '@  ¤¶AOfl  ¤⁄rtfl  .TywkF⁄rkym 
¤m\  bO§ A\fi   —  .TywkF⁄rkym  flA   d t§CAw  	FAnt
¤m\  bO§ Tlml Ah wmsm  flA   d    ¢  wOqm  ⁄  E wt  dn
. E wt  dn
¤ w¡ TywkF⁄rA Tlm Ah wmsm  TywkF⁄rkym  flA   d
'  Amys   d ¤ ⁄   ¤ AS§  ⁄ TAW  ¤ T  wm‘ 

 = 
( 𝐸, 𝑉,𝑁 ). )641(
¤AtA
𝑆 = 𝑆(𝐸, 𝑉,𝑁 ). )642(
,𝑉1 ,𝐸1 ¤¡ TykyAn§ wrt   rytm  . 2 ⁄ 1 ytywkF⁄rA ytlm rbt‘
¤¡ 1 + 2 Tylk  Tlm  . 2 Tlml TbsnA 𝑁2 ,𝑉2 ,𝐸2 ⁄ 1 Tlml TbsnA 𝑁1
Ahl 𝑁0 Amys  d ⁄ 𝑉0  , 𝐸0 TAV Ah TykyAA§     Cd T⁄z‘ Tlm
Ah wmsm  TywkF⁄rkym  flA   d 
 𝑇 (𝐸0, 𝑉0, 𝑁0) ky .TtA  ryt
y‘ @ An  '  2 ⁄ 1 ytlm  ¤l T§rs “⁄rJ '   ⁄d 1 + 2 Tlml
.2 ⁄ 1 ytlml Tnkmm  fiymt   CAbtfl 
CAA§ C d ytwOf 2 ⁄ 1 ytlm     fl⁄  |rtf :'C r   E wt 
 Ab An¡ k TtA ¤qb 𝑉2 ,𝑉1 ,𝑁2 ,𝑁1  —  . )52( Amysl —Af ry ⁄ A
¤¡ 2 ⁄ 1 ytlm  y Aft  TAV    |rtf . 2 ⁄ 1 ytlm  y ›C rl
¤W‘§ TAW  _Af  db  —  . 𝐸2 ⁄ 𝐸1 Tyl d  AAW   TCAqmA Tlmh
TywkF⁄rkym  flA   d    ›rJAb tnts AS§  . 𝐸0 = 𝐸1 + 𝐸2 ›rJAb
w¡ Tylk  Tlml Ah wmsm 

( 𝐸0, 𝐸1) = 
 1(𝐸1)
 2(𝐸2) = 
( 𝐸1)
 2(𝐸0   𝐸1). )643(
   km§ 2 ⁄  1 ytlm   'fl TywkF⁄rky TA     ¤   C ” d 
flA   d .'rfl  Tlml Ah wmsm  TywkF⁄rkym  flA  k r§
w¡ Tylk  Tlml Ah wmsm  ¤lk  TywkF⁄rkym 

 𝑇 (𝐸0) =
∑︁
𝐸1

( 𝐸0, 𝐸1). )644(
impermeable .)52(
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w¡𝐸1 '⁄As 1 Tlm  TAV  wk ¤t 𝑃 (𝐸1) Amtfl   — 
𝑃 (𝐸1) = 
( 𝐸0, 𝐸1)

 𝑇 (𝐸0) . )645(
w¡ 
( 𝐸0, 𝐸1) flA   d‘ rm  ¤⁄rtfl 
𝑆(𝐸0, 𝐸1) = 𝑘 ln 
 𝑇 (𝐸0)
= 𝑆1(𝐸1) + 𝑆2(𝐸0 − 𝐸1). )646(
.yAn§ wrt  ¢yl Pn§ Am ⁄ 	§ Am ' dm C dq w¡ ¤⁄rtfl   — 
 E w O§    T§A ¤  CAA§d  C d  rb ›C r   fl Abt 2 ⁄ 1  Atlm 
𝑃 (𝐸1) Amtfl   wk§ Am ⁄  ¤m\  𝑆(𝐸0, 𝐸1) ⁄  
( 𝐸0, 𝐸1) bO§ Am '  'C r
An§d .¤m\ 
𝑑𝑆
𝑑𝐸1
=
𝑑𝑆1
𝑑𝐸1
+
𝑑𝑆2
𝑑𝐸2
𝑑𝐸2
𝑑𝐸1
=
𝑑𝑆1
𝑑𝐸1
− 𝑑𝑆2
𝑑𝐸2
= 0 ⇒ 𝑑𝑆1
𝑑𝐸1
=
𝑑𝑆2
𝑑𝐸2
. )647(
T‘s  TyA§  Am‘tFA Tym\  Tmy ¤¡ 'wOq  Tmyq  £@¡    yb    km§
TA TfO . 1/𝑇 = 𝑑𝑆/𝑑𝐸 
 TqlWm  ›C r  TC r‘ .T§C r 
( 𝜕𝑆
𝜕𝐸
)𝑉,𝑁 = 1
𝑇
. )648(
'  2 ⁄ 1 ytlm  ›C r TC '⁄As ¤l O 'C r   E wt  dn  — 
𝑇1 = 𝑇2. )649(
.yAn§ wrtl rfO  dbm  w¡  @¡
 d  ryt§ TywkF⁄rkym  flA   d  A z  ¤ Tlm  CwW dn
 A  —  ⁄ ¤sk ry wt   A 
 𝑓 > 
 𝑖  A  —  . 
 𝑓 ¤¶Ah  d ¤  
 𝑖 ¤¶ dt 
.¤sk wt   A 
 𝑓 = 
 𝑖
Am¶  ¤qb Tylk  Tlm     '  ,rO  ¤ £Ant AF ¢bJ §w rbt‘
 d ⁄   ¤qb§ AS§  y ,¤sk §w fi fi ¤¶AO   E w TA ¤
m dw§ fl §wt   @¡ fi ¢  R w   .AtA Tlm  ¤ Amys 
 .T Abtm  ›C r  Tym ¤¡ 𝑄1 y  𝐸1 = 𝑄1  A ¤AtA ⁄ ¤kyAky
 —  .rO  ¤ £Ant wt   fl TtA ¤qb 𝑇1 ›C r  TC  A 'rfl  Th 
 𝑆1 =
 𝐸1
𝑇1
=
𝑄1
𝑇1
. )650(
 E wt  ¤  '   '@  wt  fi ¢A yAn§ wrtl ¤A  dbm  	s
'  T⁄z‘ Tlm   fl    z§    fl  km§ fl ¤lk  ¤⁄rtfl   A ¤kyAn§ wrt 
𝑑𝑆
𝑑𝑡
> 0⇒ ( 1
𝑇1
− 1
𝑇2
) 𝑑𝐸1
𝑑𝑡
> 0. )651(
1 Tlm  ¤  2 Tlm   qtn ›C r     '  𝑑𝐸1/𝑑𝑡 > 0  A 𝑇2 > 𝑇1  A  — 
. CAb  ¤  As   ' 
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C d ytwOf 2 ⁄ 1 ytlm      fl  |rtf :¤kyAkym  'C r   E wt 
⁄ ›C rl  Ab An¡  —  . Amysl —Af ry ⁄ Akt   ⁄d rt CAA§ 
TtA ¤qb Tyfl  r§ Aqm     |rtf . 2 ⁄ 1 ytlm  y ¤kyAkym  m‘l AS§ 
:ytlm  y d ¤t  fl Abt  fi
𝐸0 = 𝐸1 + 𝐸2 , 𝑉0 = 𝑉1 + 𝑉2 , 𝑁0 = 𝑁1 + 𝑁2. )652(
T dl 'wOq  Tmyq  .ytA 𝑁2 ⁄ 𝑁1  A —Af ry C d   fl AS§ 
yVrK  q 𝑆(𝐸0, 𝐸1, 𝑉1, 𝑁1)
𝜕𝑆
𝜕𝐸1
= 0 , 𝜕𝑆
𝜕𝑉1
= 0 . )653(
k
𝑆(𝐸0, 𝐸1, 𝑉1, 𝑁1) = 𝑆1(𝐸1, 𝑉1, 𝑁1) + 𝑆2(𝐸2, 𝑉2, 𝑁2). )654(
¤l ›rJAb O TqAs  ›rqf    wW  Hf rb C⁄rmA
( 𝜕𝑆1
𝜕𝐸1
)𝑉1 ,𝑁1 = ( 𝜕𝑆2𝜕𝐸2 )𝑉2 ,𝑁2 )
1
𝑇1
=
1
𝑇2
. )655(
( 𝜕𝑆1
𝜕𝑉1
)𝐸1 ,𝑁1 = ( 𝜕𝑆2𝜕𝑉2 )𝐸2 ,𝑁2 )
𝑃1
𝑇1
=
𝑃2
𝑇2
. )656(
 —  .Tym\  Tmy ¤¡ 'wOq  Tmyq  £@¡    yb    km§ As  ¤ Am
⁄ 1 ytlm  XR ⁄ ›C r  TC '⁄Ast ¤W‘§ ¤kyAkym  'C r   E wt 
'  2
𝑇1 = 𝑇2 , 𝑃1 = 𝑃2. )657(
 lWn .¤flA Tyl d  TAW  Tfld XS   rb‘    km§ :XS 
 '  𝑑𝐸(𝑆, 𝑉,𝑁 ) = 0
( 𝜕𝐸
𝜕𝑆
)𝑉,𝑁 𝑑𝑆
𝑑𝑉
=   ( 𝜕𝐸
𝜕𝑉
)𝑆,𝑁 . )658(
¤AtA
𝑃 = ( 𝜕𝑆
𝜕𝑉
)𝐸,𝑁 ( 𝜕𝐸
𝜕𝑆
)𝑉,𝑁 =   ( 𝜕𝐸
𝜕𝑉
)𝑆,𝑁 . )659(
-Amys   d ⁄ ¤⁄rtfl  Ab  l TbsnA TAWl Ty¶z  TqtKm   — 
£@¡ 'r    stsm   .XS  PA '⁄As ¤¡ -¤sk ¤kyAA§   w
.A fi  AS§  Tytn 
T\l  ¤ . 𝐴 WF '— Hbkm Tql T wWF    ¤A EA rbt‘
fi  An§C . 𝐸 = 𝜖𝑖 TAV  — 𝑖 TywkF⁄rky TA ¤ EA   wk§ Ty¶ dtfl 
¢lt§ '@  A l‘t TywkF⁄rky TA '  TAV    Tb‘km  Tbl‘  A
Tymk EA      z§ Hbkml 	w 𝑑𝑥 Aqt     . 𝜖𝑖 = 𝜖𝑖(𝑉 )    '  EA 
¤kyAA§   §w w¡ ¤kyAn§ wrt  §wt     y ¤¡ Tr  “⁄rJ . 𝑑𝑉
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m kJ ¤l  wk T§wAW  fl Abt   ⁄ ›C rl  Ab dw§ fl '  ¤sk
Hf ¤ ¤qb ¤AtA ⁄ fitfl    d  Hf  ^A  —  Tlm  .¤kyAky
bO TywkF⁄rkym  TA  TAV k . 𝑖 TywkF⁄rkym  TA 
𝜖𝑖(𝑉 + 𝑑𝑉 ) = 𝜖𝑖(𝑉 ) + ( 𝜕𝜖𝑖
𝜕𝑉
)𝑆,𝑁𝑑𝑉. )660(

 ¤W‘§ EAl Tyl d  TAW  ¤ ryt 
 𝐸 = 𝐸(𝑉 + 𝑑𝑉 ) − 𝐸(𝑉 )
= 𝜖𝑖(𝑉 + 𝑑𝑉 ) − 𝜖𝑖(𝑉 )
= ( 𝜕𝜖𝑖
𝜕𝑉
)𝑆,𝑁𝑑𝑉. )661(
'⁄As '  Hbkm   dqm  m‘  '⁄As TAW  £@¡
𝑊 = −𝑃𝑖𝐴𝑑𝑥 = −𝑃𝑖𝑑𝑉. )662(
¤sk §wt   wk§ ¤t Hbkm  ym§ ¤l ¢qybW 	§ '@  XS  w¡ 𝑃𝑖
¤l ›rJAb O £fi  yt A‘m  TqAWm .¤kyAA§  
𝑃𝑖 = −( 𝜕𝜖𝑖
𝜕𝑉
)𝑆,𝑁 . )663(
¤l wOl . 𝑖 TywkF⁄rkym  TAA T}A  XS  Tmy ¤W‘ ›CAb‘  £@¡
@    Anyl ¤wkF⁄rAm  'wtsm  ¤l Ayl‘ ¢syq '@  𝑃 XS  Tmy
.¤flA TWFwtm  Tmyq 
m   {ℳ} Twm rbt‘ › d‘t  r As  ¤ Anl‘ Am
TA  ¤l wO  Amt  𝒫𝑖 ky .¤wkF⁄rAm  'wtsm  ¤l TqAWtm 
¤¡ {ℳ} Twmm  ¤l TWFwtm  TAW  . 𝑖 TywkF⁄rkym 
< 𝐸 >=
∑︁
ℳ
𝒫𝑖𝜖𝑖. )664(
TWFwtm  Tmyq  w 𝐸 TAW  )53( Ablq  A TywkF⁄rA Tlm   fl
rfl  Tmyq  AS§  ¤¡ TWFwtm  Tmyq  £@¡ .Tlmh 	A  ¤ ¤¡ < 𝐸 >
¤l O ⁄ 𝐸 ≃< 𝐸 >  —  .flAmt 
𝐸 =
∑︁
ℳ
𝒫𝑖𝜖𝑖. )665(
 A mA
𝑃 ≃ < 𝑃 >
=
∑︁
ℳ
𝒫𝑖𝑃𝑖. )666(
'  ¤ d wt  Amt   A TtA fitfl    d     '  ¤kyAA§   §wt   fl k
¤AtA ⁄ A w¡ 𝑖 TywkF⁄rky TA
𝑑𝐸 =
∑︁
ℳ
𝑑𝒫𝑖𝜖𝑖 +
∑︁
ℳ
𝒫𝑖𝑑𝜖𝑖
uctuations :)53(
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=∑︁
ℳ
P𝑖𝑑𝜖𝑖
=  
∑︁
ℳ
P𝑖𝑃𝑖𝑑𝑉
=   𝑃𝑑𝑉. )667(
.⁄r‘m  ⁄ 
wlWm  w¡  @¡ ⁄
¤kyFfik  ¤Am  EA 
rOt§ EA   A lWm  rfO   ›dy‘ ¤A EA ›C r TC  wk Adn
yAkym  y w ybW TA  £@¡ ¤ Annkm§  —  .TykyFfi Tq§rW Ab§rq
zy   ,›C— ⁄  „z ,ys 𝑁  TlkKm  ¤Am  EA  Tlm ¤l ¤kyFfik 
Tfy‘R ¤Am  EA  Amys y Aft   A §r‘tA . 𝑉 ¢m ”ASf  
Tyr  TAW  Ahyl myh Tlm  TAV  A ¤AtA⁄ AhAm¡  km§ ⁄  d

 TA  £@¡ ¤ ¤W‘ TywtlyAh  .Amysl
𝐻 =
𝑁∑︁
𝑖=1
𝑝2𝑖
2𝑚. )668(
¤AtA ⁄ TymlF Amys ¤¡ EA   C—    AS§  |rtf⁄ EA   C— Tlt ¤¡ 𝑚
¢y ¤W‘ d‘ 6𝑁 ⁄— w¡  —  'CwW  ”ASf  .d‘n§ Ah QA  ybs   A
flA   d 
( 𝐸0) kt . 𝑝𝑖 Tr  Tym T‘J  ⁄ ?⃗?𝑖 Rwm  T‘JA C⁄Am 
yAkym   ⁄r‘m   . 𝐸0 + 𝛿𝐸 ⁄ 𝐸0 y TAV Ah ¤t  TywkF⁄rkym 
,Tyl t TWqn 'CwW  ”ASf  ¤ m TywkF⁄rky TA     ¤mk 
w¡ Ahm , )54( rbz§A¡ Tyl r‘
𝑉cell = ℎ
𝑛/2, )669(
db ¤  r Tmyq  £@¡ .T§r  AC  d w¡ 𝑛 ⁄ )55(fi A w¡ ℎ y
}A w¡ 
 TywkF⁄rkym  flA   d  —  .  𝑥  𝑝  ℎ rbz§Ah 
AyCfl 
Ah ¤t  TywkF⁄rkym  flA  ¢lt '@  'CwW  ”ASf  ¤   Tms
 —  	tk .›d ⁄ rbz§A¡ Tyl  ¤l . 𝐸0 + 𝛿𝐸 ⁄ 𝐸0 y TAV

( 𝐸0) = 𝜈
ℎ3𝑁
=
1
ℎ3𝑁
∫︁
𝐸0≤𝐻≤𝐸0 + 𝛿𝐸
𝑑3𝑁 ?⃗?𝑑3𝑁𝑝. )670(
𝑑3𝑁 ?⃗? =
𝑁∏︁
𝑖=1
𝑑𝑥𝑖𝑑𝑦𝑖𝑑𝑧𝑖 , 𝑑
3𝑁𝑝 =
𝑁∏︁
𝑖=1
𝑑𝑝𝑥𝑖𝑑𝑝𝑦𝑖𝑑𝑝𝑧𝑖. )671(
Heisenberg cell.)54(
Planck :)55(
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¤  ¤  sqn§ £fi  Akt   A Tr  Aymk fl  l‘t fl TAW   fl
'  𝑝   ”AS ¤  ⁄ ?⃗?   ”AS

( 𝐸0) = 1
ℎ3𝑁
∫︁
𝑑3𝑁 ?⃗?
∫︁
𝐸0≤𝐻≤𝐸0 + 𝛿𝐸
𝑑3𝑁𝑝
=
𝑉 𝑁
ℎ3𝑁
∫︁
𝐸0≤𝐻≤𝐸0 + 𝛿𝐸
𝑑3𝑁𝑝. )672(
 '⁄As ⁄    TAV Ah ¤t  ( 𝐸0) TywkF⁄rkym  flA   d fl⁄  	s
AktA ¤W‘§  d‘   @¡    d £fi   wW  Hf rb C⁄rmA . 𝐸0
( 𝐸0) = 𝑉
𝑁
ℎ3𝑁
∫︁
𝐻≤𝐸0
𝑑3𝑁𝑝
=
𝑉 𝑁
ℎ3𝑁
∫︁∑︀N
i =1
~p 2i
2m ≤𝐸0
𝑁∏︁
𝑖=1
𝑑3𝑝𝑖. )673(
k
𝑁∑︁
𝑖=1
𝑝2𝑖
2𝑚 = 𝐸0 )674(
Abr 	‘l y d‘ 3𝑁 ¤ 𝑅 = √2𝑚𝐸0 rW O  — ›r T A‘ ¤¡
¤¡  —  Tsm  .›rk  £@¡ ¤l TyCAk§d  Ay dfl  C⁄ Tr  Aym
¤W‘§  A‘  fi ¤      r‘  .d‘ 3𝑁 ¤ ›r  
As Ts


𝑉3 =
∫︁
𝑥21 + 𝑥
2
2 + 𝑥
2
3≤𝑅2
𝑑𝑥1𝑑𝑥2𝑑𝑥3 =
4
3𝜋𝑅
3. )675(

   ¤W‘§ d‘ 𝑛 ¤
𝑉𝑛 =
∫︁
𝑥11 + 𝑥
2
2 + ...+ 𝑥
2
n ≤𝑅2
𝑑𝑥1𝑑𝑥2𝑑𝑥3...𝑑𝑥𝑛. )676(
'  𝑅𝑛  	FAnt  wk§    	§    @¡    R w  
𝑉𝑛 = 𝐶𝑛𝑅
𝑛. )677(
¤l O ¢n
𝑑𝑉𝑛 = 𝑑𝑥1𝑑𝑥2𝑑𝑥3...𝑑𝑥𝑛 = 𝑛𝐶𝑛𝑟
𝑛−1𝑑𝑟. )678(
Akt   db . 𝐶𝑛 	s     fl  Anyl∫︁
𝑒−𝑥
2
𝑑𝑥 =
√
𝜋. )679(
¤l On 𝑛 ›wql T A‘m  £@¡ ¤rV r∫︁
𝑒−
∑︀n
i =1
𝑥2i 𝑑𝑥1...𝑑𝑥𝑛 = 𝜋
𝑛/2. )680(
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' ∫︁
𝑒−𝑟
2
𝑛𝐶𝑛𝑟
𝑛−1𝑑𝑟 = 𝜋𝑛/2. )681(
¤l On 𝑦 = 𝑟2 rytm  ryy 'r
𝑛
2𝐶𝑛
∫︁
𝑦
n
2 −1𝑒−𝑦𝑑𝑦 = 𝜋𝑛/2. )682(
⁄r‘m  Akt  dts     fl  Annkm§∫︁
𝑦𝛼𝑒−𝑦𝑑𝑦 =  ( 𝛼 + 1) = 𝛼!. )683(
⁄ TyO  ry ⁄ TbAs   rytml ¤lA‘m  T d ym‘ ¤¡ AA T d 
𝛼! XbSA ¤W‘§ £fi  Akt   A 𝛼 XyFwl Ty} y    .Tbrm 
 r‘ £fi  Akt  k . 𝛼  TyO  yq      ( 𝛼 + 1) = 𝛼!    ' 
Tbr ⁄  Tyqyq ,Ty} ry ⁄  Ty} ,TbAF ⁄  Tbw : 𝛼 y ym  
.flAm  £@¡ k ¤lA‘m  m‘ ¤t  AA T d  §r‘tA w¡ Akt  A ⁄
›rJAb An§d ‘fA .Twhs 𝐶𝑛 A  ¤l O AA T d   dtFA
𝑛
2𝐶𝑛  (
𝑛
2) = 𝜋
𝑛/2 ⇒ 𝑛2𝐶𝑛(
𝑛
2 − 1)! = 𝜋
𝑛/2. )684(
Ty}A  q§ ¤lA‘m   A TyO  ry yq     ¤t
𝑛
2(
𝑛
2 − 1)! = (
𝑛
2)!. )685(
 d ⁄ ,d‘ 𝑛 ¤ ›rk   , 𝐶𝑛 A  , 𝑛 T§r  AC  d    T}fi 

  —  ¤W‘ 𝐸0  '⁄As ⁄    TAV Ah ¤t  ( 𝐸0) TywkF⁄rkym  flA 
𝑛 = 3𝑁. )686(
𝐶𝑛 =
𝜋𝑛/2
( 𝑛2 )!
. )687(
𝑉𝑛 = (2𝑚𝐸0)𝑛/2 𝜋
𝑛/2
(𝑛/2)! . )688(
( 𝐸0) = 𝑉
𝑛
ℎ3𝑁
(2𝑚𝐸0)𝑛/2 𝜋
𝑛/2
(𝑛/2)! . )689(
Amys Ahw ¤¡⁄ AhAm¡  km§ fl 'r  Tym Ty}A Ah EA  Amys
Amys  £@h Tnkm Tl§db𝑁 ! An¡  A AWt ys 𝑁 An§d ¢fl .TqAWt
AnlO ¤t  TywkF⁄rkym  flA   d    '  .Tlml TqAWt Tlym 𝑁 !  w
.Tflt fi‘ ¤¡ ¤t  TywkF⁄rkym  flA   d  ›r 𝑁 ! 
 rb  w¡ Ahyl
w¡ 𝐸0  '⁄As ⁄    TAV Ah ¤t  ( 𝐸0) TywkF⁄rkym  flA   d  — 

 ¤W‘  w  ¤
( 𝐸0) = 1
𝑁 !
𝑉 𝑛
ℎ3𝑁
(2𝑚𝐸0)𝑛/2 𝜋
𝑛/2
(𝑛/2)! . )690(
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 rytl T‘ C fiA‘ ¤¡ ℎ3𝑁 ⁄ 𝑁 ! fiA‘m  £fi  ›ryfl  T A‘m  ¤
 AS§  .Xq ¤kyFfik  yAkym  ¤l  AmtflA Ahyl wO  km§ fl Tymk 
𝑉 Ahm Tb‘k Tbl   r d ⁄ ys  TlkK Tlm ymk    ⁄r‘m 

 ¤W‘ Tsf TAWl Tmmk y ¤  ' ¥§
𝜖0 =
𝜋2 ℎ2
2𝑚𝑉 2/3
. )691(
¤l O ( 𝐸) flA   d ¤ {§w‘tA
( 𝐸0) = 1
𝑁 !
𝜋3𝑁/2
23𝑁 (3𝑁/2)!
(︀𝐸0
𝜖0
)︀3𝑁/2
. )692(
¤l§ Am 𝜌(𝐸0) TywkF⁄rkym  flA  TA ¤l O AqtJflA
𝜌(𝐸0) = 𝑑 ( 𝐸0)
𝑑𝐸0
=
1
𝑁 !
𝜋3𝑁/2
23𝑁 (3𝑁/2− 1)!
(︀𝐸0
𝜖0
)︀3𝑁/2 1
𝐸0
. )693(

( 𝐸0) TywkF⁄rkym  flA   d ¤l O    km§ TAk  £@¡  dtFA
¤l§ Am 𝛿𝐸 
AyCA 𝐸0 TAV Ah ¤t 

( 𝐸0) = 𝜌(𝐸0)𝛿𝐸
=
1
𝑁 !
𝜋3𝑁/2
23𝑁 (3𝑁/2− 1)!
(︀𝐸0
𝜖0
)︀3𝑁/2 𝛿𝐸
𝐸0
. )694(
An§d .¤Am  EA  ¤⁄rt   fl  	s
𝑆
𝑘
= ln 
( 𝐸0)
= ln 𝜌(𝐸0)𝛿𝐸
= ln
(︂
1
𝑁 !
𝜋3𝑁/2
23𝑁 (3𝑁/2− 1)!
(︀𝐸0
𝜖0
)︀3𝑁/2 𝛿𝐸
𝐸0
)︂
= − ln 𝑁 !− ln(3𝑁/2− 1)! + (3𝑁/2) ln 𝜋/4 + (3𝑁/2) ln(𝐸0/𝜖0) + ln 𝛿𝐸/𝐸0.
)695(
   AS§  ^fi
ln 𝜌(𝐸0) = − ln 𝑁 !− ln(3𝑁/2− 1)! + (3𝑁/2) ln 𝜋/4 + (3𝑁/2) ln(𝐸0/𝜖0) + ln 1 /𝐸0.
)696(
ln ( 𝐸0) = − ln 𝑁 !− ln(3𝑁/2)! + (3𝑁/2) ln 𝜋/4 + (3𝑁/2) ln(𝐸0/𝜖0).
)697(
km§ ln 𝜌(𝐸0) ⁄ ln 
( 𝐸0) ¤CAb ¤ ›ryfl   ⁄d   A  d ryb 𝑁  fl
Tyfl  AqAF A¡Ar— ¤t  Tytn  ¤l  —  O ⁄ AhAm¡ 
𝑆
𝑘
= ln 
( 𝐸0) ≃ ln 𝜌(𝐸0) ≃ ln ( 𝐸0). )698(
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 @¡  ( 𝐸0) TAsm  t§CAw ¤  '⁄As§ 𝜌(𝐸0) ¤nnm  t§CAw    ' 
Tmyq  w ›zkrm  
( 𝐸0)𝛿𝐸 TAsm  t§CAw ¤  '⁄As§ w¡ ⁄ ¤nnm 
£fi  Tfi‘  Xysbt nyrytF Tfi  fl  dts . 𝐸0 TAWl flAmt  rfl 
¤flA ¤⁄rtfi
𝑆 =
3𝑁𝑘
2 ln
2𝐸0
3𝑁𝜖0
+ 𝛼 + 𝑁𝑆0 = 𝑆(𝐸0, 𝑉,𝑁 ). )699(
𝑆0 =
3𝑘
2 (1 + ln
𝜋
4) , 𝛼 = 𝑘(   𝑁 ln 𝑁 + 𝑁 ). )700(
l‘ .Amys  AW  TmAn  ¤⁄rtfl  Tmy ¤ Tm¡Asm  w¡ 𝛼 A 
.𝜖0 T§wAW  Tsf  ¤ 'wt A ¤⁄rtfl 
EA  Tlm Tyl d  TAW  ¤l O TqAs  ›rqf  ¤ AnrJ Am
Xys 
As d‘ . 𝑆 = 𝑆(𝐸0, 𝑉,𝑁 ) Tfi‘  	l §rV  ¤kyFfik  ¤Am 
¤l O
𝐸0 =
3ℎ2
4𝜋𝑚
𝑁5/3
𝑉 2/3
exp
(︀ 2𝑆
3𝑁𝑘  
5
3
)︀
. )701(

 ¤W‘ ¤Am  EA  ›C r TC 
𝑇 = ( 𝜕𝐸0
𝜕𝑆
)𝑉,𝑁
=
2𝐸0
3𝑁𝐾 ) 𝐸0 =
3
2𝑁𝑘𝑇. )702(

 ¤W‘ A   T§C r  T‘s 
𝐶𝑣 = ( 𝜕𝐸0
𝜕𝑇
)𝑉,𝑁
=
3𝑁𝑘
2 . )703(

 ¤W‘§ ¤Am  EA  XR
𝑃 =   ( 𝜕𝐸0
𝜕𝑉
)𝑆,𝑁
=
2𝐸0
3𝑉 ) 𝑃𝑉 = 𝑁𝑘𝑇. )704(
.T⁄r‘m  ¤Am  EA  TA T A‘ ¤l  —  O T§Ahn  ¤
TyAR  ¶As

 ¤W‘§ Amtfi §d  ¤¶An §Ewt  :Amtfi xw §Ew
𝑊𝑁 (𝑛1) = 𝑁 !
𝑛1!(𝑁   𝑛1)! 𝑝
𝑛1 𝑞𝑁−𝑛1 . )705(
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yq     . Amtfi )56(xw §Ew ¤l O §  𝑁  ! 1 T§AhnA th
¤l 𝑛1 rmtsm  rytml ›rmts T  A¡CAbt  km§ 𝑊𝑁 (𝑛1)  A 𝑛1  ›rybk 
.¤¶A§zy ¤n‘ '  m ¤t  Xq ¤¡ 𝑛1  TyO  yq      r 
.¤¶ wK‘  ”AKm  Tr    𝑁 ⁄ 𝑛1 ,𝑞 ,𝑝   dfi ¤¶A§zyf  ¤n‘m  y 
.𝑊𝑁 (𝑛1)  ¤¶A§zyf  ¤n‘m  AS§  y
TqtKm  ⁄ 𝐵1 = 𝑑 ln 𝑊𝑁 (𝑛1)/𝑑𝑛1 ¤⁄fl  TqtKm  , ln 𝑊𝑁 (𝑛1) T d  	s  
.𝐵2 = 𝑑
2 ln 𝑊𝑁 (𝑛1)/𝑑𝑛21 TyA 
.¤m\  𝑊𝑁 (𝑛1) Amtfl  §Ew A¡dn  wk§ ¤t  𝑛1 = 𝑛1 Tmyq  	s  
.𝑊𝑁 (𝑛1) Amtfl  	s    ⁄ ln 𝑊𝑁 (𝑛1) T dl Cwl§A yl 	s  

 r‘m  𝑃 (𝑥) Amtfi xw §Ew 	s  
𝑃 (𝑥)𝑑𝑥 = 𝑊𝑛(𝑛1)𝑑𝑛1. )706(
¤¶ wK‘  ”AKm  ›wW wV w¡ 𝑙    ⁄ 𝑁 = 𝑛1 + 𝑛2 ,𝑚 = 𝑛1   𝑛2    r@
.¤¶ wK‘  ”AKm  Rw w¡ 𝑥 = 𝑚𝑙 Amny
Amtfi §d  ¤¶An §Ewt  'r  ›r rbt‘ :Amtfi  wF w §Ew

 ¤W‘m 
𝑊𝑁 (𝑛1) = 𝑁 !
𝑛1!(𝑁   𝑛1)! 𝑝
𝑛1 𝑞𝑁−𝑛1 . )707(
O §  𝑛1  ›ryO  yq     𝑝  ! 0 ⁄ 𝑁  ! 1 T§Ahn   fl  rbt‘
.Amtfi )57(  wF w §Ew ¤l
 𝑝  ! 0 ⁄ 𝑁  ! 1 T§Ahn  ¤𝐶𝑛1𝑁 = 𝑁 !/𝑛1!(𝑁   𝑛1)! A‘m  	s  
.𝑛1 << 𝑁 '  𝑛1  ›ryO  yq   
£@¡ ¤𝑊𝑁 (𝑛1) Amtfl  	s   𝑞𝑁−𝑛1 = 𝑒−𝑁𝑝 T§Ahn  £@¡ ¤ ¢  y 
.TA 
XFwtm  ¤ tKt  	s   < 𝑛21 > ⁄ < 𝑛1 > TWFwtm  yq  	s  
.𝜎2 =< 𝑛21 >   < 𝑛1 >
2

 r‘m 
§r‘t     y :yAn§ wrtl ¤A  dbm  ⁄ ¤¶AOfl  ¤⁄rtfl 
𝑆 = 𝑘 ln  ( 𝐸) )708(
T⁄r‘m  ¢} w k ¤kyAn§ wrt  ¤⁄rtfl  ¤  ' ¥§ ¤¶AOfl  ¤⁄rtfi
¤A  dbm  q§ ¤⁄rtfl    2 ⁄ 'd§dm C dq w¡ ¤⁄rtfl    1 

 ¤W‘ ›C r  TC    AS§  y .yAn§ wrtl
1
𝑇
=
𝜕𝑆
𝜕𝐸
. )709(
Gauss.)56(
Poisson.)57(
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  𝑚 Tlt ⁄ rf} ybF ⁄— s @ :TAWl '⁄Astm  ysqt  Tn¡rb
.𝐸 + 𝛿𝐸 ⁄ 𝐸 y TAV  — T⁄z‘ Tlm  . 𝑉 Ahm Tbl
 d w¡A .Tlm  TywtlyA¡ 	t  .TA  £@¡ ¤ 'CwW  ”ASf  r 
.𝑝𝑖𝜕𝐻/𝜕𝑝𝑖 	s  .Tlml Ah wmsm  
( 𝐸) flA 
kK  ¤l 	tk 𝑝𝑖𝜕𝐻/𝜕𝑝𝑖  TWFwtm  Tmyq     y 
< 𝑝𝑖
𝜕𝐻
𝜕𝑝𝑖
>=
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑝𝑖
𝜕𝐻
𝜕𝑝i
𝑑3𝑥𝑑3𝑝
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑥𝑑3𝑝
. )710(
   y 
∫︁
𝐻≤𝐸
𝑝𝑖
𝜕(𝐻   𝐸)
𝜕𝑝𝑗
= 𝑉 𝛿𝑖𝑗
∫︁
𝐻≤𝐸
(𝐸   𝐻)𝑑3𝑝. )711(
   ¡r 
𝑑
𝑑𝛼
∫︁ 𝑔(𝛼)
𝑓 (𝛼)
𝐹 (𝛼, 𝑥)𝑑𝑥 =
∫︁ 𝑔(𝛼)
𝑓 (𝛼)
𝜕
𝜕𝛼
𝐹 (𝛼, 𝑥)𝑑𝑥 + 𝜕𝑔(𝛼)
𝜕𝛼
𝐹 (𝛼, 𝑔(𝛼))   𝜕𝑓 (𝛼)
𝜕𝛼
𝐹 (𝛼, 𝑓 (𝛼)) .)712(
   TAV Ah ¤t  ( 𝐸) flA   d Tfld < 𝑝𝑖𝜕𝐻/𝜕𝑝𝑖 > 	s  
rb . < 𝐻 > TAWl TWFwtm  Tmyql TbsnA tnts    km§  —A .𝐸
.›C r  TC Tfld  ¤⁄rtfl  Tfld < 𝐻 > 
.¤q wt  E zh  TA ¤  TbsnA tnts    km§  —A 
:Hby {An

 ¤W‘§ ¤⁄rtfl   A ¤A EA TbsnA 
𝑆 =
3𝑁𝑘
2 ln
2𝐸
3𝑁𝜖0
+ 𝑁𝑆0 + 𝛼. )713(
Tyfl  T A‘m  Tytn  £@¡  rtF 
𝑆 = 𝑁𝑘 ln 𝑉 𝜖3/2 + 𝑁𝑆′0 + 𝛼(𝑁 ), )714(
   r@ .EA   d ⁄ „z TAV ¤¡ 𝜖 y
𝑆0 =
3𝑘
2 (1 + ln
𝜋
4) , 𝛼 = 𝑘(   𝑁 ln 𝑁 + 𝑁 ). )715(
TyAt  Tfi‘  AS§  ¡r . 𝑆′0 ⁄ 𝛼(𝑁 ) ¤W‘ ¤t  Afi‘  AS§  rtF 
) )58( ⁄rt - CwAF T A‘(
𝑆 = 𝑁𝑘 ln 𝑉
𝑁
𝜖3/2 +
3
2𝑁𝑘(
5
3 + ln
4𝜋𝑚
3ℎ2 ). )716(
AS§  dtF 
𝜖0 =
𝜋2 ℎ2
2𝑚𝑉 2/3
. )717(
Sakur   Tetrode equation :)58(
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ywOf §EA  TlkK ¤CA  XFw   T⁄z‘ Tlm @ ∙
A•§z t    ⁄ 𝑇1 = 𝑇2 = 𝑇 '  TtA ›C r  TC    |rtf .zA
Tfld 𝑆2 ¤⁄rtfl  ⁄ 𝑆1 ¤⁄rtfl  	s  . 𝑚1 = 𝑚2 = 𝑚 '  T§⁄Ast EA 
}Af  zA     |rtf . 𝑁2 ⁄ 𝑁1 A•§z    d  ⁄ 𝑉2 ⁄ 𝑉1 ym 
.tnts  —A .¤⁄rtfl  ¤ ryt  	s  .›rt d‘ r§
	s  .¤A  EA  A•§z  TqAWt ⁄fl  EA  A•§z    |rtf ∙
.tnts  —A .TA  £@¡ ¤ ¤⁄rtfl  ¤ ryt 
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§CAm
:1 §rm
 . 𝐿 Ah‘lR wV Tb‘k Tbl   rt§ 𝑚 Tlt ⁄— ys rbt‘ 
“⁄rK  |rt  .Ah wmsm  TAW  y  A§fl )59( rn§ ⁄rJ T A‘
.  Cd  ¤l Twm  T  Ahy d‘n ¤t  T§d 
.¤⁄fl  10   T§wAW  A§wtsm  fi  TC 	s  
TC ⁄ 𝑃 = 105 pa XS  .Tbl‘    wylyh   w d ⁄ S 
›C— Tlt ⁄ 𝐿 	s .¤A EA wylyh     |rtf . 𝑇 = 273 K ›C r 
.𝜖0 T§wAW  Tsf  	s  .wylyh   ›d ⁄
¤¡ EA   ›d ⁄ ›C@ TWFwtm  TAW  :Ty¶AOfl  Tytn  dtF 
Tymk    dfl  \ Tbr ¤b§rq r§dq ”AW     < 𝐸 >= 3𝑘𝑇/2
.𝑛𝑧 ⁄ 𝑛𝑥, 𝑛𝑦
›C r  Tym ⁄ ¤kyAkym  m‘  y rf  £fi  Am  CAV  ¤ R⁄ 
.TywkF⁄rkym  TyAn  
Tlm  TAV    y 	‘km    Amys fi An§d ¢   fl  |rtf 
flA  ¤ Tlml Ah wmsm  T§wAW  fiymt  ¤¡A . 18𝜖0 ¤  '⁄As
:TyAt 
.›z§Amt Amys  
.rf} '⁄As§ ybF  — TqAWt A⁄Ew  ›CAb Amys  
.d ⁄ '⁄As§ ybF  — TqAWt A⁄Ew  ›CAb Amys  
.O '⁄As§ ybF  — TqAWt Awyr  ›CAb Amys  
.Ah wmsm  TywkF⁄rkym  flA   d ›r  ¤ 	s 
:2 §rm
¤ y‘ ⁄ ysA yW¶A y d ⁄ d‘ ¤ rt§ ys TAV ¤¡A 
.𝑥 = 𝐿 ⁄ 𝑥 = 0
y d ⁄ d‘ ¤ rt Ahny Amy TlAft ry Amys fi rbt‘ 
.𝑥 = 𝐿 ⁄ 𝑥 = 0 ¤ y‘ ⁄ ysA yW¶A
Ah Amys  A  —  Tlml TywkF⁄rkym  TA  zym y 
.¤ wt  ¤l 𝑠3 ⁄ 𝑠2,𝑠1 AnybF
¤¡A .𝜖0 = 𝜋2 ℎ2/2𝑚𝐿2 y 𝐸 = 27𝜖0 '⁄As Tlm  TAV kt 
.Tlm  Ahy  wk    km§ ¤t  T§wAW  fiymt 
 ⁄d ›z§Amt Amys  A  —  TywkF⁄rkym  flA   d 	s  
.ybF
 — TqAWt Amys  A  —  TywkF⁄rkym  flA   d 	s  
.𝑠 = 0 ,1,1/2 ybF
Schrodinger equation :)59(
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ywOf ysA yW¶A y d ⁄ d‘ ¤ rt ys rbt‘ :3 §rm
.𝐿 TAsm
flA   d ⁄ 𝐸  '⁄As§ ⁄    TAV Ah ¤t  ( 𝐸) flA   d 	s  
.Tym ys  Tr A  —  𝛿𝐸 
AyCA 𝐸 TAV Ah ¤t  
( 𝐸)
.TykyFfi ys  Tr    | rtA As   ¥s  d  
r ys Tlm Ah wmsm  TywkF⁄rkym  flA   d 	s  :4 §rm
rt§ rf} ybF ⁄— ys     |rt  . 𝑉  ⁄— 	‘k   rt
 d w¡A .O ybF ⁄— ys   A  —  flA   d w¡A .TykyFfi ›CwO
.d ⁄ ybF ⁄— ys   A  —  flA 
TAs ¤l ysA yW¶A y ›r Amys Tfi Tr rbt‘ :5 §rm
¢A ¤AtA ⁄ TykyFfi Tr ¤¡ Amys  Tr    |rtf . 𝐿 '⁄As
.Amys  AW mh    Annkm§
.TywtlyAh  	t  ⁄ Tlml 'CwW  ”ASf  } 
.𝐸  '⁄As ⁄    TAV Ah ¤t  ( 𝐸) flA   d 	s  
.𝛿𝐸 
AyCA 𝐸 TAV Ah ¤t  
( 𝐸) flA   d 	s  
flA   d bO§  —Am Awyr  ›CAb ¤¡ Amys     AnRrt   —  
.
( 𝐸)
.𝑠 ybF  — Amys  A  —  flA   d bO§  —A 
.TqAWt Amys      fl  AnRrt   —  
( 𝐸) flA   d w¡A 
T A‘m   q :6 §rm
N = 𝑁 !∏︀𝑟
𝑖=1 𝑁𝑖!
)718(
.TywkF⁄rkym  flA  ›r  ¤ y . 𝑁 = 3 ⁄ 𝑁 = 2    T r}
¤ XFwtm  y Tfi‘  LA . r r  ›CAb Tlm rbt‘ :7 §rm
.TA  £@¡ ¤ Ty¶AOfl  Twmm  ¤l XFwtm  ⁄ z 
Amys 𝑁 = 3  TlkK ¤kyFfi ¤A EA Tlm rbt‘ :8 §rm
flA   d 	s  . 𝐿 AhwV Tmyqts T‘W ¤l d ⁄ d‘ ¤ rt ›r
TAW  ›CAb tJ  . ¤⁄rtfl  ›CAb tJ  ⁄ 
( 𝐸) ⁄ ( 𝐸) TywkF⁄rkym 
 @ ⁄ XS  ⁄ ›C r  TC  TykyAn§ wrt  r§ Aqm  ¤A ⁄ 𝐸 Tyl d 
.TA  T A‘
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:9 §rm
Tfld E zh  Tr T‘F 	s  ⁄ d ⁄ d‘ ¤ ¤q w E z¡ Tr } 
.TAW 
 '⁄As ⁄    TAV Ah ¤t  E zhl TywkF⁄rkym  flA   d 	s  
.𝐸
.𝛿𝐸 
AyCA 𝐸 TAV Ah ¤t  TywkF⁄rkym  flA   d w¡ A 
	s  
𝑝
𝜕𝐻
𝜕𝑝
+ 𝑥
𝜕𝐻
𝜕𝑥
, )719(
   y ∫︁ 𝐸
0
𝐻𝑑𝑝𝑑𝑥 =
∫︁ 𝐸
0
(𝐸   𝐻)𝑑𝑝𝑑𝑥. )720(
TywkF⁄rkym  flA  ¤l ›—w 𝑓 ¤kyAn§ rytm TWFwtm  Tmyq 
Tfi‘A ¤W‘§ 𝛿𝐸 
AyCA 𝐸 TAV Ah ¤t 
< 𝑓 >=
𝑑
𝑑𝐸
∫︀ 𝐸
0 𝑓𝑑𝑝𝑑𝑥
𝑑
𝑑𝐸
∫︀ 𝐸
0 𝑑𝑝𝑑𝑥
. )721(
.< 𝐻 > TWFwtm  Tmyq  	s 
¤kyAA§   C d rb yqOtl yb‘k  TlkK Tql Tlm :10 §rm
.¤kyAA§   C d ¤CA  XFw   T⁄z‘ yb‘km  Tlm .›C rl A
yqAWt ry ymys ¤l 'wt§ ⁄fl  	‘km  Ty¶ dtfl  TA  ¤ 
d ⁄ ys ¤l 'wt§ ¤A  	‘km  ⁄ 𝐸𝐼 = 12𝜖0 '⁄As Tyl TAW
wmsm  TywkF⁄rkym  flA   d 	s  . 𝐸𝐼𝐼 = 9 𝜖0 '⁄As Tyl TAW
.Tlml Ah
O .yb‘km  y }Af  ¤kyAA§ fl  zA  r Ty¶Ahn  TA  ¤ 
'⁄As TyAm  TAW WF  'E wt   ›r Amys fi ¤l  — 
 d 	s  .TA  £@¡ ¤ Tlml h wmsm  AAW  ¤¡ A . 𝐸 = 21𝜖0
.tnts  —A ⁄ flA 
:11 §rm
d ⁄  lR wV yq}fit yb‘k  TlkK T⁄z‘ Tlm rbt‘ 
.Amysl —Af ry ⁄ ›C rl A C d  flwOf  Ab‘km  . 𝐿 w¡ Amhn
¤A  	‘km  ⁄ 𝐸𝐼 = 12𝜖0 AmhtAV ymys ¤l 'wt§ ⁄fl  	‘km 
Amys     |rtf . 𝐸𝐼𝐼 = 18𝜖0 AmhtAV ymys ¤l AS§  'wt§
.›z§Amt
 d ⁄ ⁄fl  	‘kml Ah wmsm  TywkF⁄rkym  flA   d 	s 
flA   d w¡ A .¤A  	‘kml Ah wsm  TywkF⁄rkym  flA 
.Tylk  Tlml Ah wmsm  TyAmfl 
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Amysl —Af ry C d w¡ yb‘km  y }Af  C d      fl  |rtf 
Tylk  Tlm  .yb‘km  y TAW   Abt ms§ ¢A ¤AtA ⁄ CAA§ ¢nk
   Ahnkm§ 	‘k  TAV  A ¤AtA ⁄ AykyAn§ wr TE wt ry bO
wt   @¡  fi .d§d   E wt  Tylk  Tlm  lb    ¤  ryt
   Ah km§ ⁄ T\fn Am¶  ¤qb 𝐸 = 𝐸𝐼 + 𝐸𝐼𝐼 = 30𝜖0 Tylk  TAW   A
.Tflt rW yb‘km  ¤l Ewt
.Tnkmm  T§wAW  fiymt  ¤¡A 
 ¤ Tlml Ah wmsm  TywkF⁄rkym  flA   d 	s  
.flAl ¤lk   d‘  w¡ A .T§wAV Tlym
w¡ A .A¡Ad⁄ ¤t  flA   '  ¤ Tlm   wk    Amt  w¡ A 
.15𝜖0 ⁄ 12𝜖0 ,9𝜖0 ,6𝜖0 '⁄As ⁄fl  	‘km  TAV  wk    Amt 
AktA r‘ AA T  :12 §rm
 ( 𝑡) =
∫︁ ∞
0
𝑥𝑡−1𝑒−𝑥𝑑𝑥. )722(
. ( 𝑡 + 1) = 𝑡  ( 𝑡) An§d 	w 𝑡    ¢  y 
. ( 𝑛 + 1) = 𝑛!  A 𝑡 = 𝑛 '  𝑡  Ty‘ybV y    ¢  y 
.  , (3/2)! Tmy tntF   £fi  Akt  ” rA (1/2)! 	s  
AktA ¤W‘m  d‘ 𝑛 ¤ ›rk   	s  ∫︁
𝑥21 + ...+ 𝑥
2
n ≤𝑅2
𝑑𝑥1...𝑑𝑥𝑛. )723(
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wl
:TAWl '⁄Astm  ysqt  Tn¡rb
¤W‘ .𝑝 = ( 𝑝1, 𝑝2, 𝑝3) ,⃗𝑟 = ( 𝑥1, 𝑥2, 𝑥3) : A‘  TtF 'CwW  ”ASf  

 TywtlyAh 
𝐻 =
𝑝21
2𝑚 +
𝑝22
2𝑚 +
𝑝23
2𝑚. )724(

 ¤W‘§ Tlml Ah wmsm  
( 𝐸) flA   d

( 𝐸) = 1
ℎ3
∫︁
𝐸≤𝐻≤𝐸+ 𝛿𝐸
𝑑3𝑥𝑑3𝑝
=
𝑑( 𝐸)
𝑑𝐸
.𝛿𝐸
=
𝑑
𝑑𝐸
(︂
1
ℎ3
∫︁
𝐻≤𝐸
𝑑3𝑥𝑑3𝑝
)︂
.𝛿𝐸
=
𝑉
ℎ3
𝑑
𝑑𝐸
(︂∫︁
𝐻≤𝐸
𝑑3𝑝
)︂
.𝛿𝐸. )725(
AS§  	s∑︁
𝑖
𝑝𝑖
𝜕𝐻
𝜕𝑝𝑖
= 2𝐻. )726(
¤l Tws Tr  Tymk Xq l‘t 𝑓 T d TWFwtm  Tmyq  

 ¤W‘§ 𝛿𝐸 
AyCA 𝐸 TAV Ah ¤t  TywkF⁄rkym  flA 
< 𝑓 > =
∫︀
𝐸≤𝐻≤𝐸+ 𝛿𝐸 𝑓 (𝑝)𝑑3𝑥𝑑3𝑝∫︀
𝐸≤𝐻≤𝐸+ 𝛿𝐸 𝑑
3𝑥𝑑3𝑝
. )727(
   As   ¥s  Tyt Am‘tFA ⁄ §r‘t   @¡   —  R w  
< 𝑓 > =
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑓 (𝑝)𝑑3𝑝
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑝
. )728(
	s ∫︁
𝐻≤𝐸
𝑝𝑖
𝜕(𝐻   𝐸)
𝜕𝑝𝑗
𝑑3𝑥𝑑3𝑝 = 𝑉
∫︁
𝐻≤𝐸
[︂
𝜕
𝜕𝑝𝑗
(𝑝𝑖(𝐻   𝐸))   (𝐻   𝐸) 𝜕𝑝𝑖
𝜕𝑝𝑗
]︂
𝑑3𝑝
= 𝑉 𝛿𝑖𝑗
∫︁
𝐻≤𝐸
(𝐸   𝐻)𝑑3𝑝. )729(
T d  rbt‘ 
𝐺(𝑓 (𝛼), 𝑔(𝛼), 𝛼) =
∫︁ 𝑔(𝛼)
𝑓 (𝛼)
𝐹 (𝛼, 𝑥)𝑑𝑥. )730(
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 — 
𝑑
𝑑𝛼
=
𝜕𝐺
𝜕𝛼
+
𝜕𝐺
𝜕𝑓
𝜕𝑓
𝜕𝛼
+
𝜕𝐺
𝜕𝑔
𝜕𝑔
𝜕𝛼
=
∫︁ 𝑔(𝛼)
𝑓 (𝛼)
𝜕
𝜕𝛼
𝐹 (𝛼, 𝑥)𝑑𝑥 + 𝜕𝑔(𝛼)
𝜕𝛼
𝐹 (𝛼, 𝑔(𝛼)) − 𝜕𝑓 (𝛼)
𝜕𝛼
𝐹 (𝛼, 𝑓 (𝛼)) .
)731(
An§d∘
< 𝑝𝑖
𝜕𝐻
𝜕𝑝𝑗
> =
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑝𝑖
𝜕𝐻
𝜕𝑝j 𝑑
3𝑝
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑝
=
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑝𝑖
𝜕(𝐻−𝐸)
𝜕𝑝j 𝑑
3𝑝
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑝
=
−𝛿𝑖𝑗 𝑑𝑑𝐸
∫︀
𝐻≤𝐸(𝐻 − 𝐸)𝑑3𝑝
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑝
. )732(
	s    	§  — 
𝑑
𝑑𝐸
∫︁
𝐻≤𝐸
(𝐻 − 𝐸)𝑑3𝑝 = 12𝑚
𝑑
𝑑𝐸
∫︁
0≤𝑝2≤2𝑚𝐸
(𝑝2 − 2𝑚𝐸)𝑝2𝑑𝑝𝑑

=
1
2
𝑑
𝑑𝛼
∫︁ 𝛼
0
(𝑥− 𝛼)√𝑥𝑑𝑥𝑑 
 . )733(
¤l O 𝑔(𝛼) = 𝛼 ⁄ 𝑓 (𝛼) = 0 y As   ¥s  Tyt Am‘tFA
𝑑
𝑑𝐸
∫︁
𝐻≤𝐸
(𝐻 − 𝐸)𝑑3𝑝 = 12
∫︁ 𝛼
0
(−1)√𝑥𝑑𝑥𝑑 

= −
∫︁
𝐻≤𝐸
𝑑3𝑝. )734(
¤l O £fi  T A‘m  ¤ {§w‘tA
< 𝑝𝑖
𝜕𝐻
𝜕𝑝𝑗
> =
𝛿𝑖𝑗
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑝
𝑑
𝑑𝐸
∫︀
𝐻≤𝐸 𝑑
3𝑝
=
𝛿𝑖𝑗 ( 𝐸)
𝑑( 𝐸)/𝑑𝐸 . )735(
tnts ›rJAb
< 2𝐻 >= 3
𝑑 ln ( 𝐸)/𝑑𝐸 =
3𝑘
2𝑑𝑆/𝑑𝐸 =
3
2𝑘𝑇. )736(
An§d ¤q wt  E zhl TbsnA ∘
𝐻 =
1
2𝑚
∑︁
𝑖
𝑝2𝑖 +
𝑘
2
∑︁
𝑖
𝑥2𝑖 . )737(
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 — 
< 2𝐻 > =
∑︁
𝑖
(< 𝑝𝑖 𝜕𝐻
𝜕𝑝𝑖
> + < 𝑥𝑖
𝜕𝐻
𝜕𝑥𝑖
>). )738(
¤l  fl  O
< 2𝐻 > = 6𝑘𝑇. )739(
:Hby {An

 ¤W‘§ ¤A EA ¤⁄rt  
𝑆 =
3𝑁𝑘
2 ln
2𝐸
3𝑁𝜖0
+ 𝑁𝑆0 + 𝛼. )740(

 ¤W‘ ¤A EA Tyl d  TAW   A 'rfl  Th  
𝐸 =
3
2𝑁𝑘𝑇. )741(
¤¡ d ⁄ „z TAV ›rJAb
𝜖 =
𝐸
𝑁
=
3
2𝑘𝑇. )742(
Tyfl  T A‘m  Twhs  —  rts    km§
𝑆 = 𝑁𝑘 ln 𝑉 𝜖3/2 + 𝑁𝑆′0 + 𝛼(𝑁 ), )743(
𝑆
′
0 = 𝑆0 +
3
2𝑘 ln
4𝑚
3𝜋2 ℎ2
=
3𝑘
2 (1 + ln
4𝜋𝑚
3ℎ2 ) , 𝛼(𝑁 ) = 𝛼 = 𝑘(   𝑁 ln 𝑁 + 𝑁 ).)744(
 ⁄rt - CwAF T A‘ Twhs rts    AS§  km§
𝑆 = 𝑁𝑘 ln 𝑉
𝑁
𝜖3/2 +
3
2𝑁𝑘(
5
3 + ln
4𝜋𝑚
3ℎ2 ). )745(
 A T§⁄Ast tk   fl ⁄ 𝜖1 = 𝜖2 = 𝜖  A T§⁄Ast ›C r  AC  fl 
Ay⁄rtfl  ¤l  —  O Ty¶ dtfl  TA  ¤ . (𝑆′0)1 = ( 𝑆′0)2 = 𝑆′0
𝑆1 = 𝑁1𝑘 ln 𝑉1𝜖3/2 + 𝑁1𝑆
′
0 + 𝛼(𝑁1). )746(
𝑆2 = 𝑁2𝑘 ln 𝑉2𝜖3/2 + 𝑁2𝑆
′
0 + 𝛼(𝑁2). )747(

 ¤W‘§ ¤⁄rtfl  . 𝑁 = 𝑁1 + 𝑁2 ⁄ 𝑉 = 𝑉1 + 𝑉2  A Ty¶Ahn  TA  ¤
𝑆 = 𝑁𝑘 ln 𝑉 𝜖3/2 + 𝑁𝑆′0 + 𝛼(𝑁 ). )748(
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Amys  AW  A A‘m   @¡  fl 𝛼(𝑁 ) = 𝛼(𝑁1)+ 𝛼(𝑁2)    ^fi
⁄ )¤A  „z   lt§ ⁄fl  „z   fl( 𝑁1!𝑁2!  '  )¤m ry(
 —  .(𝑁1 + 𝑁2)!  Hy
𝑆 = 𝑁1𝑘 ln 𝑉 𝜖3/2 + 𝑁1𝑆
′
0 + 𝛼(𝑁1) + 𝑁2𝑘 ln 𝑉 𝜖3/2 + 𝑁2𝑆
′
0 + 𝛼(𝑁2). )749(
w¡ ¤⁄rtfl  ¤ ryt 
 𝑆 = 𝑁1𝑘 ln
𝑉
𝑉1
+ 𝑁2𝑘 ln
𝑉
𝑉2
> 0. )750(
.¤sk ry Aft   fl  𝑆 > 0 . )60(Xl  ¤⁄rt  ¤ms§  @¡
 EA     k .Tfltm   EA     Ayb§r ›d¥ Tytn  £@¡
EA   Xyl ¤⁄rt  :Hby {Ant ¤ms§ A ¤  ' ¥ AhA TqAWtm 
⁄ £fi  T A‘mA ¤W‘ rfO   lt w¡ TqAWt Amys  kK
 @¡  A y}  @¡  A  —  'r  Th  ⁄ ,Trtl A Th   @¡
¤⁄rtfl   wk§    Ankm  A Am ⁄ ¢§CAt l‘t§ EA  ¤⁄rt     ¤n‘§
¤ .Tlm  Ahy d wt ¤t  TykyAn§ wrt  TAA Xq l‘t T  
CwO Annkm§ ¢fl TA  £@¡ ¤ fi}  ¤⁄rtfl  §r‘ km§ fl Tqyq 
¤AtA ⁄ EA  'wt§ '@  ”Afl    Tl}Af  z w   ¤fy  d
.£d§r ryb  d '   wk§    km§ EA  ¤⁄rt   A
TA  £@¡ ¤ . AqAWt ¤A  „z  ⁄ ⁄fl  „z      fl  |rtf 
£@¡ ¤ ¤sk w¡ Aft  .d§ ‚yJ fl  A }Af  zA  ¤l Adn
¤ ryt   A ¤AtA ⁄ 𝛼(𝑁 ) = 𝛼(𝑁1 + 𝑁2) TA  £@¡ ¤ ‘fA .TA 
w¡ ¤⁄rtfl 
 𝑆 = 𝑁1𝑘 ln
𝑉
𝑉1
+ 𝑁2𝑘 ln
𝑉
𝑉2
+ 𝑁1𝑘 ln
𝑁1
𝑁
+ 𝑁2𝑘 ln
𝑁2
𝑁
. )751(
k
𝑉1
𝑁1
=
𝑉2
𝑁2
=
𝑉
𝑁
=
𝑘𝑇
𝑃
. )752(
 — 
 𝑆 = 0 . )753(
:1 §rm

 ¤W‘ rn§ ⁄rJ T A‘ [︂
 
ℎ2
2𝑚
(︂
𝜕2
𝜕𝑥2
+
𝜕2
𝜕𝑦2
+
𝜕2
𝜕𝑧2
)︂
+ 𝑉 (𝑥, 𝑦, 𝑧)
]︂
𝜓(𝑥, 𝑦, 𝑧) = 𝐸𝜓(𝑥, 𝑦, 𝑧). )754(
'   rytm  O dts . 𝑉 = 0  —  	‘km    r s 
wl  ⁄ fl A‘m  ¤l ›rJAb O . 𝜓(𝑥, 𝑦, 𝑧) = 𝜓𝑥(𝑥)𝜓𝑦(𝑦)𝜓𝑧(𝑧)
𝐸 = 𝐸𝑥 + 𝐸𝑦 + 𝐸𝑧 =
ℎ2
2𝑚 (

2
𝑥 + 

2
𝑦 + 

2
𝑧). )755(
entropy of mixing :)60(
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d2𝜓𝑥
𝑑𝑥2
+ 
 2𝑥𝜓𝑥 = 0 ⇒ 𝜓𝑥(𝑥) = 𝐴 cos 
 𝑥𝑥 + 𝐵 sin 
 𝑥𝑥 , 
 2𝑥 = 2𝑚𝐸𝑥
ℎ2
.)756(
𝑑2𝜓𝑦
𝑑𝑦2
+ 
 2𝑦𝜓𝑦 = 0 ⇒ 𝜓𝑦(𝑦) = 𝐴 cos 
 𝑦𝑦 + 𝐵 sin 
 𝑦𝑦 , 
 2𝑦 = 2𝑚𝐸𝑦
ℎ2
. )757(
𝑑2𝜓𝑧
𝑑𝑧2
+ 
 2𝑧𝜓𝑧 = 0 ⇒ 𝜓𝑧(𝑧) = 𝐴 cos 
 𝑧𝑧 + 𝐵 sin 
 𝑧𝑧 , 
 2𝑧 = 2𝑚𝐸𝑧
ℎ2
. )758(
,𝜓𝑦(0) = 𝜓𝑦(𝐿) = 0 ,𝜓𝑥(0) = 𝜓𝑥(𝐿) = 0 T§d  “⁄rK  AnRrt   — 
T§⁄ z   r wt  ¤l ›rJAb O AnA 𝜓𝑧(0) = 𝜓𝑧(𝐿) = 0

 𝑥 =
𝜋𝑛𝑥
𝐿
, 
 𝑦 =
𝜋𝑛𝑦
𝐿
, 
 𝑧 =
𝜋𝑛𝑧
𝐿
. )759(
 —  ¤¡ Ah wsm  TAW  y
𝐸 =
ℎ2𝜋2
2𝑚𝐿2 (𝑛
2
𝑥 + 𝑛
2
𝑦 + 𝑛
2
𝑧). )760(

 T§wAW  Tsf  r‘ ∙
𝜖0 =
ℎ2𝜋2
2𝑚𝐿2 . )761(
¤flA ¤¡ ¤⁄fl  ›rK‘  T§wAW  A§wtsm 
.(1,1,1) TA   w§ 𝐸 = 3 𝜖0 ∘
.(1,1,2), (1,2,1), (2,1,1) flA fi   w§ 𝐸 = 6 𝜖0 ∘
.(1,2,2), (2,1,2), (2,2,1) flA fi   w§ 𝐸 = 9 𝜖0 ∘
.(1,1,3), (1,3,1), (3,1,1) flA fi   w§ 𝐸 = 11𝜖0 ∘
.(2,2,2) TA   w§ 𝐸 = 12𝜖0 ∘
. Ahfi§db ⁄ (1,2,3) flA s   w§ 𝐸 = 14𝜖0 ∘
.(2,2,3), (2,3,2), (3,2,2) flA fi   w§ 𝐸 = 17𝜖0 ∘
.(1,1,4), (1,4,1), (4,1,1) flA fi   w§ 𝐸 = 18𝜖0 ∘
.(1,3,3), (3,1,3), (3,3,1) flA fi   w§ 𝐸 = 19𝜖0 ∘
. Ahfi§db ⁄ (1,2,4) flA s   w§ 𝐸 = 21𝜖0 ∘
	s 𝑃𝑉 = 𝑛𝑅𝑇 TA  T A‘  ∙
𝐿 =
(︂
𝑅𝑇
𝑃
)︂1/3
=
(︂
8.315.273
105
)︂1/3
= 0 .3𝑚. )762(
 ›d ⁄ ›C— Tlt  A ¤AtA ⁄  r 4 w¡ wylyh   w d ⁄ Tlt
¤¡ wylyh 
𝑚 =
4.10−3
6.022.1023 . )763(
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 ¤W‘ T§wAW  Tsf 
𝜖0 =
ℎ2
8𝑚𝐿2 =
(6.63.10−34)2
8.𝑚.(0.3)2 = 91.91.10
−42𝑚
2𝑘𝑔
𝑠2
. )764(
¤¡ ›d ⁄ wyly¡ ›C@ TWFwtm  TAW 
< 𝐸 >=
3
2𝑘𝑇 = 565.11𝐽. )765(

  —  ¤W‘ 𝑛𝑧 ⁄ 𝑛𝑥, 𝑛𝑦 Tymk    dfl  \ TbC
𝑛𝑥, 𝑛𝑦, 𝑛𝑧 
√︂
< 𝐸 >
𝜖0
 1021. )766(
Tsf  ¤ ry ¤  ' ¥§ '@  𝑉   ¤ ry  w§ ¤kyAkym  m‘  
.Hk‘  ⁄ rbk T§wAW  Tsf   A 𝑉   PAn  —  ‘fA .T§wAW 
A§wtsm  ry rb Tlm  TAV ¤ ry ¤  ' ¥§   ¤ ryt   — 
.TtA )61( fitfl    d  ¤l _Af   T§wAW 
,Tlm  TAV ¤ ry ¤  ' ¥§ ¤⁄rtfl  ¤ ryt   A 'rfl  Th  
_Af   fitfl    d  ry rb ,›C r Tym  An¡ ›CAb w¡ '@ 
.TtA T§wAW  A§wtsm  ¤l
T§wAW  A§wtsm  ¤l Amys  §CEw dn AyAk  fi An§d 
:𝐸 = 18𝜖0 TAW  ¤l wOl Tfltm 
¤l ¤A  ys  , 𝐸 = 3 𝜖0 'wtsm  ¤l ⁄fl  ys  R⁄ km§ 
.𝐸 = 9 𝜖0 'wtsm  ¤l A  ys  ⁄ 𝐸 = 6 𝜖0 'wtsm 
¤l ¤A  ys  , 𝐸 = 3 𝜖0 'wtsm  ¤l ⁄fl  ys  R⁄ km§ 
.𝐸 = 12𝜖0 'wtsm  ¤l A  ys  ⁄ 𝐸 = 3 𝜖0 'wtsm 
¤l ¤A  ys  , 𝐸 = 6 𝜖0 'wtsm  ¤l ⁄fl  ys  R⁄ km§ 
.𝐸 = 6 𝜖0 'wtsm  ¤l A  ys  ⁄ 𝐸 = 6 𝜖0 'wtsm 
ybF ⁄ T‘ybV ¤l l‘t§ Tfltm  TywkF⁄rkym  flA   d  fl 
:¤flA Amys 
: ›z§Amt Amys 
𝐸 = 9 𝜖0 ⁄ 𝐸 = 6 𝜖0 ,𝐸 = 3 𝜖0 ¤l ›z§Amt Amys fi §Ew dn 
T‘ C TyAk  1.3.3 ⁄ Amysl Tflt ⁄ Tnkm Tl§db 3! An§d ¢A
TywkF⁄rky TA 6.9 = 54 An¡  —  .T§wAW  A§wtsm  fi  ¤ 
.TA  £@¡ ¤
𝐸 = 12𝜖0 ⁄ 𝐸 = 3 𝜖0 ,𝐸 = 3 𝜖0 ¤l ›z§Amt Amys fi §Ew dn 
TyAk  1.1.1 ⁄ Amysl Tflt ⁄ Tnkm Tl§db 3!/2! An§d ¢A
flA 3.1 = 3 An¡  —  .T§wAW  A§wtsm  fi  ¤  T‘ C
.TA  £@¡ ¤ TywkF⁄rky
𝐸 = 6 𝜖0 ⁄ 𝐸 = 6 𝜖0 ,𝐸 = 6 𝜖0 ¤l ›z§Amt Amys fi §Ew dn 
TyAk  3.3.3 ⁄ Amysl Tflt ⁄ Tnkm Tl§db 3!/3! An§d ¢A
TA 1.27 = 27 An¡  —  .T§wAW  A§wtsm  fi  ¤  T‘ C
.TA  £@¡ ¤ TywkF⁄rky
occupation numbers :)61(
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: TqAWt A⁄Ew Amys 
𝐸 = 9 𝜖0 ⁄ 𝐸 = 6 𝜖0 ,𝐸 = 3 𝜖0 ¤l TqAWt A⁄Ew fi §Ew dn 
 fl  fi§dbt   fl 3! ¤l AqAF Om   d‘  sq    Anyl ¢A
TA 54/6 = 9 ¤l O  —  .TqAWt Amys     	bs Tmh ry
.Tflt TywkF⁄rky
𝐸 = 12𝜖0 ⁄ 𝐸 = 3 𝜖0 ,𝐸 = 3 𝜖0 ¤l TqAWt A⁄Ew fi §Ew dn 
ry  fl  Tl§dbt   fl 3 ¤l AqAF Om   d‘  sq    Anyl ¢A
TA 3/3 = 1 ¤l O  —  .TqAWt Amys     	bs Tmh
.TA  £@¡ ¤ TywkF⁄rky
𝐸 = 6 𝜖0 ⁄ 𝐸 = 6 𝜖0 ,𝐸 = 6 𝜖0 ¤l TqAWt A⁄Ew fi §Ew dn 
 .AqAF Ahyl AnlO ¤t  TywkF⁄rky TA 27    lWn AnA
¤¡ Tflt fi‘ ¤¡ ¤t  TywkF⁄rkym  flA  AyAkfl  £@¡ y
'wtsm  ¤l Tymk  TA  Hf ¤l q Amys   .¤l§ Am
Tymk  TA  Hf ¤l  A‘q§  Amys .flA 3 :𝐸 = 6 𝜖0 'wAW 
Tflt TA ¤l q§ ys  .flA 6 :𝐸 = 6 𝜖0 'wtsm  ¤l
.Tflt flA 10 An¡  —  .›d ⁄ TA : 𝐸 = 6 𝜖0 'wtsm  ¤l
An§d TA  £@¡ ¤ : d ⁄ '⁄As§ ybF  — TqAWt A⁄Ew Amys 
:¤fl  An§d  —  .›r  Tflt ybF flA fi
𝐸 = 9 𝜖0 ⁄ 𝐸 = 6 𝜖0 ,𝐸 = 3 𝜖0 ¤l TqAWt A⁄Ew fi §Ew dn 
bO§ ybs  TAR  dn .Tflt TywkF⁄rky flA 9 An§d ¢A
.TywkF⁄rky TA 9.3.3.3 = 243 flA   d
𝐸 = 12𝜖0 ⁄ 𝐸 = 3 𝜖0 ,𝐸 = 3 𝜖0 ¤l TqAWt A⁄Ew fi §Ew dn 
ymys   A ybs  TAR  dn .›d ⁄ TywkF⁄rky TA An§d ¢A
ys  A  Tflt ybF flA 6 Amh𝐸 = 3 𝜖0 'wtsm  ¤l
TA 6.3 = 18 An§d bO§  —  .Tflt ybF flA 3 ¢  A rfl 
.TywkF⁄rky
⁄ 𝐸 = 6 𝜖0 ,𝐸 = 6 𝜖0 ¤l TEw TqAWt A⁄Ew fi    
fi  AyAkfl     .AyAk  3 + 6 + 1 = 10 An§d  A 𝐸 = 6 𝜖0
,)flA fi( ybs  Hf Ah  wk§    Amys  k km§ ¤⁄fl 
lt ybF ¢ ys  ⁄  )flA F( ybs  Hf Amh  Amys
TyAt  Tts  AyAkfl     .TA 3.10 bO 3  —  .)›d ⁄ TA(
flA 6 Amh Tymk  TA  Hf ¤l  A‘q§ §@l  ymys   A
6  —  .Tflt ybF flA 3 ¢l A  ys  A  Tflt ybF
.Tflt ybF TA 3.3.3 An§d ›ryfl  TyAkfl     . 6.3.6 bO
.TywkF⁄rky TA 3.10 + 6.3.6 + 1.3.3.3 = 165 Amfl  ¤ An§d  — 
An§d TA  £@¡ ¤ : O '⁄As§ ybF  — TqAWt Awyr Amys 
Hf t    km§ fl Awyrf  AS§  .›r  Tflt ybF ¤tA
:¤fl  An§d  —  . )62(¤⁄Ab  A‘btFfl  db Tymk  TA 
𝐸 = 9 𝜖0 ⁄ 𝐸 = 6 𝜖0 ,𝐸 = 3 𝜖0 ¤l TqAWt Awyr fi §Ew dn 
bO§ ybs  TAR  dn .Tflt TywkF⁄rky flA 9 An§d ¢A
.TywkF⁄rky TA 9.2.2.2 = 72 flA   d
.Pauli )62(
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E = 12𝜖0 ⁄ 𝐸 = 3 𝜖0 ,𝐸 = 3 𝜖0 ¤l TqAWt Awyr fi §Ew dn 
ymys   A ybs  TAR  dn .›d ⁄ TywkF⁄rky TA An§d ¢A
   	§ ybs   fl ›d ⁄ ybF TA Amh 𝐸 = 3 𝜖0 'wtsm  ¤l
¢  A rfl  ys  A  ¤⁄Ab  A‘btFfl  db 	s An¡ Artq  wk§
.TywkF⁄rky TA 1.2 = 2 An§d bO§  —  .ytflt ybF ¤tA
⁄ 𝐸 = 6 𝜖0 ,𝐸 = 6 𝜖0 ¤l TEw TqAWt Awyr fi    
AyAkfl     .AyAk  6 + 1 = 7 An§d  wk§    km§ 𝐸 = 6 𝜖0
Amh Tymk  TA  Hf ¤l  A‘q§ §@l  ymys   A ¤⁄fl  Tts 
	s An¡ Artq  wk§    fl  km§ fl ybs   fl ›d ⁄ ybF TA
.ytflt ybF ¤tA ¢l A  ys  A  ¤⁄Ab  A‘btFfl  db
ybF TA 2.2.2 An§d ›ryfl  TyAkfl     . 6.2 bO 6  — 
.TywkF⁄rky TA 6.2 + 1.2.2.2 = 20 Amfl  ¤ An§d  —  .Tflt
:2 §rm

𝐸 = 𝜖0𝑛
2 , 𝜖0 =
ℎ2𝜋2
2𝑚𝐿2 . )767(
 
j𝑛1𝑠1𝑚1 > j𝑛2𝑠2𝑚2 > j𝑛3𝑠3𝑚3 > . )768(
.j25𝜖0 > j𝜖0 > j𝜖0 > (𝐵) , j9𝜖0 > j9𝜖0 > j9𝜖0 > (𝐴) : AtyAk  dw 
Am w¡ flA   d  A ybF  ⁄d ›z§Amt Amys  A  —  
.3 (𝐵) , 1 (𝐴) :¤l§
w¡ flA   d  A 𝑠 = 0 ybF  — TqAWt Amys  A  —  
.1 (𝐵) , 1 (𝐴) :¤l§ Am
w¡ flA   d  A 𝑠 = 1 ybF  — TqAWt Amys  A  — 
Amh  Amys ,(3) ybs  Hf Ah Amys   : 10 (𝐴) :¤l§ Am
Tflt Ahl Amys  AnybF , (6) lt rfl  ⁄ ybs  Hf
¢tF Amh 'wtsm  Hf ¤l  A‘q§   @l   Amys  : 18 (𝐵) , (1)
.ybF flA fi ¢ ryfl  ys  ⁄ ybF flA
w¡ flA   d  A 𝑠 = 1/2 ybF  — TqAWt Amys  A  — 
  @l   Amys  : 2 (𝐵) , ¤⁄Ab  A‘btFfl  db : 0 (𝐴) :¤l§ Am
¢ ryfl  ys  ⁄ ›d  ⁄ ybF TA Amh 'wtsm  Hf ¤l  A‘q§
.ybF ¤flA
:3 §rm

 ¤W‘ TAW     r‘ 
𝐸 =
𝜋2 ℎ2𝑛2
2𝑚𝐿2 . )769(

 ¤W‘§ flA   d ›rJAb
( 𝐸) = 𝑛 = 𝐿
𝜋 ℎ
p
2𝑚𝐸. )770(
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 — 

( 𝐸) = 𝑑
𝑑𝐸
𝛿𝐸 = 𝑛 =
𝐿
2𝜋 ℎ
√︂
2𝑚
𝐸
𝛿𝐸. )771(
An§d ¤kyFfik  yAkym  ¤ 
( 𝐸) = 1
ℎ
∫︁
𝐻≤𝐸
𝑑𝑥𝑑𝑝
=
2𝐿
ℎ
∫︁ 𝑝≤√2𝑚𝐸
0
𝑑𝑝
=
2𝐿
ℎ
p
2𝑚𝐸. )772(
.¤mk  yAkym  ¤ Ahyl AnlO ¤t  ›CAb‘  Hf £@¡
	s :4 §rm
( 𝐸) = 1
ℎ3
∫︁
𝐻≤𝐸
𝑑𝑥𝑑𝑦𝑑𝑧𝑑𝑝𝑥𝑑𝑝𝑦𝑑𝑝𝑧
=
𝑉
ℎ3
∫︁
𝑝2x + 𝑝
2
y + 𝑝
2
z≤2𝑚𝐸
𝑑𝑝𝑥𝑑𝑝𝑦𝑑𝑝𝑧
=
𝑉
ℎ3
4
3𝜋(2𝑚𝐸)
3/2. )773(

( 𝐸) = 𝑑 ( 𝐸)
𝑑𝐸
𝛿𝐸. )774(
.2𝑠 + 1 
 flA   d 
rS AnA 𝑠 ybF TAR  dn
:5 §rm

 ¤W‘ TywtlyAh  . 𝑥1, 𝑝1, 𝑥2, 𝑝2, 𝑥3, 𝑝3 ¤¡  A‘  ¢tF ¢ 'CwW  ”ASf  
𝐻 =
𝑝21
2𝑚 +
𝑝22
2𝑚 +
𝑝23
2𝑚. )775(

( 𝐸) = 1
ℎ3
∫︁
𝐻≤𝐸
𝑑𝑥1𝑑𝑥2𝑑𝑥3𝑑𝑝1𝑑𝑝2𝑑𝑝3
=
𝐿3
ℎ3
∫︁
𝑝21 + 𝑝
2
2 + 𝑝
2
3≤2𝑚𝐸
𝑑𝑝1𝑑𝑝2𝑑𝑝3
=
𝐿3
ℎ3
4
3𝜋(2𝑚𝐸)
3/2. )776(


( 𝐸) = 𝑑 ( 𝐸)
𝑑𝐸
𝛿𝐸
=
4𝜋𝐿3𝑚
ℎ3
(2𝑚𝐸)1/2𝛿𝐸. )777(
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.yn  ¤ 
rS 
.2𝑠 + 1 ¤ 
rS 
.3! ¤l sq 
¤l O :8 §rm
( 𝐸) = 𝐿
3
ℎ3
4
3𝜋
p
8𝑚3𝐸3/2 = 𝜋6(𝐸/𝜖0)
3/2. )778(

( 𝐸) = 4 𝜋𝐿
3
ℎ3
p
2𝑚3𝐸1/2𝛿𝐸 = 𝜋4(𝐸/𝜖0)
1/2𝛿𝐸/𝜖0. )779(
›CAb‘   ¤⁄rtfl  	s    Annkm§ y ryb  d 𝑁 = 3    CwOt
𝑆
𝑘
= ln  ) 𝑆 = 𝑘 ln 𝜋6 +
3𝑘
2 ln
𝐸
𝜖0
. )780(
›CAb‘A ¤W‘ Tyl d  TAW 
𝐸 = 𝜖0𝑒
− 23 ln 6 𝑒
2S
3k . )781(
TykyAn§ wrt  r§ Aqm  	s
𝑇 = ( 𝜕𝐸
𝜕𝑆
)𝑉,𝑁 = 23𝑘𝐸 ) 𝐸 =
3
2𝑘𝑇. )782(
𝑃 =   ( 𝜕𝐸
𝜕𝑉
)𝑆,𝑁 =   ( 𝜕𝜖0
𝜕𝑉
)𝑆,𝑁 1
𝜖0
.𝐸 =
2
𝐿
𝐸 ) 𝑃𝐿 = 2𝐸 = 3𝑘𝑇. )783(
:9 §rm
TywtlyAh  .𝑝 ⁄ 𝑥 
 ›AW‘ Ay dA 2 w¡ 'CwW  ”ASf   A‘   d 

 ¤W‘
𝐻 =
𝑝2
2𝑚 +
1
2𝑘𝑥
2. )784(
 wtlyA¡ fl A‘
𝜕𝐻
𝜕𝑝
=
𝑝
𝑚
= _𝑥. )785(
𝜕𝐻
𝜕𝑥
= 𝑘𝑥 =   _𝑝. )786(
'⁄ E r wt T§C⁄ Tr   — 

 =
√︂
𝑘
𝑚
. )787(
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𝑥 = 𝐴 cos(
 𝑡 + 𝜑) , 𝑝 = 𝑚 _𝑥 = −𝑚𝐴
 sin(
 𝑡 + 𝜑). )788(
¤AtA 	s
𝐻 =
𝐴2𝑘
2 ⇒ 𝐴 =
√︂
2𝐻
𝑚
 2
. )789(
∙
( 𝐸) = 1
ℎ
∫︁
𝐻≤𝐸
𝑑𝑥𝑑𝑝
=
1
ℎ
∫︁
𝑝2/𝑏2 + 𝑥2/𝑎2≤1
𝑑𝑥𝑑𝑝. )790(
C⁄A AOA PA W TAs ¤l  —  O
𝑎 =
√︂
2𝐸
𝑘
, 𝑏 =
√
2𝑚𝐸. )791(
¤flA 	s 𝑥2/𝑎2 + 𝑦2/𝑏2 = 1 PAn  Wq  TAs
𝑆 =
∫︁ 𝑎
−𝑎
𝑑𝑥
∫︁ 𝑏√1−𝑥2/𝑎2
−𝑏
√
1−𝑥2/𝑎2
𝑑𝑦
= 2 𝑏𝑎
∫︁ 𝑎
−𝑎
𝑑𝑥
𝑎
√︀
1− 𝑥2/𝑎2
= 2𝑎𝑏
∫︁ 𝜋/2
−𝜋/2
cos𝜑𝑑𝜑
= 𝑎𝑏𝜋. )792(
w¡ flA   d  — 
( 𝐸) = 𝐸
ℎ

. )793(
∙

( 𝐸) = 𝛿𝐸
ℎ

. )794(
∙
𝑝
𝜕𝐻
𝜕𝑝
+ 𝑥
𝜕𝐻
𝜕𝑥
= 2𝐻. )795(
 — ∫︁ 𝐸
0
2𝐻𝑑𝑝𝑑𝑥 =
∫︁ 𝐸
0
𝑝
𝜕𝐻
𝜕𝑝
𝑑𝑝𝑑𝑥 +
∫︁ 𝐸
0
𝑥
𝜕𝐻
𝜕𝑥
𝑑𝑝𝑑𝑥
=
∫︁ 𝐸
0
𝑝
𝜕(𝐻 − 𝐸)
𝜕𝑝
𝑑𝑝𝑑𝑥 +
∫︁ 𝐸
0
𝑥
𝜕(𝐻 − 𝐸)
𝜕𝑥
𝑑𝑝𝑑𝑥
= −2
∫︁ 𝐸
0
(𝐻 − 𝐸)𝑑𝑝𝑑𝑥. )796(
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< 𝐻 > =
𝑑
𝑑𝐸
∫︀ 𝐸
0 𝐻𝑑𝑝𝑑𝑥
𝑑
𝑑𝐸
∫︀ 𝐸
0 𝑑𝑝𝑑𝑥
=
𝑑
𝑑𝐸
∫︀ 𝐸
0 (𝐸   𝐻)𝑑𝑝𝑑𝑥
𝑑
𝑑𝐸
∫︀ 𝐸
0 𝑑𝑝𝑑𝑥
=
∫︀ 𝐸
0 𝑑𝑝𝑑𝑥
𝑑
𝑑𝐸
∫︀ 𝐸
0 𝑑𝑝𝑑𝑥
=

𝑑  /𝑑𝐸
=
1
𝑑 ln  /𝑑𝐸
=
𝑘
𝑑𝑆/𝑑𝐸
= 𝑘𝑇. )797(
Tfi‘  £fi  AndtF 
𝑑
𝑑𝑥
∫︁ ℎ(𝑥)
0
𝑓 (𝑥, 𝑦)𝑑𝑦 =
∫︁ ℎ(𝑥)
0
𝜕
𝜕𝑥
𝑓 (𝑥, 𝑦)𝑑𝑦 + ℎ′ (𝑥)𝑓 (𝑥, ℎ(𝑥)) . )798(
:10 §rm

 ¤W‘ 	‘k   TAW  
𝐸 = 𝜖0(𝑛2𝑥 + 𝑛2𝑦 + 𝑛2𝑧). )799(
: At§wAV  Atlym An¡ ⁄fl  	‘kml TbsnA
n 'wtsm   @¡  fl . 𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l  Amys  : A 
.Tnkm TywkF⁄rky TA 3.3 = 9  —  An§d  r fi
'wtsm  ¤l rfl  ⁄ 𝐸 = 3 𝜖0 'wtsm  ¤l  Amys  d  : B 
An§d  r fi n 𝐸 = 9 𝜖0 ⁄ n ry 𝐸 = 3 𝜖0  fl . 𝐸 = 9 𝜖0
. Amys  z§Am ¤   C 2 y TywkF⁄rky TA 3.2 = 6
.
 𝐼 = 9 + 6 = 15 w¡ ⁄fl  	‘km  ¤ TywkF⁄rkym  flA   d
fi An¡  —  . 𝐸 = 9 𝜖0 'wtsm  ¤l § ys  ¤A  	‘kml TbsnA
.
 𝐼𝐼 = 3 '  TywkF⁄rky flA
.
 𝐼 .
 𝐼𝐼 = 15.3 = 45 w¡ ¤lk  flA   d  A ¤kyAA§   }Af  C d   fl
 fl  ¤W‘ TAW  .WF  'E wt bO§    A }Af  C d  zn Am 


𝐸 =
𝜋2 ℎ2
2𝑚 (𝑛
2
𝑥/𝐿
2
𝑥 + 𝑛
2
𝑦/𝐿
2
𝑦 + 𝑛
2
𝑧/𝐿
2
𝑧)
= 𝜖0(𝑛2𝑥/4 + 𝑛2𝑦 + 𝑛2𝑧). )800(
¢fl ⁄ 4 ¤l Tmsq  bq§ fl ¤‘ybV  d 𝑝 y 𝜖0𝑝/4 '⁄As AAV An¡
.21𝜖0  m    km§ fl AAW  £@¡  A )' r  d( Amys fi An§d
:TyAt  AAW  An ¤qbt§
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.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (2 ,1,1) :𝐸 = 3 𝜖0 
.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (2 ,1,2), (2,2,1), (4,1,1) :𝐸 = 6 𝜖0 
.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (2 ,2,2), (4,1,2), (4,2,1) :𝐸 = 9 𝜖0 
.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (2 ,3,1), (2,1,3) :𝐸 = 11𝜖0 
.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (4 ,2,2) :𝐸 = 12𝜖0 
.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (2 ,3,2), (2,2,3) :𝐸 = 14𝜖0 
.(𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (2 ,4,1), (2,1,4) :𝐸 = 18𝜖0 
:Tnkm T§wAV fiym fi An¡  — 
'wtsm  ¤l rfl  ⁄ 𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l  Amys : A 
,AyAk  fi ¢ 𝐸 = 9 𝜖0 'wtsm  ¤l ys  . 𝐸 = 9 𝜖0 'wAW 
Ayms  z§Am ⁄ AyAk  T‘s Amh 𝐸 = 6 𝜖0 'wtsm  ¤l  Amys 
TA 3.9.3 = 81 An¡  —  .Tfi '⁄As§ 
rR A‘ ¤  ' ¥§
.Tnkm TywkF⁄rky
𝐸 = 6 𝜖0 'wtsm  ¤l ¤A  ys  , 𝐸 = 3 𝜖0 'wtsm  ¤l ys : B 
𝐸 = 3 𝜖0 'wtsm  ¤l ys  . 𝐸 = 12𝜖0 'wtsm  ¤l A  ⁄
,AyAk  fi ¢ 𝐸 = 6 𝜖0 'wtsm  ¤l ys  ,›d ⁄ TyAk  ¢
Amys  z§Am ⁄ ›d ⁄ TyAk  ¢ 𝐸 = 12𝜖0 'wtsm  ¤l ys 
.TywkF⁄rky TA 6.1.3.1 = 18 An§d  —  .3! ¤  ' ¥§
'wtsm  ¤l rfl  ⁄ 𝐸 = 9 𝜖0 'wAW  'wtsm  ¤l  Amys : C 
T‘s Amh 𝐸 = 9 𝜖0 'wtsm  ¤l  Amys  . 𝐸 = 3 𝜖0 'wAW 
z§Am ⁄ ›d ⁄ TyAk  ¢ 𝐸 = 3 𝜖0 'wtsm  ¤l ys  ,AyAk 
3.9.1 = 27 An¡  —  .Tfi '⁄As§ 
rR A‘ ¤  ' ¥§ Ayms 
.Tnkm TywkF⁄rky TA
zA  C dn    z§ flA   d . 81 + 18 + 27 w¡ ¤Amfl  flA   d
.¤kyAA§ fl 
:11 §rm
'wtsm  ¤l  Amys  (𝐴) : At§wAV  Atlym An§d ¤⁄fl  Tbl‘l TbsnA 
.TywkF⁄rky TA 3.3 = 9 An¡  —  . r fi nm  𝐸 = 6 𝜖0 'wAW 
ys ⁄  r fi nm  𝐸 = 9 𝜖0 'wAW  'wtsm  ¤l ys (𝐵)
3.2 = 6 An¡  —  .nm  ry 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l
w¡ ⁄fl  	‘kml TbsnA TyAmfl  flA   d .TywkF⁄rky TA
.
 𝐼 = 9 + 6 = 15
¤l  Amys  (𝐴) : At§wAV  Atlym AS§  An§d TyA  Tbl‘l TbsnA
TA 3.3 = 9 An¡  —  . r fi nm  𝐸 = 9 𝜖0 'wAW  'wtsm 
fi nm  𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l ys (𝐵) .TywkF⁄rky
An¡  —  .nm  ry 𝐸 = 12𝜖0 'wAW  'wtsm  ¤l ys ⁄  r
¤A  	‘kml TbsnA TyAmfl  flA   d .TywkF⁄rky TA 3.2 = 6
.
 𝐼𝐼 = 9 + 6 = 15 w¡
.TywkF⁄rky TA 
 = 
 𝐼 . 
 𝐼𝐼 = 15.15 = 225 w¡ ¤lk  flA   d
.Hk‘  ⁄ 𝐸𝐼𝐼 = 24𝜖0 ,𝐸𝐼 = 6 𝜖0 (𝐴) :¤l§ Am TAW  Ewt    km§  
⁄ 𝐸𝐼𝐼 = 18𝜖0 , 𝐸𝐼 = 12𝜖0 (𝐶) .Hk‘  ⁄ 𝐸𝐼𝐼 = 21𝜖0 , 𝐸𝐼 = 9 𝜖0 (𝐵)
.𝐸𝐼𝐼 = 15𝜖0 ,𝐸𝐼 = 15𝜖0 (𝐷) .Hk‘ 
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TA( 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l  Amys  :¤⁄fl  Tbl‘  : (𝐴) 
𝐸 = 12𝜖0 'wAW  'wtsm  ¤l  Amys  :TyA  Tbl‘  .)›d ⁄
fi nm  𝐸 = 18𝜖0 'wAW  'wtsm  ¤l ys ,)›d ⁄ TA(
fi nm  𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l rfl  ys  ⁄  r
nm  𝐸 = 21𝜖0 'wAW  'wtsm  ¤ ys ,)flA T‘s(  r
.)TA 12( 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l rfl  ys  ⁄  r TtF
.TA 
 𝐴 = 
 1. 
 2.2 = 1.31.2 = 62 An¡  — 
⁄ 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l ys :¤⁄fl  Tbl‘  : (𝐵)
TtF (  r fi nm  𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l ys
ys ⁄ 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l ys :TyA  Tbl‘  .)flA
,)flA TtF(  r fi nm  𝐸 = 18𝜖0 'wAW  'wtsm  ¤l
ys  ⁄  r Tfi nm  𝐸 = 9 𝜖0 'wAW  'wtsm  ¤ ys
An¡  —  .)flA TtF( 𝐸 = 12𝜖0 'wAW  'wtsm  ¤l rfl 
.TA 
 𝐵 = 
 1.
 2.2 = 6.12.2 = 144
ys ⁄ 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l ys :¤⁄fl  Tbl‘  : (𝐶)
,)flA TtF (  r fi nm  𝐸 = 9 𝜖0 'wAW  'wtsm  ¤l
T‘s(  r fi nm  𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l  Amys 
ys ⁄ 𝐸 = 12𝜖0 'wAW  'wtsm  ¤l ys :TyA  Tbl‘  .)flA
,)flA TtF(  r fi nm  𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l
T‘s(  r Tfi nm  𝐸 = 9 𝜖0 'wAW  'wtsm  ¤  Amys 
.TA 
 𝐶 = 
 1. 
 2.2 = 15.15.2 = 450 An¡  —  .)flA
nm  𝐸 = 6 𝜖0 'wAW  'wtsm  ¤l ys :¤⁄fl  Tbl‘  : (𝐷)
fi nm  𝐸 = 9 𝜖0 'wAW  'wtsm  ¤l ys ⁄  r fi
¤l ys ⁄ 𝐸 = 3 𝜖0 'wAW  'wtsm  ¤l ys ,)TA 18 (  r
 —  .  d‘t  Hf :TyA  Tbl‘  .) AtA( 𝐸 = 12𝜖0 'wAW  'wtsm 
.TA 
 𝐷 = 
 1.
 2 = 20.20 = 400 An¡
w¡ TywkF⁄rkym  flAl ¤Amfl   d‘  

 = 
 𝐴 + 
 𝐵 + 
 𝐶 + 
 𝐷 = 62 + 144 + 450 + 400 = 1056 . )801(
TA '  ¤l wO  Amt   A Amtfl  '⁄As Tmls 	s
w¡ TywkF⁄rky
𝑃 = 1/1056. )802(
flAmtfl  AS§  	s
𝑃 (𝐸𝐼 = 6 𝜖0) = 31/1056, 𝑃 (𝐸𝐼 = 9 𝜖0) = 72/1056
𝑃 (𝐸𝐼 = 15𝜖0) = 400/1056, 𝑃𝐼 (𝐸𝐼 = 12𝜖0) = 225/1056.
)803(
:12 §rm
.T¶ztA TlAkm  
.As   ¥s  ¤ Ahyl An¡r ¤t  Ty}A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Afi‘  ¤   A§ ¥§ 𝑥 = 𝑎𝑧2 rytm  ryy ⁄ T¶ztA TlAkm  ∙
(1/2)! =  (3 /2) = 12
∫︁ ∞
0
𝑥−1/2𝑒−𝑥𝑑𝑥
= −𝑎3/2 𝑑
𝑑𝑎
∫︁ + ∞
−∞
𝑑𝑧𝑒−𝑎𝑧
2
= −𝑎3/2 𝑑
𝑑𝑎
(√𝜋𝑎−1/2)
=
1
2
√
𝜋. )804(
 — 
(3/2)! = (1 /2) (1 /2) = √𝜋/4. )805(
.›rRAm  ¤  r\  ∙
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Quantum Mechanics
This part is based primarily on the books [9, 10]. Sakurai is the historical
texbook on quantum mechanics for the older generations of graduate students in
the US, while Griffiths is the most pedagogical textbook on quantum mechanics
out there. This course on quantum mechanics should only be taken by graduate
students who have already taken a modern physics course. Again, due to
lack of time, only fundamental topics are discussed: 1) An introduction to
quantum mechanics, 2) Theory of perturbations and 3) Theory of scattering.
In the first chapter, a quick introduction to the subject is given, which includes:
Dirac quantization, Hilbert spaces, wave functions, rotational invriance, exact
solutions of the Schrodinger equation, etc. In the second chapter, a systematic
expostion of the theory of perturbation theory, both time-independent and time-
dependent, is presented. This is a very long chapter with many applications such
as the Hydrogen atom and emission and absorption of radiation. In the third
chapter, the theory of quantum scattering is discussed in great detail. See in
particular chapters 5 and 7 of Sakurai, and chapters 6, 9 and 11 of Griffiths.
The treatise of Landau et al and Tannoudji et al [7, 11] were also consulted
occasionally. Most exercises are taken from [9, 10]. The solutions Manual for
Griffiths is found in [12].
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¤wmk  yAkym  ¤  d
rn§ ⁄rJ T A‘ ⁄ ¤wAq  ymkt 
TywAq   Abt  Afi
yAkym  ¤ . 𝑉  wm ry   A‘  Tfi ¤ rt§ ys rbt‘
w¡ ?⃗? y )63('CwW  ”ASf  ¤ (?⃗?, 𝑝) TWqnA ¤W‘ ys  TA ¤kyFfik 
 𝑝𝑖 ⁄ 𝑥𝑖 ¤l O . 𝑝 = 𝑚_?⃗? '  Tr  Tym A‘J w¡ 𝑝 ⁄ Rwm  A‘J
Trl  wtlyA¡ fl A‘
_𝑝𝑖 =  
𝜕𝐻
𝜕𝑥𝑖
, _𝑥𝑖 =
𝜕𝐻
𝜕𝑝𝑖
. )806(
”ASf  ¤l T  ¤¡ 𝐻 T d  . )64( TywAq   rytmA r‘§ (𝑥𝑖, 𝑝𝑖) ⁄z 
Tylk  TAW   AWt ⁄ )65(TywtlyAhA r‘ , 𝐻 = 𝐻(𝑥𝑖, 𝑝𝑖) '  ,'CwW 
 —  .Tlml
𝐻 = 𝑇 + 𝑉 =
∑︀
𝑖 𝑝𝑖𝑝𝑖
2𝑚 + 𝑉 (𝑥𝑖). )807(
'fl  wF w xw . )66(  wF w x w  Tfld  wtlyA¡ fl A‘ TAy} km§

 r‘§ 𝑝𝑖 ⁄ 𝑥𝑖 TywAq   rytml TbsnA 𝑣 ⁄ 𝑢 yt  
[𝑢, 𝑣]P.B =
∑︁
𝑖
(︂
𝜕𝑢
𝜕𝑥𝑖
𝜕𝑣
𝜕𝑝𝑖
 
𝜕𝑢
𝜕𝑝𝑖
𝜕𝑣
𝜕𝑥𝑖
)︂
. )808(

 ¤W‘ TyFAFfl   wF w x w 
[𝑥𝑖, 𝑥𝑗 ]P.B = 0 , [𝑝𝑖, 𝑝𝑗 ]P.B = 0 , [𝑥𝑖, 𝑝𝑗 ]P.B = 𝛿𝑖𝑗 . )809(
TqtKm  .𝑄 = 𝑄(𝑥𝑖, 𝑝𝑖, 𝑡) '  z  ⁄ 𝑝𝑖 ,𝑥𝑖 TywAq   rytm  ¤ T  𝑄 kt

 ¤W‘ 𝑄 T dl zl TbsnA Tylk 
𝑑𝑄
𝑑𝑡
= [𝑄,𝐻]P.B + 𝜕𝑄
𝜕𝑡
. )810(
phase space.)63(
canonical variables .)64(
hamiltonian .)65(
Poisson brackets.)66(
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Ahyl wO  km§  wtlyA¡ fl A‘ . 𝑄 T d  Tr T A‘ ¤¡ £@¡
,_𝑥𝑖 = [ 𝑥𝑖, 𝐻]P.B ¤l ›rJAb O 𝑄 = 𝑥𝑖, 𝑝𝑖 Art   —  ‘fA .T}A TA
. £fi   wtlyA¡ fl A‘ XbSA ¤¡ ⁄ _𝑝𝑖 = [ 𝑝𝑖, 𝐻]P.B
 r§ 	s .TlAqm  Tywmk  Tlm  ¤W‘§ TykyFfik  Tlm  £@¡ )67(ymk
 TykyFfik  Tlm   AfiW  Tywmk  Tlm  ¤l wO  Annkm§ ¢A )68(
¤AtA )69( fldbm  wF w x w  {§w‘ §rV
[, ]P.B  ! 1
𝑖ℎ
[, ]. )811(
 Tywmk  Tlm  ¤l O AnA 'r  ›CAb‘ . )70(  wt  db w¡  @¡
Tym r¥m 𝑝𝑖 Tr  Tym ⁄ ?^?𝑖 Rwm  r¥m 𝑥𝑖 Rwm  {§w‘ §rV
TyAt  fldbmA ›AW‘ TyFAFfl   wF w x w  bO y 𝑝𝑖 Tr 
[?^?𝑖, ?^?𝑗 ] = 0 , [𝑝𝑖, 𝑝𝑗 ] = 0 , [?^?𝑖, 𝑝𝑗 ]P.B = 𝑖ℎ𝛿𝑖𝑗 . )812(
r‘ [𝐴,𝐵] dbm     R w   .TywAq  ⁄  TyFAFfl   Abt  Afi ¤¡ £@¡
¤l r¥    	§ AhA   d  sy ⁄  r¥ ¤¡ 𝑝𝑖 ⁄ ?^?𝑖  fl AS§  .𝐴.𝐵   𝐵.𝐴 

	r ¤A‘J ”AS w¡ rbly¡ ”AS . )71( rbly¡ ”AS FA r‘§ H A ”AS
.¤¶Ah fl d‘ ⁄— ,TA  £@¡ ¤ qt  @¡ ⁄ , wk§    km§
rbz§A¡ T A‘
TywtlyAh   A 𝑝𝑖 ⁄ 𝑥𝑖 ¤ T  ¤¡ ¤t  TykyFfik  TywtlyAh  ¤l AFAy
?^?𝑖  r¥m   fl .¤flA Ahyl O 𝑝𝑖 ⁄ ?^?𝑖  r¥m  ¤ T  ¤¡ Tywmk 
r¥ ¤¡ Tywmk  TywtlyAh   A Ahny Amy  Abt 𝑝𝑖 AS§  ⁄ Ahny Amy  Abt

 ¤W‘§ H rbly¡ ”AS ¤l
?^? =
∑︀
𝑖 𝑝
2
𝑖
2𝑚 + 𝑉 (?^?𝑖). )813(
|w‘ , 𝑄 = 𝑄(𝑥𝑖, 𝑝𝑖) 'CwW  ”ASf  ¤l T  '  ,TykyFfi T  '   A mA
z  ¤ £CwW ¤W‘§ H rbly¡ ”AS ¤l ?^? = ?^?(𝑡) r¥m ymkt  d‘
ymkt  Tf}w ¢yl O§ '@  , (810) Tr  T A‘m ¤wmk  AqmA

 '  , (811)
𝑖ℎ
𝑑?^?
𝑑𝑡
= [ ?^?, ?^?]. )814(
AAm T•Ak T A‘m  £@¡ 'rnF Am .)72(Trl rbz§A¡ T A‘ ¤¡ £@¡
.
)73(rn§ ⁄rJ T A‘m
quantization .)67(
Dirac .)68(
commutators .)69(
correspondence principle .)70(
hilbert space .)71(
Heisenberg.)72(
Schrodinger.)73(
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'@  r¥m  '  , H rbly¡ ”AS ¤l 𝑈 = 𝑈 (𝑡, 𝑡0) ' Afl  r¥m   fl  rbt‘
y zA l‘t§ '@  ⁄ , 𝑈𝑈+ = 𝑈+ 𝑈 = 1 q§
?^?(𝑡) = 𝑈 (𝑡, 𝑡0)?^?(𝑡0)𝑈 (𝑡, 𝑡0)+ . )815(
 AWt§ ?^?(𝑡0)    R w   .CwWt  r¥ FA r‘§ 𝑈 (𝑡, 𝑡0) ' Afl  r¥m 
.𝑑?^?(𝑡0)/𝑑𝑡 = 0 '  zA l‘t§ fl ?^?(𝑡0)  —  .𝑡0 Tynz  T\l  ¤ ?^?(𝑡) r¥m 
”AS ¤l ?^?(𝑡0) r¥ '     [𝑈 (𝑡0, 𝑡0), ?^?(𝑡0)] = 0 An§d  wk§    	§ AS§ 
Tyfy AkA m§ 𝑈 (𝑡, 𝑡0) r¥m   —  . 𝑈 (𝑡0, 𝑡0) = 1 ¤AtA ⁄ H rbly¡
Th  	s    km§ ‘fA .zl ?^?(𝑡) Ty‘y
𝑖ℎ
𝑑?^?
𝑑𝑡
= 𝑖ℎ
𝑑𝑈
𝑑𝑡
?^?0𝑈
+ + 𝑖ℎ𝑈?^?0
𝑑𝑈+
𝑑𝑡
. )816(
	s 'rfl  Th  
[?^?, ?^?] =   ?^?𝑈?^?0𝑈+ + 𝑈?^?0𝑈+ ?^?. )817(
¤l O  — 
𝑖ℎ
𝑑𝑈
𝑑𝑡
=   ?^?𝑈 , 𝑖ℎ
𝑑𝑈+
𝑑𝑡
= 𝑈+ ?^?. )818(
⁄ zA l‘t fl , A‘  fi ¤ r  ys  TA ,TA  £@¡ ¤ TywtlyAh 
¤l ›rJAb O ¤AtA
𝑈 = 𝑈 (𝑡, 𝑡0) = 𝑒 ih ?^?(𝑡−𝑡0 ) . )819(
rn§ ⁄rJ T A‘
›CAb ¤¡ ¤t  , )74( A\fim  y ¤wmk  yAkym  ¤ FAJ r An¡
Tlm  )75(TA T‘J  ⁄ ,Trt  ¤ xAq    km§ ¤t  Ty¶A§zyf  Aymk  
 r¥m Ahn rb‘§ A\fim  Af  Ar— Am .z  ¤ Tlm  TA  d ¤t 
Tr  Tym  r¥ ⁄ ?^?𝑖 Rwm   r¥  H rbly¡ ”AS ¤l r¥
Aymk   fl ?^?+ = ?^? '  )76( Tytyr¡ AS§   wk    	§  r¥m  £@¡ . 𝑝𝑖
 Ahyl rb‘§ TA  T‘J  .Tyqyq ›C⁄rSA  wk    	§ TFAqm  Ty¶A§zyf 
   km§ A\fim   A ¤AtA ⁄ H rbly¡ ”AS  r}An‘ 'rfl  Th 
.'r  TA T‘J  tnt Ahyl r¥
'@  j𝜓(𝑡0) > )78( AkA TA  T‘Jfl zr )77(  r§ zyrt ¤ms§ A ¤
.< 𝜓(𝑡0)j𝜓(𝑡0 >= 1 '  \n  wk§    ¢y “rtK    AS§  km§
l‘t Tytyr¡  r¥m Ahn rb‘§ A\fi ¤l AnlO Plm  ¤  — 
r\ Th⁄ XbSA ¤¡ £@¡ .z  ¤ TtA j𝜓(𝑡0) > TA T‘J  ⁄ ?^?(𝑡) zA
observables.)74(
state vectors .)75(
hermitian .)76(
dirac notation .)77(
ket .)78(
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¤ TtA bO ¤t  ¤¡ A\fim   A rn§ ⁄rJ r\ Th⁄  .rbz§A¡
'@  j𝜓(𝑡) > 
 	W‘ zA l‘t AhA TA  T‘J  A  ?^?(𝑡0) 
 ›AW‘ z 
TA  A‘J ¤W‘§    'r  ›CAb‘ . 𝑡0 Tynz  T\l  ¤ j𝜓(𝑡0) > '⁄As§ w¡
AkA rn§ ⁄rJ r\ Th⁄ ¤
j𝜓(𝑡) >= 𝑈 (𝑡, 𝑡0)+ j𝜓0 > . )820(
 . (815) T A‘m  ¤ r‘m  CwWt  r¥ XbSA w¡ 𝑈 (𝑡, 𝑡0) ' Afl  r¥m 

 ¤W‘§ z  ¤ j𝜓(𝑡) > TA  A‘J CwW    ›rJAb R w 
𝑖ℎ
𝑑
𝑑𝑡
j𝜓(𝑡) > = 𝑈+ ?^?𝑈 j𝜓(𝑡) >
= ?^? j𝜓(𝑡) > . )821(
¤th⁄  )79(›r\ttm  yq     AS§  R w   .rn§ ⁄rJ T A‘ ¤¡ £@¡
   	§ ¤¶A§zy xAy  rb‘ Ahfl T§⁄Ast ¤¡ rn§ ⁄rJ ⁄ rbz§A¡ r\
'  ›C⁄rSA ¢sf  wk§
< 𝜓(𝑡)j?^?0j𝜓(𝑡) >=< 𝜓0j?^?(𝑡)j𝜓0 > . )822(
rbly¡ ”AS
TA  T‘J 
 w  ¤ .¤wmk  yAkym  ¤ A§Cw  C⁄ rbly¡ ”AS ›rk 	‘l
,Ahyl r¥ ¤t   r¥m  ⁄ TA  T‘J  ,¤wmk  yAkym  Awk ¡   A
Twm  A ‘fA .Tlm  T}A rbly¡ ”ASf Aqy⁄ AVAbC  Xbr Am¡fi
Tytyr¡  r¥m AWfim   rb‘§ Amny rbly¡ ”AS kK TA  T‘J  
.rbly¡ ”AS ¤l r¥
	l  ¤ Ty¡Ant ry  A‘  ⁄— 	r ¤A‘J ”AS w¡ H rbly¡ ”AS

 rbly¡ ”AS T‘Jfl zr  r§ AbA . )80( ¤l  ” d wnm  Ayfl 
)82(
Wqt ¢Rrtf ,y‘ xAF  ¤ .) )81( A A¡ rf( HA Ahyms ⁄ j𝜓 >
T§ wm‘  T‘Jfl  kJ ¤l TA  T‘J  	tk ,Xysbtl
j𝜓 >=
∑︁
𝑛
𝑎𝑛j𝑒𝑛 > . )823(
”AS  A › Afl  . 1 ¤  0  y @§ 𝑛 y j𝑒𝑛 > 
 xAFfl  r}An‘ AzC
  d  ¤¡ 𝑎𝑛 Abrm   A 	lWm  XbSA ‚Ak§ 	r ”AS w¡ H rbly¡
.Tbr
¤l d  ” d  . j𝜑 >= ∑︀𝑛 𝑏𝑛j𝑒𝑛 > '  𝑏𝑛 Abrm r  TA A‘J j𝜑 > ky

 r‘§ < 𝜑j𝜓 > 
 ¢ zr§ '@  ⁄ j𝜑 > ⁄ j𝜓 > y
< 𝜑j𝜓 >=
∑︁
𝑛
𝑏*𝑛𝑎𝑛. )824(
expectation values .)79(
inner product .)80(
ket .)81(
discrete.)82(
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 r‘§ < 𝜓|𝜑 > 
 ¢ zr§ '@  ⁄ |𝜓 > ⁄ |𝜑 > y ¤l d  ” d   A mA
< 𝜓|𝜑 >=
∑︁
𝑛
𝑎*𝑛𝑏𝑛. )825(
m‘§ ¤l d  ” d  . < 𝜑|𝜓 >=< 𝜓|𝜑 >*    ›rJAb ^fi Af§r‘t  £@¡ 
.Tyqyq  TyA‘K   ”ASf  ¤ ¤mls  ” d 
'  HAt ⁄ dA‘t w¡ {|𝑒𝑛 >} xAFfl     R w   £fi  §r‘t  
< 𝑒𝑛|𝑒𝑚 >= 𝛿𝑛𝑚. )826(
¤ < 𝜑| TyW  T d  Tmy ¢  ¤l hf§    AS§  km§ < 𝜑|𝜓 > ¤l d  ” d 
'r  ›CAb‘ . ℋ rbly¡ ”AS  |𝜓 > )A‘K ( TWqn 
< 𝜑| : ℋ −→ C
|𝜓 >−→< 𝜑|𝜓 > . )827(
'wn w¡ '@  ℋ* r  rbly¡ ”AS r‘ < 𝜑| TyW   ⁄d   Twm
) )84(  r  rf( x rbA  r§ zyr ¤ r‘ ¤t  < 𝜑| r}An‘  . ℋ  )83(
Tyqfl  T‘JflA ¤W‘
< 𝜑| =
∑︁
𝑛
𝑏*𝑛 < 𝑒𝑛|. )828(
xAFfi T§wn ¤AtA ¤¡ ⁄ ℋ* 'wn  ”ASf  ¤ xAF  ¤¡ {< 𝑒𝑛|} Twmm 
|𝜑 > Akl ¤tyrh   rm  w¡ < 𝜑|  rb   A “wbS r  ¤n‘ ¤ . {|𝑒𝑛 >}
.< 𝜑| = ( |𝜑 >)+ ' 
¤l d  ” d  Tfld r‘    	§ |𝜓 > TA  A‘J Tl§wV    R w  
'⁄As Tl§wW   A dytA .	w ¤qyq  d Am¶  w¡ '@  < 𝜓|𝜓 >
TA  Hf m 𝑎 	 r  d '     𝑎|𝜓 > ⁄ |𝜓 >  AtA  . √︀< 𝜓|𝜓 >
.< 𝜓|𝜓 >= 1 y |𝜓 > A‘K  \n    Am¶  Annkm§ 'r  ›CAb‘ .Ty¶A§zyf 
'  y\ntl TlA T‘J   —  ¤¡ ℋ rbly¡ ”AS r}An
if |𝜓 >∈ ℋ then < 𝜓|𝜓 ><∞. )829(
A‘J T}A 𝑎𝑛 Abrm  	s    km§ < 𝑒𝑛|𝑒𝑚 >= 𝛿𝑛𝑚 “rK  Am‘tFA
d . |𝜓 > TA 
𝑎𝑛 =< 𝑒𝑛|𝜓 > . )830(
kK   —  @§ (823) rKn 
|𝜓 >=
∑︁
𝑛
|𝑒𝑛 >< 𝑒𝑛|𝜓 > . )831(
)85(
Amtfl  Tfi An§d  wk§    	§ 'r  ›CAb‘∑︁
𝑛
|𝑒𝑛 >< 𝑒𝑛| = 1. )832(
|𝑒𝑛 > Ak  y )86(¤CA  ” d   ¢yl O r¥ ¤¡ |𝑒𝑛 >< 𝑒𝑛| Tymk 
.
)87(Xqs AS§  w¡ r¥m   @¡ . < 𝑒𝑛|  rb  ⁄
dual .)83(
bra.)84(
completeness relation .)85(
outer product .)86(
projector .)87(
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A\fim 
'  . H rbly¡ ”AS ¤l Tytyr¡  r¥m Tlm  T}A A\fim  m
TA A‘J ¤  j𝜓 > TA A‘J @§ ¢fl ¤W §w w¡ H ¤l r¥§ ?^? r¥
'  ?^?j𝜓 > 
 ¢ zr r 
?^? : H  ! H
j𝜓 > ! ?^?j𝜓 > . )833(
§ d '     ?^?(𝑎j𝜓 > + 𝑏j𝜑 >) = 𝑎?^?j𝜓 > + 𝑏j?^?j𝜓 > ¢fl TyW T d  £@¡
¤t   A‘fl  Ty¡Antm  ry TwfOmA ¢lym km§ ?^? r¥m   —  . 𝑏 ⁄ 𝑎 ybr
'  < 𝑒𝑛j?^?j𝑒𝑚 > 
 fj 𝑒𝑛 >g xAFfl  ¤ AhAbr ¤W‘
?^? =
∑︁
𝑛
∑︁
𝑚
< 𝑒𝑛j?^?j𝑒𝑚 > j𝑒𝑛 >< 𝑒𝑚j. )834(
w¡ ?^?+ y ?^?+ = ?^? ¤ARfl  “rK  q§ '@  r¥m  w¡ ¤tyrh  r¥m 
'r  ›CAb‘ . < 𝜑j?^?j𝜓 >=< 𝜓j?^?+ j𝜑 >* 
 r‘§ '@  ?^?  ¤tyrh   rm 
Tmyq  .< 𝑒𝑛j?^?+ j𝑒𝑚 >= ( < 𝑒𝑚j?^?j𝑒𝑛 >)* q ¤tyr¡ r¥ '  Abr
'  j𝜓 > ⁄ ?^?j𝜓 > y ¤l d  ” dA ¤W‘ j𝜓 > TA  A‘J ¤ ?^?  ›r\tnm 
< ?^? >=< 𝜓j?^?j𝜓 > . )835(
¶At XFwt .Tyqyq  wk    	§ < ?^? > ›r\tnm  Tmyq   A ?^?+ = ?^?  fl
,Tq§rW  Hfn ›rS '  ,TqAWt m ¤l 'r ¤t  ?^? r¥ml AFAy ›d
 d ¤¡ xAy '  Tyt  fl AqmA . < ?^? > ›r\tnm  Tmyq  XbSA ¤¡
¤AtA ⁄ Tyqyq  wk    	§ ^fi m§ r¥m ›r\tnm  Tmyq   A ¤qyq
.¤tyr¡  wk§    	§ r¥m   A
r ?^? ¤tyrh  r¥ml ¤ — A‘J ¢  j𝜓 > \n TA A‘J  wq
 A  —  𝜆 Ty @  TmyqA
?^?j𝜓 >= 𝜆j𝜓 > . )836(
'CAy‘m   rfl   A — ¤l ›⁄fi . 𝜆 '⁄As j𝜓 > ¤ ?^?  ›r\tnm  Tmyq 
'r  ›CAb‘ .rf} w¡ 𝜎2 =< 𝜓j(?^?  < ?^? >)2j𝜓 > 
 r‘m  j𝜓 > ¤ ?^? 
¤t  AFAyq   ¶At    ¤n‘m Tlml )88(¤nyq§ A‘J w¡j𝜓 > ¤ @  A‘K 
TA  ¤ Tq§rW  Hfn ›rSm  TqAWtm  m   Twm ¤l 'r
.𝜆 Tmyq  Hf ¤W‘ j𝜓 >
 wk§    km§ yW  .r¥m  yV ¤ms ?^? T}A Ty @  yq   Twm
TA ¤ .Ty @  Tmyq  Hfn Tqr r  ⁄   AtA dw    km§ '  n
Ty @  Aht‘J  ⁄ Tyqyq  wk Ty @  yq   A Wqt yV '— ¤tyr¡ r¥
¢A 𝜆𝑛 
 Tqrm  ?^?  Ty @  T‘Jfl  ¤¡ j𝜆𝑛 > A  —   —  .Ahny Amy ›dA‘t
An§d  wk§    	§
< 𝜆𝑚j𝜆𝑛 >= 𝛿𝑚𝑛. )837(
determinate .)88(
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”ASf  .Tln Ty¶z  ”ASf Tqr Ty — y An¡    ¤n‘§ fifl   w⁄
 ¤ @  ”ASfA AS§  ¤ms§ '@  ⁄ , 𝜆𝑛 Ty @  TmyqA rm  nm  ¤¶z 
Tq§rV m‘ts . 𝜆𝑛 
 Tqrm  Ty @  T‘Jfl   ¤l 'wt§ , 𝜆𝑛 
 rm  ?^?
”AS    ›dA‘tm  Ty @ T‘Jfl   A§     )89( ymK- r  dym‘t 
` .¤ —
r¥ 'fl j𝜆𝑛 > Ty @  T‘Jfl  Twm  A ¢tn rbly¡ ”AS   
”AS   j𝜓 > TA A‘J '   A 'r  ›CAb‘ .Tlmtk Twm ¤¡ ?^? ¤tyr¡
'  j𝜆𝑛 >  ¤W 	yr kJ ¤l ¢tAt km§ rbly¡
j𝜓 >=
∑︁
𝑛
𝑐𝑛j𝜆𝑛 > . )838(
¤¡ £fi  Ty}A  . N  Tyhtn Twm ¤l  ⁄d w¡ 𝑛 ¤l wmm 
Amtfl  Tfi‘ AAm T•Ak∑︁
𝑛
j𝜆𝑛 >< 𝜆𝑛j = 1. )839(
TA ¤  m‘§ fl Tyhtnm   ”ASf  TA ¤ Amtfl  Ty}A ¤l  A¡rb 
Ty}A ¤¡ ¤t  ,Amtfl  Ty}A @ AnA —  .Tyhtnm  ry  ”ASf 
Tynqt  TyAn   . r§ ‘ Am Tmlsm ,¤wmk  yAkym  ¤ T§Cw
m    km§ ¤t  Tytyrh   r¥m  An}   d    Anyl 	§ ¢  ¤n‘§  @¡
 A mA .Tmls Xq ¤¡ (832) Amtfl  Tfi  —  .T§r\n  ¤ AWfim 
.Tmls AS§  ¤¡  d ry 𝑛 ¤l wmm  Ahy  wk§ ¤t  (839) Amtfl  Tfi
Tywm   ⁄d  ⁄ ›rmtsm  AyVfl 
Tywm   ⁄d  ⁄ Rwm  r¥
°m ¤t   r¥m  '  ,›rmtsm  AyVfl   — Tytyrh   r¥m  TA ¤
›CAb‘ .y\ntl TlA ry Tq rm  Ty @  T‘Jfl   A ,rmts A Ty @  Ahmy
   km§ fl ¤AtA ⁄ rbly¡ ”AS ¤ q fl Tq rm  Ty @  T‘Jfl  £@¡ 'r 
T‘Jfl  £@h ¤W  	yrt  Xq Ty‘Rw  £@¡  ¤ .Ty¶A§zy flA m
.Ty¶A§zy flA  rb‘§    km§ Ty @ 
Afi .d ⁄ d‘ ¤ 𝑝 ⁄ ?^? Tr  Tym ⁄ Rwm   r¥ @ Am
kK  ¤l 	tk TywAq   Abt 
[?^?, 𝑝] = 𝑖ℎ. )840(

 r‘§ 𝑥 Ty @  TmyqA rm  ?^? Rwm  r¥m j𝑥 > ¤ @  A‘K 
?^?j𝑥 >= 𝑥j𝑥 > . )841(
 Ty @  yq     |rtf    ¤‘ybW    —  .¤tyr¡ r¥ w¡ Rwm  r¥
AS§  	s .Tyqyq ?^?
< 𝑥
′ j?^?j𝑥 >= 𝑥 < 𝑥′ j𝑥 >= 𝑥′ < 𝑥′ j𝑥 > . )842(
Gram   Schmidt .)89(
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   ›rJAb tnts    km§
< 𝑥
′ j𝑥 >= 𝛿(𝑥′   𝑥). )843(
wq Annk .' A‘  ¤n‘mA yWntl TlA ry Ahnk ›dA‘t j𝑥 > Ty @  T‘Jfl 
¤ms (843) T A‘m  .< 𝑥j𝑥 >= 𝛿(0)    ¤n‘m  r§ 	s y\ntl TlA Ah 
Amtfl  Tfi tK     —  km§ . r§d HAt  ⁄ dA‘t  “rJ∫︁
𝑑𝑥j𝑥 >< 𝑥j = 1. )844(
kK  ¤l j𝑥 > xAFfl  ¤ rKn§    km§ j𝜓 > TA A‘J ' 
j𝜓 >=
∫︁
𝑑𝑥
′
𝜓(𝑥′ )j𝑥′ > . )845(
	s
𝜓(𝑥) = < 𝑥j𝜓 > . )846(
y\ntl TylAq  “rJ . j𝜓 > TA  A‘K Tq wm  Tlm  Tw T  ¤¡ £@¡
rml Akt  TylA “rJ bO§ < 𝜓j𝜓 >< 1
< 𝜓j𝜓 >=
∫︁
𝑑𝑥j𝜓(𝑥)j2 < 1 . )847(
Akt  TylA “rJ q ¤t  [𝑎, 𝑏] A ¤l 𝜓(𝑥)  ⁄d   Twm
.𝐿2(𝑎, 𝑏) ¤ms§ rbly¡ ”AS kK rml
¤l Rwm  xAF  ¤ j𝜑 > ⁄ j𝜓 > TA ¤A‘K ¤l d  ” d  AS§  	tk
kK 
< 𝜑j𝜓 >=
∫︁
𝑑𝑥𝜑(𝑥)*𝜓(𝑥). )848(
AAsfl  ⁄ Tr  Tym r¥
whf §dqt db    dyfm   ¢  dqt‘ 𝑝 Tr  Tym r¥ ryWq b

 ¤W‘§  @¡ .𝑈 (𝑑𝑥) rO  ¤ £Antm  ry 
Asfl 
𝑈 (𝑑𝑥)j𝑥 >= j𝑥 + 𝑑𝑥 > . )849(
w¡ j𝜓 > TA  A‘J ¤l 𝑈 (𝑑𝑥) ry
𝑈 (𝑑𝑥)j𝜓 > =
∫︁
𝑑𝑥
′
𝜓(𝑥′ )𝑈 (𝑑𝑥)j𝑥′ >
=
∫︁
𝑑𝑥
′
𝜓(𝑥′ )j𝑥′ + 𝑑𝑥 >
=
∫︁
𝑑𝑥
′
𝜓(𝑥′   𝑑𝑥)j𝑥′ > . )850(
   | rtA . 1 ¤   1  w¡ 𝑥 ¤l Akt     AnRrt  £fi  T A‘m  ¤
𝑈 r¥m      qt    km§ \n w¡ 𝑈 (𝑥)j𝜓 > 	snm  TA  A‘J
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U−1(𝑑𝑥) = 𝑈 (−𝑑𝑥) ,𝑈 (0) = 1 AS§  q§ r¥m   @¡ . 𝑈+ 𝑈 = 1    '  ' A 
w £rK Am¶  km§ 𝑈 (𝑑𝑥) ' Afl  r¥m  . 𝑈 (𝑑𝑥1)𝑈 (𝑑𝑥2) = 𝑈 (𝑑𝑥1 + 𝑑𝑥2) ⁄
¤AtA ›dw  r¥
𝑈 (𝑑𝑥) = 1 − 𝑖𝐾𝑑𝑥. )851(
 db .¤AtA ¢bs ⁄ 
Asfl  dwm 𝐾 ¤tyrh  r¥m  r‘§
[?^?, 𝑈 (𝑑𝑥)]|𝑥 >= 𝑑𝑥|𝑥 + 𝑑𝑥 > . )852(
kK  ¤l ¢tAt › A  km§  @¡
−𝑖[?^?,𝐾]|𝑥 >= |𝑥 > +𝑂(𝑑𝑥). )853(
'r  ›CAb‘
[?^?,𝐾] = 𝑖. )854(
'  ℎ ysq 𝑝 Tr  Tym r¥  ¢tqAW  —  km§ 𝐾 
Asfl  dw
𝐾 =
𝑝
ℎ
. )855(
rO  ¤ Ty¡Antm  ry AAsfl   AfiW  𝑈 (𝑥) ¢tn 
As  ”An km§
rO  ¤ Ty¡Ant ryAhl 	A‘t 
As  𝑁 rbt‘ .¤At  kK  ¤l
ry AAsfl  £@¡ 	yr XbSA w¡ 𝑈 (𝑥) ¢tnm  
Asfl  . 𝑈 (𝑑𝑥)
 —  .𝑑𝑥 = 𝑥/𝑁 y 𝑈 (𝑥) = 𝑈 (𝑑𝑥)𝑈 (𝑑𝑥)..𝑈 (𝑑𝑥) '  rO  ¤ Ty¡Antm 
.𝑈 (𝑥) = ( 1 − 𝑖𝐾𝑑𝑥)𝑁 = 𝑒−𝑖𝐾𝑥
kK  ¤l Ah‘R⁄ km§ (850) T A‘m 
(1 − 𝑖 𝑝
ℎ
𝑑𝑥)|𝜓 >=
∫︁
𝑑𝑥
′ (𝜓(𝑥′) − 𝑑𝑥𝜕𝜓(𝑥
′ )
𝜕𝑥′
)|𝑥′ > . )856(
TA  A‘J  fl At  AqtJfl  |w ¤¶z  AqtJfl  T A‘m  £@¡ ¤ Anlm‘tF 
An\A '@  z  ¤l AS§  l‘t    km§ , 𝜓(𝑥) Twm  T  ¤AtA ⁄ , |𝜓 >
	tk    km§ AqmA .An¡ b ¢yl
𝑝|𝜓 >=
∫︁
𝑑𝑥
′
ℎ
𝑖
𝜕𝜓(𝑥′ )
𝜕𝑥′
|𝑥′ > . )857(
⁄ 
< 𝑥|𝑝|𝜓 >= ℎ
𝑖
𝜕𝜓(𝑥)
𝜕𝑥
. )858(
kK  Tr  Tym r¥ @§ Rwm  xAF  ¤  — 
< 𝑥|𝑝|𝑥′ >= − ℎ
𝑖
𝜕
𝜕𝑥′
𝛿(𝑥− 𝑥′ ). )859(
'  𝑝 Ty @  TmyqA rm  ¤ @  A‘K  |𝑝 > ky
𝑝|𝑝 >= 𝑝|𝑝 > . )860(
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kK  ¤l T A‘m  £@¡ 	tk Rwm  xAF  ¤
ℎ
𝑖
𝜕
𝜕𝑥
< 𝑥j𝑝 >= 𝑝 < 𝑥j𝑝 > . )861(
 ⁄ ¤¡ ⁄  Abr 𝐴 ⁄ 𝑝 y < 𝑥j𝑝 >= 𝐴𝑒𝑖 ph 𝑥 kK  @ T A‘m  £@¡ wl
 ⁄d  £@¡ bO ¤qyq 𝑝    k .rml Akt  TylA “rJ q fl
¤n‘m  r§ T}A rml Akt  TylA “rK Tqq
< 𝑝
′ j𝑝 > =
∫︁ ∞
−∞
𝑑𝑥 < 𝑥j𝑝 >*< 𝑥j𝑝 >
= j𝐴j2
∫︁ ∞
−∞
𝑑𝑥 𝑒𝑖
p−p ′
h 𝑥
= j𝐴j22𝜋 ℎ𝛿(𝑝   𝑝′ ). )862(
Ty @  T‘Jfl  ¤W‘§ 𝐴 = 1/p 2𝜋 ℎ CAytfl   — 
< 𝑥j𝑝 >= 1p
2𝜋 ℎ
𝑒𝑖
p
h 𝑥. )863(
'   r§ 	s TsAt ⁄ ›dA‘t flA £@¡
< 𝑝
′ j𝑝 >= 𝛿(𝑝   𝑝′ ). )864(
R wm  ”AS ¤ rn§ ⁄rJ T A‘
kK  ¤l £rK km§ j𝜓 > TA A‘J ' 
j𝜓 >=
∫︁
𝑑𝑝 < 𝑝j𝜓 > j𝑝 > . )865(
⁄ 
j𝜓 >=
∫︁
𝑑𝑥 < 𝑥j𝜓 > j𝑥 > . )866(
”AS ¤ Rwm  T  Amny 𝜓(𝑥) = < 𝑥j𝜓 > ¤¡ Rwm  ”AS ¤ Twm  T  
¤l§ Am TWbr  ⁄d  £@¡ . ~𝜓(𝑝) = < 𝑝j𝜓 > ¤¡ Tr  Tym
𝜓(𝑥) =
∫︁
𝑑𝑝p
2𝜋 ℎ
~𝜓(𝑝)𝑒𝑖 pxh . )867(
~𝜓(𝑝) =
∫︁
𝑑𝑥p
2𝜋 ℎ
𝜓(𝑥)𝑒−𝑖 pxh . )868(
.{‘b  AhS‘b TbsnA )90(¤§Cw fi§w ¤¡ Tywm   ⁄d  £@¡  — 
bO Rwm  ”AS ¤ rn§ ⁄rJ T A‘
< 𝑥j𝑖ℎ 𝑑
𝑑𝑡
j𝜓(𝑡) >=
∫︁
𝑑𝑥
′
< 𝑥j?^? j𝑥′ > 𝜓(𝑡, 𝑥′ ). )869(
Fourier transforms .)90(
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An§d AqmA
𝑖ℎ
𝜕
𝜕𝑡
𝜓(𝑡, 𝑥) =
(︂
 
ℎ2
2𝑚
𝜕2
𝜕𝑥2
+ 𝑉 (𝑥)
)︂
𝜓(𝑡, 𝑥). )870(
Tytn  Anlm‘tF  £fi ∫︁
𝑑𝑥
′
< 𝑥j𝑝2j𝑥′ > 𝜓(𝑡, 𝑥′ ) =   ℎ2 𝜕
2
𝜕𝑥2
𝜓(𝑡, 𝑥). )871(
xAyq 
¤¶AOfl  rysft 
rysft  ⁄ rn§ ⁄rJ T A‘ Am¡ ¤wmk  yAkyml  A§Cwm   fi}fl 
Amny z  ¤ Twm  T  CwW 
As An ms rn§ ⁄rJ T A‘ .¤¶AOfl 
Tnkmm  ¶Atn  lt flAmt  
As )91(  Cwb ¤¶AOfl  rysft  An ms§
.xAy 'fl
rm  ¤tyrh  r¥m  . 𝑄(𝑥, 𝑝) Tny‘ Ty¶A§zy Tym xAy Anmh§ 
 ⁄dA r 𝑞𝑛 Wqt yV ¢§d ?^?    |rtf . ?^? = ?^?(?^?, 𝑝) w¡ Tymk  £@h
HAt  ⁄ dA‘t  “rJ q j𝜓𝑛 >    AS§  |rtf . 𝜓𝑛(𝑥) = < 𝑥j𝜓𝑛 > Ty @ 
Tw T  . ∑︀𝑛 j𝜓𝑛 >< 𝜓𝑛j = 1 '  mtk xAF  kK Ah  ⁄ < 𝜓𝑚j𝜓𝑛 >= 𝛿𝑚𝑛
xAFfl  ¤ ¤W  	yrt  db 	s rKn    km§ 𝜓(𝑥) = < 𝑥j𝜓 > Tlm 
¤flA f 𝜓𝑛(𝑥)g
j𝜓 >=
∑︁
𝑛
𝑐𝑛j𝜓𝑛 > . )872(
'  Tm\n j𝜓 >    |rtf TARflA
< 𝜓j𝜓 >= 1 $
∑︁
𝑛
j𝑐𝑛j2 = 1 . )873(

 ¤W‘ 𝑐𝑛 Abrm     AS§  r@
𝑐𝑛 =< 𝜓𝑛j𝜓 > . )874(

 ¤W‘ j𝜓 > TA  ¤ ?^? r¥ml ›r\tnm  Tmyq 
< ?^? >=< 𝜓j?^?j𝜓 >=
∑︁
𝑛
j𝑐𝑛j2𝑞𝑛. )875(
¤W‘§𝜓(𝑥) TA  ¤ 𝑄(𝑥, 𝑝) ^fim  xAy    ¤l ¤¶AOfl  rysft  Pn§
j𝑐𝑛j2 = j < 𝜓𝑛j𝜓 > j2 
 ¤W‘ flAmtA ?^? ¤tyrh  r¥ml 𝑞𝑛 Ty @  yq 
.𝑞𝑛 
 rm  ?^?  ¤ @  A‘K  ¤¡ j𝜓𝑛 > y
y j𝑥 > ¤¡ Ty @  T‘Jfl  TA  £@¡ ¤ . ?^? = ?^? @ Am
¤l £rK km§ j𝜓 > TA  A‘J . ∫︀ 𝑑𝑥j𝑥 >< 𝑥j = 1 ⁄ < 𝑥′ j𝑥 >= 𝛿(𝑥′   𝑥)
Born .)91(
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¤ Tlm   A§  Amt   —  . 𝜓(𝑥) = < 𝑥j𝜓 > y j𝜓 >= ∫︀ 𝑑𝑥𝜓(𝑥)j𝑥 > kK 
.j < 𝑥j𝜓 > j2𝑑𝑥 = j𝜓(𝑥)j2𝑑𝑥 
 ¤W‘§ 𝑑𝑥 W 𝑥 TWqn 
 𝑝 Tr Tymk Tlm   A§  Amt     d AnA ?^? = ?^? A@   —  mA
.j < 𝑝j𝜓 > j2𝑑𝑝 = j ~𝜓(𝑝)j2𝑑𝑝 
 ¤W‘§ 𝑑𝑝 W
Tywm  T d  CAyh 
›d¥ Tyt Amt ¤W‘§ ›d ⁄ ›r 𝜓(𝑥) TA  ¤ 𝑄(𝑥, 𝑝) ^fi xAy
⁄fl  xAyq  d‘ ›rJAb 'r§  A xAy '  . ?^?  𝑞𝑛 Ty @  Tmyq  fi A
r§ rfl   @¡ . 𝑞𝑛 Ty @  Tmyq  Hf ¤l wO  J '   ⁄d ¢n zl§
𝜓𝑛(𝑥) Ty @  TA  ¤l ⁄fl  xAyq  d‘ CAhn 𝜓(𝑥) Tywm  T d   w ¤ 
wF ¤⁄fl  xAyq  d‘ ›rJAb xAyq  C rk ⁄ 𝑞𝑛 Ty @  TmyqA Tqrm 
Twm  T  CAyh  ⁄ xAyq  Tylm    ¤¡ T}fi  .Tytn  Hf ¤  Amt ' ¥§
Twm  T d ' Afl CwWt   A§Cd Afit  lt§ xAyq  Tylm 
Aq  ¤
.rn§ ⁄rJ T A‘ £rw '@ 

AyCfl  Afi
j𝜓 > TA  A‘J ¤ ?^? ¤tyr¡ r¥ '  AFAy ¤ 'CAy‘m   rfl 

 ¤W‘§
𝜎2𝐴 = < 𝜓j(?^?   < ?^? >)2j𝜓 >
= < 𝜓𝐴j𝜓𝐴 > , j𝜓𝐴 >= ( ?^?   < ?^? >)j𝜓 > . )876(
TA  A‘J ¤ ?^? ¤tyr¡ r¥ '  AFAy ¤ 'CAy‘m   rfl   A mA

 ¤W‘§ j𝜓 >
𝜎2𝐵 = < 𝜓j(?^?   < ?^? >)2j𝜓 >
= < 𝜓𝐵 j𝜓𝐵 > , j𝜓𝐵 >= ( ?^?   < ?^? >)j𝜓 > . )877(
¤l O )92(EC wJ T rt Am‘tFA
𝜎2𝐴𝜎
2
𝐵 =< 𝜓𝐴j𝜓𝐴 >< 𝜓𝐵 j𝜓𝐵 >  j < 𝜓𝐴j𝜓𝐵 > j2. )878(
	s
< 𝜓𝐴j𝜓𝐵 >= 12 < 𝜓j[?^?, ?^?]j𝜓 > +
1
2 < 𝜓j[?^?   < ?^? >, ?^?   < ?^? >]+ j𝜓 > . )879(
 —  .¤qyq  d w¡  ASm  dbm  d Amny ¤ly 	r  d w¡ dbm  d
j < 𝜓𝐴j𝜓𝐵 > j2 = 14j < 𝜓j[?^?, ?^?]j𝜓 > j
2 +
1
4j < 𝜓j[?^?   < ?^? >, ?^?   < ?^? >]j𝜓 > j
2

1
4j < 𝜓j[?^?, ?^?]j𝜓 > j
2. )880(
Schwarz.)92(
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AyCfl  Tfi ¤l O
𝜎2𝐴𝜎
2
𝐵 ≥
1
4| < 𝜓|[?^?, ?^?]|𝜓 > |
2. )881(
'  𝜎2𝑥𝜎
2
𝑝 ≥ ℎ
2
4 ¤l O ?^? = ?^? ⁄ ?^? = ?^?   
𝜎𝑥𝜎𝑝 ≥ ℎ2 . )882(
)93(Tm¶fitm  ry  r¥m   ⁄E     
AyC  Tfi An§d wm‘  ¤
ry Tytyrh   r¥m  . )94(  Abt fl ¤t  A\fim   ⁄E     ' 
)95(Tlmtk Twm dw fl ¤AtA ⁄ A‘    ¤ A¡ryWq km§ fl Tm¶fitm 
¤t  '  ,Tm¶fitm  Tytyrh   r¥m  Aqm  ¤ .Ty @  T‘Jfl   TrtK
.Ty @  T‘Jfl   TrtK Tlmtk Twm Ah , Abt
	s z  ¤ CwWt§ |𝜓(𝑡) > zA l‘t TA A‘F  fl  rbt‘n
'  , |𝜓(𝑡) > ¤ ?^? ¤tyr¡ r¥m ›r\tnm  Tmyq  .rn§ ⁄rJ T A‘
	s z  ¤ CwWt , < ?^? >=< 𝜓(𝑡)|?^?|𝜓(𝑡) >
𝑖 ℎ
𝑑
𝑑𝑡
< ?^? >=< [?^?, ?^?] > . )883(
¤l  —  O . ?^? = ?^? ⁄ ?^? = ?^?  r¥m  (881) 
AyCfl  Tfi ¤ CAt  fl 
𝜎2𝑄𝜎
2
𝐻 ≥
1
4| < [?^?, ?^?] > |
2. )884(
'r  ›CAb‘
𝜎𝑄𝜎𝐻 ≥ ℎ2 |
𝑑 < ?^? >
𝑑𝑡
|. )885(
r‘
𝜎𝑡 =
𝜎𝑄
|𝑑<?^?>𝑑𝑡 |
. )886(
d  — 
𝜎𝑡𝜎𝐻 ≥ ℎ2 . )887(
Ahfi ¤ ¤t  z  Tym ¤¡ 𝜎𝑡 Tymk  .TAV - E 
AyCfl  Tfi ¤¡ £@¡
¤ 
AyCfl  Anl‘  —   —  .'CAy‘  r  ›dw ?^?  ›r\tnm  Tmyq  ryt
›CwO ^fim  ryt§       TEfi  z  Tym  A  d ry} TAW 
. d ›ryb  wk TFws
incompatible observables .)93(
do not commute .)94(
complete set.)95(
170
A C⁄d  ry   wmO 
Tyr  ⁄z‘ 

 '⁄ z  ¤r  z‘  r‘§
?⃗? = ?⃗?𝑥𝑝. )888(
An§d Abrm  Tfld
𝐿1 = 𝑥2𝑝3   𝑥3𝑝2 , 𝐿2 = 𝑥3𝑝1   𝑥1𝑝3 , 𝐿3 = 𝑥1𝑝2   𝑥2𝑝1. )889(
TyAt  AS§w‘tA wq ¤wmk  yAkym  ¤
𝑥𝑖  ! ?^?𝑖 , 𝑝𝑖  ! 𝑝𝑖 : [?^?𝑖, 𝑝𝑗 ] = 𝑖 ℎ𝛿𝑖𝑗 . )890(

 ¤W‘ '⁄ z  ¤r  z‘   r¥  — 
?^?1 = ?^?2𝑝3   ?^?3𝑝2 , ?^?2 = ?^?3𝑝1   ?^?1𝑝3 , ?^?3 = ?^?1𝑝2   ?^?2𝑝1. )891(
	s
[?^?1, ?^?2] = ?^?2[𝑝3, ?^?3]𝑝1 + ?^?1[?^?3, 𝑝3]𝑝2
= 𝑖 ℎ?^?3. )892(
	s mA
[?^?3, ?^?1] = 𝑖ℎ?^?2 , [?^?2, ?^?3] = 𝑖ℎ?^?1. )893(
zwm  kK  ¤l £@¡  Abt  Afi TAt km§
[?^?𝑖, ?^?𝑗 ] = 𝑖ℎ𝜖𝑖𝑗𝑘?^?𝑘 )894(
A§rb  T§rb ¤¡ ¤t  ¤r  z‘  )96( T§rb r‘ T A‘m  £@¡
TylkA 'rZAnt-dR zC w¡ 𝜖𝑖𝑗𝑘 zr  . 𝑠𝑢(2) T§rb AyRA§C r‘ )97( ¤
,𝜖123 = 𝜖312 = 𝜖231 = 1 
 r‘ )99( AtyfyF -¤f )98( Cwsn FA r‘§
.𝑗 = 𝑘 ⁄  𝑖 = 𝑘 ⁄  𝑖 = 𝑗  A  —  𝜖𝑖𝑗𝑘 = 0 ⁄ 𝜖213 = 𝜖132 = 𝜖321 =   1
,¤AtA⁄ Tm¶fit ry  r¥ ¤¡ ?^?𝑖  r¥m     £fi   Abt  Afi ¤n‘
A‘J dw§ fl  —  .d ⁄ ⁄ ¤ )100(A¡ryWq km§ fl ,
AyCfl  db Am‘tFA

 ¤r  z‘  r r‘n . )101(¤nyq§ ¤r z
?^?2 = ?^?21 + ?^?
2
2 + ?^?
2
3. )895(
algebra.)96(
Lie.)97(
tensor.)98(
Levi   Civita .)99(
diagonalized .)100(
determinate .)101(
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	s ‘fA . ?^?𝑖 Abrm    Abt§ r¥m   @¡
[?^?2, ?^?3] = [ ?^?21, ?^?3] + [ ?^?22, ?^?3]
= ?^?1[?^?1, ?^?3] + [ ?^?1, ?^?3]?^?1 + ?^?2[?^?2, ?^?3] + [ ?^?2, ?^?3]?^?2
= 0 . )896(
	s mA
[?^?2, ?^?2] = 0 , [?^?2, ?^?1] = 0 . )897(
.w  Hf ¤ ?^?3 fi ¤r  z‘  Abr  d ⁄ ⁄ ?^?2 ryWq km§  — 
	tk
?^?3|𝑓 >= 𝜇|𝑓 > , ?^?2|𝑓 >= 𝜆|𝑓 > . )898(

 {f  ⁄ r   r¥ r‘
?^?± = ?^?1 ± 𝑖?^?2. )899(
 Abt  Afi 	s
[?^?+ , ?^?−] = 2ℎ?^?3 , [?^?3, ?^?±] = ± ℎ?^?± , [?^?2, ?^?±] = 0 . )900(
 — 
?^?3(?^?±|𝑓 >) = ( 𝜇± ℎ)( ?^?±|𝑓 >) , ?^?2(?^?±|𝑓 >) = 𝜆(?^?±|𝑓 >). )901(
›CAb‘ .𝜇 ± ℎ Ty @  Tmyql Aq ?^?3  ¤ — A‘J w¡ ?^?±|𝑓 >    R w  

 ?^?3  Ty @  Tmyq  {f§ ?^?− Amnyℎ 
 ?^?3  Ty @  Tmyq  r§ ?^?+ 'r 
.ℎ
 —  .𝜇2 ≤ 𝜆    tnts < ?^?2 >=< ?^?21 > + < ?^?22 > + < ?^?23 > Tfi‘  
¤Attm  ybWt  §rV  O 𝜇 Ty — Tmyq?^?3  |𝑓 > ¤ — A‘J  AfiW 
.	w y}  d w¡ 𝑛 y 𝜇 + 𝑛 ℎ Ty @  yqA Ty @  T‘Jfl  ¤l ?^?+ 
A‘K  . 𝑛  Tym\  Tmy dw ¤AtA ⁄ (𝜇+ 𝑛 ℎ)2 ≤ 𝜆 An§d  wk§    Am¶  	§
q§    	§ ⁄ |𝑓ℎ >= |𝑙 > 
 ¢ zr§ ⁄ ¤lfl  ¤ @  A‘K  w¡ Aqm  ¤ @ 
?^?+ |𝑙 >= 0 . )902(
'  ℎ𝑙 
 |𝑙 >  TlAqm  ?^?3  Ty @  Tmyql AS§  zrn
?^?3|𝑙 >=  ℎ𝑙|𝑙 > . )903(
¤l O ?^?2 = ?^?−?^?+ +  ℎ?^?3 + ?^?23 Tfi‘  Am‘tFA
?^?2|𝑙 >=  ℎ2𝑙(𝑙 + 1) |𝑙 > . )904(
.𝜆 =  ℎ2𝑙(𝑙 + 1)  — 
§rV  O 𝜇 Ty — Tmyq?^?3  |𝑓 > ¤ — A‘J  AfiW  mA
 d w¡ 𝑛 y 𝜇− 𝑛 ℎ Ty @  yqA Ty @  T‘Jfl  ¤l ?^?−  ¤Attm  ybWt 
dw§ ¤AtA ⁄ (𝜇 − 𝑛 ℎ)2 ≤ 𝜆 An§d  wk§    	§ 'r  ›r .	w y}
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 ¢ zr§ ⁄ ¤ fl  A‘K   fl  w¡ Aqm  ¤ @  A‘K  . 𝑛  Tym\  Tmy
q§    	§ ⁄ j𝑓𝑙 >= j𝑘 >
?^?−j𝑘 >= 0 . )905(
'  ℎ𝑘 
 j𝑘 > 
 Tqrm  ?^?3  Ty @  Tmyql zrn
?^?3j𝑘 >=  ℎ𝑘j𝑘 > . )906(
¤l O ?^?2 = ?^?+ ?^?−   ℎ?^?3 + ?^?23 Tfi‘  Am‘tFA
?^?2j𝑘 >=  ℎ2𝑘(𝑘   1)j𝑘 > . )907(
TA  A‘J  —  . 𝑘 =   𝑙 '  𝑙(𝑙 + 1) = 𝑘(𝑘   1) ¤AtA ⁄ 𝜆 =  ℎ2𝑘(𝑘   1)  — 
.  ℎ𝑙 Ty @  TmyqAj𝑓𝑙 >= j   𝑙 > w¡ ?^?3  ¤ fl 
ytmy  + 𝑙 ⁄   𝑙 y Tmy 𝑁 @ 𝑚 y ℎ𝑚 
 ?^?3  Ty @  yql zr
¢nkm§𝑙 'r  ›CAb‘ . 𝑙 = 𝑁/2 '  𝑙 =   𝑙 + 𝑁  —  .›dw ytwOf ytyAtt
   ⁄  ,£fi  £Anr '@   '⁄ z  ¤r  z‘A r ,y}  d  wk§   
TlAqm  Ty @  T‘Jfi zr . )102(ybs  Aq§ A  @¡ ⁄ y} O  d  wk§
y j𝑙𝑚 > 

?^?2j𝑙𝑚 >=  ℎ2𝑙(𝑙 + 1) j𝑙𝑚 > , 𝐿3j𝑙𝑚 >=  ℎ𝑚j𝑙𝑚 > . )908(
𝑙 = 0 , 12,1,
3
2, ... , 𝑚 =   𝑙,   𝑙 + 1 , ..., 𝑙   1, 𝑙. )909(
R w   .rbly¡ ”AS ¤ flAm  Ty — TA 2𝑙 + 1 An§d𝑙  Tmy    
bO (901) T A‘m  .j𝑙   𝑙 >= j   𝑙 > ⁄ j𝑙𝑙 >= j𝑙 >   
?^?3(?^?±j𝑙𝑚 >) =  ℎ(𝑚  1)(?^?±j𝑙𝑚 >) , ?^?2(?^?±j𝑙𝑚 >) =  ℎ𝑙(𝑙 + 1)( ?^?±j𝑙𝑚 >).)910(
'r  ›CAb‘
?^?±j𝑙𝑚 >= 𝐴𝑚𝑙 j𝑙𝑚  1 > . )911(
	s
j𝐴𝑚𝑙 j2 = < 𝑙𝑚j?^?∓?^?±j𝑙𝑚 >
= < 𝑙𝑚j(?^?2  ℎ?^?3   ?^?23)j𝑙𝑚 >
=  ℎ2(𝑙(𝑙 + 1)   𝑚(𝑚  1)). )912(
Ty C⁄d  Ayq wt 
kK  @ Rwm  xAF  ¤ ¤r  z‘   r¥
⃗^
𝐿 =
ℎ
𝑖
?⃗?𝑥r⃗ . )913(
spin.)102(
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 ¤W‘§ Cdt  r¥
∇⃗ = ?⃗? 𝜕
𝜕?^?1
+ ?⃗?
𝜕
𝜕?^?2
+ ?⃗?
𝜕
𝜕?^?3
. )914(
fl A‘mA T§⁄rk  Ay dfl  r‘
?^?1 = 𝑟 sin𝜃 cos𝜑 , ?^?2 = 𝑟 sin𝜃 sin𝜑 , ?^?3 = 𝑟 cos𝜃. )915(
¤¡ 𝜑 ⁄ 𝜃 ,𝑟 T§⁄rk  Ay dfl  ›d⁄ T‘J 
?⃗?𝑟 = sin 𝜃 cos𝜑 ?⃗? + sin 𝜃 sin𝜑 ?⃗? + cos 𝜃 ?⃗?
?⃗?𝜃 = cos 𝜃 cos𝜑 ?⃗? + cos 𝜃 sin𝜑 ?⃗? − sin𝜃 ?⃗?
?⃗?𝜑 = − sin𝜑 ?⃗? + cos𝜑 ?⃗?. )916(

 ¤W‘ Cdt  r¥ bO§ T§⁄rk  Ay dfl  ¤
∇⃗ = ?⃗?𝑟 𝜕
𝜕𝑟
+ ?⃗?𝜃
1
𝑟
𝜕
𝜕𝜃
+ ?⃗?𝜑
1
𝑟 sin𝜃
𝜕
𝜕𝜑
. )917(
 —  .⃗𝑢𝑟𝑥?⃗?𝜑 = −?⃗?𝜃 ⁄ ?⃗?𝑟𝑥?⃗?𝜃 = ?⃗?𝜑 ,⃗𝑢𝑟𝑥?⃗?𝑟 = 0    ^fi
⃗^
𝐿 =
ℎ
𝑖
(︀
?⃗?𝜑
𝜕
𝜕𝜃
− ?⃗?𝜃 1sin𝜃
𝜕
𝜕𝜑
)︀
. )918(
' 
?^?1 =
ℎ
𝑖
(︀− sin𝜑 𝜕
𝜕𝜃
− cot 𝜃 cos𝜑 𝜕
𝜕𝜑
)︀
?^?2 =
ℎ
𝑖
(︀
cos𝜑
𝜕
𝜕𝜃
− cot 𝜃 sin𝜑 𝜕
𝜕𝜑
)︀
?^?3 =
ℎ
𝑖
𝜕
𝜕𝜑
. )919(
›rJAb 	s    km§
?^?± = ± ℎ𝑒±𝑖𝜑
(︀ 𝜕
𝜕𝜃
± 𝑖 cot 𝜃 𝜕
𝜕𝜑
)︀
. )920(
AS§ 
?^?+ ?^?− = −ℎ2
(︂
𝜕2
𝜕𝜃2
+ 𝑖
𝜕
𝜕𝜑
+ (cot 𝜃)2 𝜕
2
𝜕𝜑2
+ cot 𝜃
𝜕
𝜕𝜃
)︂
. )921(
 — 
?^?2 = ?^?+ ?^?− − ℎ?^?3 + ?^?23
= −ℎ2
(︂
𝜕2
𝜕𝜃2
+
1
sin2 𝜃
𝜕2
𝜕𝜑2
+ cot 𝜃
𝜕
𝜕𝜃
)︂
= −ℎ2
(︂
1
sin𝜃
𝜕
𝜕𝜃
(sin 𝜃 𝜕
𝜕𝜃
) + 1
sin2 𝜃
𝜕2
𝜕𝜑2
)︂
. )922(
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q ¤¡ ⁄ 𝑌 𝑚𝑙 (𝜃, 𝜑) = < 𝜃| < 𝜑|𝑙𝑚 > ¤¡ ?^?2  Ty @   ⁄d 
− ℎ2
(︂
1
sin𝜃
𝜕
𝜕𝜃
(sin 𝜃 𝜕
𝜕𝜃
) + 1
sin2 𝜃
𝜕2
𝜕𝜑2
)︂
𝑌 𝑚𝑙 =  ℎ
2𝑙(𝑙 + 1) 𝑌 𝑚𝑙 . )923(
'  ?^?3  Ty —  ⁄ AS§  ¤¡ 𝑌 𝑚𝑙 (𝜃, 𝜑)  ⁄d 
ℎ
𝑖
𝜕
𝜕𝜑
𝑌 𝑚𝑙 =  ℎ𝑚𝑌
𝑚
𝑙 . )924(
	tk . rytm  O Tq§rV Am‘tFA §rO    ¤l wO  km§
𝑌 𝑚𝑙 (𝜃, 𝜑) =  𝑚𝑙 (𝜃) 𝑚(𝜑). )925(
TylRAft  fl A‘m  ¤l O
− 1
sin𝜃
𝑑
𝑑𝜃
(sin 𝜃𝑑
𝑚
𝑙
𝑑𝜃
) + 𝑚
2
sin2 𝜃

𝑚
𝑙 = 𝑙(𝑙 + 1) 𝑚𝑙 . )926(
𝑑
𝑑𝜑
 𝑚 = 𝑖𝑚  𝑚 ⇔  𝑚(𝜑) = 𝑒𝑖𝑚𝜑. )927(
w¡𝑚  A ¤AtA ⁄  𝑚(𝜑 + 2𝜋) =  𝑚(𝜑) “rK  qt§    	§ ¢  R w  
'  y}  d
𝑚 = 0 ,±1,±2, .... )928(
) 𝑥 = cos 𝜃 ( kK  ¤l 'rfl  TylRAft  T A‘m  R⁄ km§
𝑑
𝑑𝑥
[︂
(1− 𝑥2) 𝑑
𝑚
𝑙
𝑑𝑥
]︂
+ [ 𝑙(𝑙 + 1) − 𝑚
2
1− 𝑥2 ]
𝑚
𝑙 = 0 . )929(
Tqrm  Cdww  ⁄d  ryk ¤wAq    ¤W‘§ . )103(Cdww T A‘ £@¡
'  𝑃𝑚𝑙 (𝑥) )104(

𝑚
𝑙 (𝜃) = 𝐴𝑃𝑚𝑙 (𝑥) , 𝑥 = cos 𝜃. )930(
Cdww  ⁄d  ry Tfld Tqrm  Cdww  ⁄d  ry ”AW  km§
Tfi‘A 𝑃𝑙(𝑥)
𝑃𝑚𝑙 (𝑥) = (1 − 𝑥2)
|m |
2
(︂
𝑑
𝑑𝑥
)︂|𝑚|
𝑃𝑙(𝑥). )931(
¤flA )105(EA§C ⁄C Tfi‘ ¤W‘ 𝑃𝑙(𝑥) Cdww  ⁄d  ry
𝑃𝑙(𝑥) = 12𝑙𝑙!
(︂
𝑑
𝑑𝑥
)︂𝑙
(𝑥2 − 1)𝑙. )932(
Legendre.)103(
associated Legendre polynomials .)104(
Rodrigues.)105(
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w¡ 𝑃𝑙(𝑥)    ⁄ 	w y}  d  wk§    	§ 𝑙    Tfi‘  £@¡  R w  
𝑃𝑚𝑙 (𝑥) Tqrm  Cdww  ⁄d  ry . 𝑥 = cos 𝜃 ¤ 𝑙 TCd    ⁄d ry
 A ' r 𝑚    .¤⁄E 𝑚    Xq 𝑥 = cos 𝜃 ¤  ⁄d  ry ¤¡
 A j𝑚j > 𝑙  A  —  AS§  . sin𝜃  ›w ¤ T⁄rS  wk £@¡  ⁄d   ry
¤¡ 𝑚 ⁄ 𝑙  Ah wmsm  yq   A ¤AtA ⁄ 𝑃𝑚𝑙 (𝑥) = 0
𝑙 = 0 ,1,2, ... , 𝑚 =   𝑙,   𝑙 + 1 , ...,0, ...., 𝑙   1, 𝑙. )933(
Am¶  w¡  fl  𝑙 k . 𝑙  Tmy     TA 2𝑙 + 1 An§d As  ¤ Am
.y}

  —  ¤W‘§ mtkm   
𝑌 𝑚𝑙 (𝜃, 𝜑) = 𝐴𝑃𝑚𝑙 (cos𝜃)𝑒𝑖𝑚𝜑. )934(
y\nt  “rJ |rf∫︁ 2𝜋
0
∫︁ 𝜋
0
sin𝜃𝑑𝜃𝑑𝜑 j𝑌 𝑚𝑙 (𝜃, 𝜑)j2 = 1 . )935(
d
𝐴 = 𝜖
√︃
2𝑙 + 1
4𝜋
(𝑙   j 𝑚j)!
(𝑙 + j𝑚j)! . )936(
𝜖 = (   1)𝑚 , 𝑚  0 , 𝜖 = 1 , 𝑚  0. )937(
HAt  ⁄ dA‘t  “rJ  qt    AS§  km§∫︁ 2𝜋
0
∫︁ 𝜋
0
sin𝜃𝑑𝜃𝑑𝜑 [𝑌 𝑚𝑙 (𝜃, 𝜑)]*𝑌 𝑠𝑡 (𝜃, 𝜑) = 𝛿𝑙𝑡𝛿𝑚𝑠. )938(
rn§ ⁄rJ T A‘m TVwbSm  wl 
TWbrm  flA  ⁄  AOt  flA ,›rqtsm  flA 
kK  ¤l rn§ ⁄rJ T A‘ 	tk :›rqtsm  flA 
𝑖 ℎ
𝜕
𝜕𝑡
	( 𝑡, 𝑥) =
(︂
 
ℎ2
2𝑚
𝜕2
𝜕𝑥2
+ 𝑉 (𝑥)
)︂
	( 𝑡, 𝑥). )939(
.A kK Tsm  £@¡  d§r . 𝑉 y‘  wm    𝜓(𝑡, 𝑥) wl  ¤¡A
 rytm  O   db
	( 𝑡, 𝑥) = 𝜓(𝑥)𝜑(𝑡). )940(
¤l O
𝑖ℎ
𝜑
𝑑𝜑
𝑑𝑡
=
1
𝜓
(︂
 
ℎ2
2𝑚
𝑑2
𝑑𝑥2
+ 𝑉 (𝑥)
)︂
𝜓. )941(
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T  wh m§fl  rW  A  Xq 𝑡 z  ¤ T  w¡ T A‘m  £@h rs§fl  rW 
.𝑥 ⁄ 𝑡 
 l‘t§ fl 𝐸 A y§⁄As Awk§    	§ yrW  fi  —  .Xq 𝑥 ¤
 —  An§d
𝑑𝜑
𝑑𝑡
=   𝑖
𝐸
ℎ
𝜑  ! 𝜑(𝑡) = 𝑒−𝑖 Eth . )942(
kK  ¤l 	tk 'rfl  T A‘m (︂
 
ℎ2
2𝑚
𝑑2
𝑑𝑥2
+ 𝑉 (𝑥)
)︂
𝜓 = 𝐸𝜓. )943(
TywtlyAhl Ty @  Tmyq  'wF ‚yJ fl ¢fl ¤qyq  wk§    	§ 𝐸 A 
wOfm    'r  ›CAb‘ . 𝜓(𝑥) Ty @  T dA r 𝐻 =   ℎ22𝑚 𝑑
2
𝑑𝑥2 + 𝑉 (𝑥)
.𝐸 '⁄As Tny‘t TAV ⁄— ¤nyq§  w¡ 	( 𝑡, 𝑥) = 𝑒−𝑖 Eth 𝜓(𝑥)
l‘t fl Amtfl  TA  fl rqts  w¡ £fi     A — ¤l ›⁄fi
›r\tnm  Tmyq   A Tqyq  ¤ . 𝜌 = 	 *(𝑡, 𝑥)	( 𝑡, 𝑥) = 𝜓*(𝑥)𝜓(𝑥) '  zA
‘fA .zA AS§  l‘t fl 𝑄(𝑥, 𝑝) ^fi 'fl
< ?^? >=< 	 j?^?j 	 > =
∫︁
𝑑𝑥	 *(𝑡, 𝑥)𝑄(𝑥, ℎ
𝑖
𝜕
𝜕𝑥
)	( 𝑡, 𝑥)
=
∫︁
𝑑𝑥𝜓(𝑥)𝑄(𝑥, ℎ
𝑖
𝑑
𝑑𝑥
)𝜓(𝑥). )944(
T A‘m A‘    . 𝐸𝑛 Ty @  TmyqA𝐻 TywtlyAhl Ty @  T d  𝜓𝑛(𝑥) kt
 @¡ .	 𝑛(𝑡, 𝑥) = 𝑒−𝑖 E n th 𝜓𝑛(𝑥) TwOfm  wll ¤W 	yr w¡ rn§ ⁄rJ

 ¤W‘§
	( 𝑡, 𝑥) =
∑︁
𝑛
𝑐𝑛𝜓𝑛(𝑥)𝑒−𝑖 E n th . )945(
“rK   Ahnyy‘ 	§ 𝑐𝑛 fiA‘m  .¤wmk  ¤W  	yrt  db w¡  @¡
¤¶ dtfl 
	(0 , 𝑥) =
∑︁
𝑛
𝑐𝑛𝜓𝑛(𝑥). )946(
d ⁄ d‘ ¤ rt§ 𝐸 TAV ⁄— ys rbt‘ :“AbCfl  flA ⁄  AOt  flA
y  r}  ¤¡ 𝐸 TAW  A  —  ¤kyFfik  yAkym  ¤ . 𝑉 (𝑥)  wm ¤

rh§    km§ fl ys     '  TWbr TA An§d ¢A 𝑉 (  1 ) ⁄ 𝑉 (1 )  wmk 
¢A 𝑉 (  1 ) ⁄ 𝑉 (1 )  rb  𝐸 TAW  A  —  .T§Ahfi  ¤   wmk  
r§  , wmk   Aft§ ,T§Ahfi   ¤§ ys     '   AO TA An§d
 rb  𝐸  wk    ¤fk§  AO TA ¤l O ¤t .T§Ahfi  ¤  'r  ›r
.𝑉 (  1 ) ⁄  𝑉 (1 )
T A‘m Tnkmm  wl    Aw An¡ ¤wmk  yAkym  ¤ ¢A mA

 flA  £@¡ r‘ . )107( AOt  flA ⁄ )106(TWbrm  flA  .rn§ ⁄rJ
𝐸 < 𝑉 (  1 ) and 𝐸 < 𝑉 (+ 1 ) : bound state
𝐸 > 𝑉 (  1 ) or 𝐸 > 𝑉 (+ 1 ) : scattering state. )947(
bound states .)106(
scattering states .)107(
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r  ys     A  TWbr flA Xq An§d ¤q wt  E zh    
⁄ T§Ahfi  ¤ d‘n§  wmk   A flA  	l  ¤ .Xq  AO flA An§dl
Xsbm  “rK  ¤l O ¤AtA
𝐸 < 0 : bound state
𝐸 > 0 : scattering state. )948(
r  ys 
 Tlqtsm  rn§ ⁄rJ T A‘ . Ak  ¤  wmk  d‘n§ TA  £@¡ ¤
bO z 
 
ℎ2
2𝑚
𝑑2𝜓
𝑑𝑥2
= 𝐸𝜓. )949(
kK  ¤l T A‘m  £@¡ TAt dy‘
𝑑2𝜓
𝑑𝑥2
=   𝑘2𝜓 , 𝑘2 =
2𝑚𝐸
ℎ2
. )950(
¤AtA ⁄ 𝑇 = 12𝑚𝑣2 = 𝑝2/2𝑚 ysl Tyr  TAW  ¤¡ 𝐸    R w  

  —  ¤W‘ ys  Tr Tym ⁄ TrF . 𝐸  0
𝑣 =
√︂
2𝐸
𝑚
=
𝑝
𝑚
, 𝑝 =  ℎ𝑘. )951(

 ¤W‘§ zA Tql‘tm  ry rn§ ⁄rJ T A‘m A‘   
𝜓(𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥. )952(
¤l O 𝑒−𝑖 Eth zA l‘tm  'CwW  A‘mA 
rSA
	( 𝑡, 𝑥) = 𝐴𝑒𝑖 kh (𝑥−𝑣phase 𝑡) + 𝐵𝑒−𝑖 kh (𝑥+ 𝑣phase 𝑡) . )953(
¤A  d  rb‘§ Amny 𝑣phase Trs ymy  ¤  ›rKtn Tw m§ ⁄fl  d 

 ¤W‘ T§CwW  Trs  . 𝑣phase Trs CAsy  ¤  ›rKtn Tw 
𝑣phase =
𝐸
ℎ𝑘
=
𝑝
2𝑚 =
1
2𝑣. )954(
‚Akm  kK  ¤l £fi    TAt km§
	 𝑘(𝑡, 𝑥) = 𝐴𝑒𝑖(𝑘𝑥− hk
2
2m 𝑡) . )955(
𝑘 = 
p
2𝑚𝐸
ℎ
. )956(
𝑘 > 0 , wave traveling to the right
𝑘 < 0 , wave traveling to the left. )957(
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rKtn  w   ›CAb Ah  w¡ ›rKtnm  wl  £@¡  An§d '@  ⁄fl  kKm 
 —  .y\ntl TlA ry wl  £@¡    w¡ ¤A  kKm  .ys  TrF On
.Tny‘t Tr Tymk r ys An§d Hy
¤W 	yr @  §rV  rn§ ⁄rJ T A‘m A‘    ¤l O
¤l§ Am £fi  TwOfm  wll
	( 𝑡, 𝑥) =
∫︁ ∞
−∞
𝑑𝑘√
2𝜋
𝜑(𝑘)
𝐴
	 𝑘(𝑡, 𝑥)
=
∫︁ ∞
−∞
𝑑𝑘√
2𝜋
𝜑(𝑘)𝑒𝑖(𝑘𝑥− hk 22m 𝑡) . )958(
¤ms .𝜑(𝑘)  ⁄dl TbFAn  CAyt     Tywm  T d  £@¡ y\n km§
“⁄rK   𝜑(𝑘)  ⁄d  yy‘ km§ . )108(Tywm  TzA Tywm  T d  £@¡
Ty¶ dtfl 
	(0 , 𝑥) =
∫︁ ∞
−∞
𝑑𝑘√
2𝜋
𝜑(𝑘)𝑒𝑖𝑘𝑥. )959(
§w w¡ 𝜑(𝑘)    '  )109(CAKfi Tn¡rbm ¤W‘§ Ty¶ dtfl  “⁄rK  £@¡ 

 ¤W‘§ 	(0 , 𝑥)  )110(¤§Cw
𝜑(𝑘) =
∫︁ ∞
−∞
𝑑𝑥√
2𝜋
	(0 , 𝑥)𝑒−𝑖𝑘𝑥. )960(
   ^fin∫︁
𝑑𝑥	 *(𝑡, 𝑥)	( 𝑡, 𝑥) =
∫︁
𝑑𝑥	 *(0, 𝑥)	(0 , 𝑥) =
∫︁
𝑑𝑘𝜑*(𝑘)𝜑(𝑘). )961(
Tz  TrF . 𝑣 ys  TrF '⁄As Tywm  Tz  TrF    qt    ¤qb§
⁄  '⁄As , rb   wk    km§ ⁄ )111(Twmm  TrF FA r‘ Tywm 

 ¤W‘ TA Tyw Tz rbt‘ .T§CwW  Trs   r} 
	( 𝑡, 𝑥) =
∫︁ ∞
−∞
𝑑𝑘√
2𝜋
𝜑(𝑘)𝑒𝑖(𝑘𝑥− 
 𝑡) . )962(
T  w¡ 
 '⁄ z  r wt     |rtf An  '  .TA )112( tK Tfi |rtf
zrmt w¡ 𝜑(𝑘)    |rtf  @¡ ¤  TARflA . 
 = 
( 𝑘) ¤n‘m 𝑘 ¤ Tyfy
Ab§rq rKtn Tywm  Tzl Tfltm  Abrm     '  𝑘 = 𝑘0 Tmyq  w
ryt§ Tywm  Tz  kJ  A ¤AtA ⁄ 𝑣phase = 
 /𝑘 T§CwW  Trs  Hfn
¤n‘ Twmm  TrF whfm  wk§ TA  £@¡ ¤ Xq ¢A Tqyq  ¤ .”Wb
¤l§ Am 𝑘 = 𝑘0 w )113(Cwl§A Tlsls 
 rKn  —  .R ⁄

( 𝑘) = 
( 𝑘0) + 
 ′ (𝑘0)(𝑘 − 𝑘0) + ... )963(
wave packet.)108(
Plancherel 0s theorem.)109(
Fourier transform .)110(
group velocity .)111(
dispersion relation .)112(
Taylor series .)113(
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) 
 ′0 = 𝑑
( 𝑘)/𝑑𝑘j𝑘= 𝑘0 ⁄ 
 0 = 
( 𝑘0) ,𝑘′ = 𝑘   𝑘0 ( 	s
	( 𝑡, 𝑥) = 𝑒−𝑖 
 0 𝑡
∫︁ ∞
−∞
𝑑𝑘
′
p
2𝜋
𝜑(𝑘′ + 𝑘0)𝑒𝑖(( 𝑘
′
+ 𝑘0 )𝑥−
 ′0𝑘
′
𝑡)
= 𝑒𝑖(− 
 0 + 𝑘0 

′
0 )𝑡
∫︁ ∞
−∞
𝑑𝑘
′
p
2𝜋
𝜑(𝑘′ + 𝑘0)𝑒𝑖(𝑘
′
+ 𝑘0 )( 𝑥− 
 ′0 𝑡) . )964(
¤l O 𝑡 = 0 T\l  ¤
	(0 , 𝑥) =
∫︁ ∞
−∞
𝑑𝑘
′
p
2𝜋
𝜑(𝑘′ + 𝑘0)𝑒𝑖(𝑘
′
+ 𝑘0 )𝑥. )965(
 — 
	( 𝑡, 𝑥) = 𝑒𝑖(− 
 0 + 𝑘0 
 ′0 )𝑡 	(0 , 𝑥   
 ′0𝑡). )966(
Trs Tz  rt ⁄ ryt§ fl Tywm  Tz  kJ  A XbSA d§r Am
Twmm 
𝑣group = 

′
0 =
𝑑

𝑑𝑘
j𝑘= 𝑘0 . )967(

 ›AW‘ Twmm  TrF bO ¤AtA ⁄ 
 =  ℎ𝑘2/2𝑚 £@¡ AntA ¤
𝑣group =
ℎ𝑘0
𝑚
=
𝑝0
𝑚
= 𝑣0. )968(
¤q wt  E zh 
'  𝑉  wmkl Tyl T§r}  Tmy 𝑥0 kt
𝑉
′ (𝑥0) = 0 . )969(
y  wmk  ,Tywm‘l   dq '   ⁄  ,CAt    Am¶  km§ TARflA
¤l§ A 𝑥0 w Cwl§A Tlsls 𝑉 (𝑥)  fl  rKn . 𝑉 (𝑥0) = 0
𝑉 (𝑥) = 𝑉 (𝑥0) + ( 𝑥   𝑥0)𝑉 ′ (𝑥0) + 12(𝑥   𝑥0)
2𝑉
′′ (𝑥0) + ...
=
1
2𝑉
′′ (𝑥0)(𝑥   𝑥0)2 + ... )970(
.𝑘 = 𝑉
′′ (𝑥0) = 𝑚
 2 T⁄r A Xys ¤q w E zh TnAk  TAW  ¤¡ £@¡
Tmyq  w Tr  O ¤t  zA Tql‘tm  ry rn§ ⁄rJ T A‘

  —  ¤W‘ 𝑥0 Tylm  T§r}fl (︂
 
ℎ2
2𝑚
𝑑2
𝑑𝑥2
+
1
2𝑚

2𝑥2
)︂
𝜓 = 𝐸𝜓. )971(
kK  ¤l AS§  T A‘m  £@¡ TAt km§(︂
𝑝2
2𝑚 +
1
2𝑚 

2?^?2
)︂
j𝜓 >= 𝐸j𝜓 > . )972(
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 𝑎 ⁄ 𝑎+ {f  ⁄ r   r¥ r‘ . 𝜓(𝑥) = < 𝑥|𝜓 >    r@n
𝑎+ =
1√
2ℎ𝑚 

(𝑚
^ 𝑥− 𝑖𝑝) , 𝑎 = 1√
2ℎ𝑚

(𝑚
^ 𝑥 + 𝑖𝑝). )973(
 Abt  Afi 	s [?^?, 𝑝] = 𝑖ℎ  fl
[𝑎, 𝑎+ ] = 1 . )974(
›AW‘m  Xysb  ¤q wt  E zh  TywtlyA¡     ›rJAb  fl  qt    Annkm§
kK  ¤l AhtAt km§ ?^? = ?^?22𝑚 + 12𝑚 
 2?^?2 

?^? =  ℎ
( 𝑎+ 𝑎 + 12). )975(
	s
[?^?, 𝑎] = −ℎ 
 𝑎 , [?^?, 𝑎+ ] =  ℎ
 𝑎+ . )976(
?^?|𝜓 >= 𝐸|𝜓 > zA Tql‘t ry rn§ ⁄rJ T A‘ ⁄ fl A‘m  £@¡  dtFA
¤l O
?^?𝑎|𝜓 >= ( 𝐸 − ℎ
) 𝑎|𝜓 > , ?^?𝑎+ |𝜓 >= ( 𝐸 +  ℎ
) 𝑎+ |𝜓 > . )977(
𝑎+ |𝜓 > Amny𝐸 − ℎ
 Ty @  TmyqA?^?  ¤ — A‘J w¡ 𝑎|𝜓 > 'r  ›CAb‘
r¥m Tyms  @h ⁄ TAW  Pqn§ 𝑎  —  .𝐸 +  ℎ
 Ty @  TmyqA ¤ — A‘J w¡

  d‘  r¥ r‘ .r  r¥ Ffl   @h ⁄ TAW  d§z§ 𝑎+ Amny {f 
𝑁 = 𝑎+ 𝑎. )978(
'  𝑛 Ty @  TmyqA rm  𝑁  ¤ @  A‘K  |𝑛 > ky
𝑁 |𝑛 >= 𝑛|𝑛 > . )979(
¤ .›dA‘t |𝑛 >Ty @  T‘Jfl  ⁄ Tyqyq 𝑛Ty @  yq   A ¤tyr¡ r¥ 𝑁  fl
 dtFA ¢A — ¤l ›⁄fi . 𝑛 = |𝑎|𝑛 > |2  fl 	w  wk§    	§ 𝑛 Tqyq 
⁄ 𝑁𝑎|𝑛 >= ( 𝑛 − 1)𝑎|𝑛 > 	s [𝑁, 𝑎+ ] = 𝑎+ ⁄ [𝑁, 𝑎] = −𝑎  Abt  Afi
'r  ›CAb‘ . 𝑁𝑎+ |𝑛 >= ( 𝑛 + 1) 𝑎+ |𝑛 >
𝑎|𝑛 >= 𝑐𝑛|𝑛− 1 > , 𝑎+ |𝑛 >= 𝑑𝑛|𝑛 + 1 > . )980(
⁄ |𝑐𝑛|2 = 𝑛 ¤l O < 𝑛|𝑛 >= 1 '  Tm\n |𝑛 > Ty @  T‘Jfl     “ rtJA
An§d ,Xysbt     ,Tbw Tyqyq   d  𝑑𝑛 ⁄ 𝑐𝑛 @A  —  .|𝑑𝑛|2 = 𝑛 + 1
𝑎|𝑛 >= √𝑛|𝑛− 1 > , 𝑎+ |𝑛 >= √𝑛 + 1 |𝑛 + 1 > . )981(

 ›AW‘ ¤AtA ¤¡ TAWl Ah wmsm  yq 
𝐸𝑛 =  ℎ
( 𝑛 + 12). )982(
.|𝑛 > XbSA ¤¡ Tqrm  Ty @  T‘Jfl     R w  
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rn§ ⁄rJ T A‘m y\ntl A  '  TAV :TyAt  TA‘  Tytn   fl  m‘ts
 .𝑉  wmkl T§r}fl  Tmyq   '⁄As ⁄  rb   wk    	§ zA Tql‘tm  ry
𝐸𝑛 yq     Ad⁄⁄ rf} ¤¡ 𝑉  T§r}fl  Tmyq   A TF Cd  dy AntA  
𝐸0 TyFAFfl  TA  TAV  A ‘fA . 𝑛  0  fl rfO   rb  Am¶  ¤¡ TAWl
¤¡ Xysb  ¤q wt  E zhl
𝐸0 =
1
2ℎ
 . )983(
TA  A‘J ¤  w}w  km§ j𝑛 > TA A‘J '   AfiW  ¢  R w  
QwOA ¤n‘§  @¡ . 𝑎 {f  r¥m Crktm  ybWt  §rV  j0 > TyFAFfl 

 Ahy ryt  	§ ¤t   rm   d '⁄As§ ¢fl ¤‘ybV  d  wk§    	§ 𝑛   
ymkt  “rJ ¤l O . j0 > ¤  j𝑛 >  
A¡@l 𝑎
𝑛 2 N . )984(
¤ “rK   @¡ 	tk§ . 𝑎j0 >= 0 “rK  q§    	§ j0 > TyFAFfl  TA  A‘J
) 𝜓0(𝑥) = < 𝑥j0 >  ( ¤AtA Rwm  ”AS
( 𝑑
𝑑𝑥
+
𝑚

ℎ
𝑥)𝜓0(𝑥) = 0 . )985(

 ¤W‘§ \nm   
𝜓0(𝑥) = ( 𝑚

𝜋 ℎ
) 14 𝑒−m 
2h 𝑥2 . )986(
¤AtA j0 > Tfld j𝑛 > TA  T‘J  
As km§
j1 >= 𝑎+ j0 >
j2 >= 𝑎
+
p
2
j1 >= (𝑎
+ )2p
2!
j0 >
j3 >= 𝑎
+
p
3
j2 >= (𝑎
+ )3p
3!
j0 >
.
.
j𝑛 >= 𝑎
+
p
𝑛
j𝑛   1 >= (𝑎
+ )𝑛p
𝑛!
j0 > . )987(
At T   wm

 TA  £@¡ ¤  wmk  ¤W‘§
𝑉 (𝑥) =   𝛼𝛿(𝑥). )988(
kK  ¤l 	tk zA Tql‘tm  ry rn§ ⁄rJ T A‘ .	w 𝛼 A 
 
ℎ2
2𝑚
𝑑2𝜓
𝑑𝑥2
  𝛼𝛿(𝑥)𝜓 = 𝐸𝜓. )989(
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r‘ :)𝐸  0( TWbrm  flA 
𝜅 =
p
  2𝑚𝐸
ℎ
. )990(
bO zA Tql‘tm  ry rn§ ⁄rJ T A‘
𝑑2𝜓
𝑑𝑥2
+
2𝑚𝛼
ℎ2
𝛿(𝑥)𝜓 = 𝜅2𝜓. )991(
An§d𝑥 > 0 ⁄  𝑥 < 0   
𝑑2𝜓
𝑑𝑥2
= 𝜅2𝜓. )992(
kK  @§ 𝑥 < 0     
𝜓(𝑥) = 𝐴𝑒−𝜅𝑥 + 𝐵𝑒𝜅𝑥. )993(
An§d  wk§    	§  —  . 𝐴 d‘n§  A rfn§ £fi    𝑥  !  1 T§Ahn  ¤
𝜓(𝑥) = 𝐵𝑒𝜅𝑥 , 𝑥 < 0. )994(
kK  @§ 𝑥 > 0       A mA
𝜓(𝑥) = 𝐹𝑒−𝜅𝑥 + 𝐺𝑒𝜅𝑥. )995(
An§d  wk§    	§  —  . 𝐺 d‘n§ A rfn§   𝑥  ! 1 T§Ahn  ¤  fl 
𝜓(𝑥) = 𝐹𝑒−𝜅𝑥 , 𝑥 > 0. )996(
›rmts Am¶  ¤¡ 𝑑𝜓(𝑥)/𝑑𝑥 ¤⁄fl  AhtqtK Amny ›rmts Am¶  ¤¡ Tywm  T d 
O ⁄fl  'd  “rK    —  . wmk  Ahy dAbt§ ¤t  “Aqn  ¤ ”AntFA
¤l
𝐹 = 𝐵. )997(
Tytn   —  An§d
𝜓(𝑥) = 𝐵𝑒+ 𝜅𝑥 , 𝑥  0
𝜓(𝑥) = 𝐵𝑒−𝜅𝑥 , 𝑥  0. )998(
An§d .+ 𝜖 ⁄   𝜖 y rn§ ⁄rJ T A‘ ¤rV  fl  Ak∫︁ 𝜖
−𝜖
𝑑𝑥
𝑑2𝜓
𝑑𝑥2
=  
2𝑚𝛼
ℎ2
∫︁ 𝜖
−𝜖
𝑑𝑥𝛿(𝑥)𝜓 + 𝜅2
∫︁ 𝜖
−𝜖
𝑑𝑥𝜓. )999(
Tytn  ¤l 𝜖  ! 0 T§Ahn  ¤ O
𝑑𝜓
𝑑𝑥
j+ 𝜖   𝑑𝜓
𝑑𝑥
j−𝜖 =   2𝑚𝛼
ℎ2
𝜓(0). )1000(
𝑥 = 0 TWqn  ¤ ›rmts ry Tywm  T dl ¤⁄fl  TqtKm   A 'r  ›CAb‘
Tytn  ¤W‘ £fi  T A‘m  . wmk  dAbt§ y
  2𝐵𝜅 =   2𝑚𝛼
ℎ2
𝐵. )1001(
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 — 
𝜅 =
𝑚𝛼
ℎ2
. )1002(

 ›AW‘  —  ¤¡ TWbrm  TA  TAV
𝐸 =  
ℎ2𝜅2
2𝑚 =  
𝑚𝛼2
2ℎ2
. )1003(
TWbrm  TAl Tywm  T d  . 𝐵 = p 𝜅 ¤W‘§𝜓(𝑥) Tywm  T d  y\n

  —  ¤W‘
𝜓(𝑥) = p 𝜅𝑒−𝜅|𝑥|. )1004(
r‘ :)𝐸  0(  AOt  flA
𝑘 =
p
2𝑚𝐸
ℎ
. )1005(
𝑑2𝜓
𝑑𝑥2
+
2𝑚𝛼
ℎ2
𝛿(𝑥)𝜓 =   𝑘2𝜓. )1006(
kK   w¡ 𝑥 < 0     
𝜓(𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥. )1007(
kK   w¡ 𝑥 > 0     
𝜓(𝑥) = 𝐹𝑒𝑖𝑘𝑥 + 𝐺𝑒−𝑖𝑘𝑥. )1008(
¤l O Twm  T  T§C rmtF  “rJ 
𝐴 + 𝐵 = 𝐹 + 𝐺. )1009(
¤⁄fl  AqtKm  	s
𝑑𝜓
𝑑𝑥
j+ 𝜖 = 𝑖𝑘(𝐹   𝐺) , 𝑑𝜓
𝑑𝑥
j−𝜖 = 𝑖𝑘(𝐴   𝐵). )1010(
¤l O (1000) “rK  
𝑖𝑘(𝐹   𝐺   𝐴 + 𝐵) =   2𝑚𝛼
ℎ2
(𝐴 + 𝐵). )1011(
AqmA
𝐹   𝐺 = (1 + 2 𝑖𝛽)𝐴   (1   2𝑖𝛽)𝐵 , 𝛽 = 𝑚𝛼
ℎ2𝑘
. )1012(
A‘F ¤¡ 𝐺 ⁄ 𝐵 Amny ymy  ¤  ›rKtnm   wfl  A‘F ¤¡ 𝐹 ⁄ 𝐴  w 
Th  ¤ Amys   A Tny‘  AO Tr ¤ .CAsy  ¤  ›rKtnm   wfl 
184
Twm  Aq§ 𝐵 ,› C w  Twm  Aq§ 𝐴 TA  £@¡ ¤ .CAsy   fi ›d ⁄
 —  rbt‘ . 𝐺 = 0 Amny ›rsknm  '  TlFrm  Twm  Aq§ 𝐹 ⁄ Tsk‘nm 
𝐺 = 0 , scattering from left. )1013(
fiA‘m  ¤l O
𝐵 =
𝑖𝛽
1− 𝑖𝛽𝐴 , 𝐹 =
1
1− 𝑖𝛽𝐴. )1014(
Tywm   ⁄d  ¤l O  — 
𝜓incid = 𝐴𝑒
𝑖𝑘𝑥
𝜓ree =
𝑖𝛽
1− 𝑖𝛽𝐴𝑒
−𝑖𝑘𝑥
𝜓trans =
1
1− 𝑖𝛽𝐴𝑒
𝑖𝑘𝑥. )1015(

  —  ¤W‘ Tylk  Tywm   ⁄d 
𝜓(𝑥) = 𝜓incid (𝑥) + 𝜓ree (𝑥) , 𝑥 < 0. )1016(
𝜓(𝑥) = 𝜓trans (𝑥) , 𝑥 > 0. )1017(
 A  —  'r  ›CAb‘ . 𝑥 TWqn  ¤ ys   A§  Amt  w¡ |𝜓(𝑥)|2    r@
|𝜓(𝑥)|2 Tymk   A 𝜓(𝑥) TA  Hf ¤ Ahl Amys   R  d An§d
,
∫︀
𝑑𝑥|𝜓incid |2 = |𝐴|2
∫︀
𝑑𝑥 ¤AtA .𝑥 TWqn  ¤ dw ¤t  Amys   d Hyq
,› C w  Amys    d  ¤¡ ∫︀ 𝑑𝑥|𝜓trans |2 = |𝐹 |2 ∫︀ 𝑑𝑥 ⁄ ∫︀ 𝑑𝑥|𝜓ree |2 = |𝐵|2 ∫︀ 𝑑𝑥
ry   dfl  £@¡    C . 𝐸 TAV Ah ¤t  ¤ wt  ¤l ›rsknm  ⁄ Tsk‘nm 
Ahbs  A ,y\ntl TlA ry 𝜓trans ⁄ 𝜓ree ,𝜓incid Tywm   ⁄d   fl ,Tyhtn
.Tyhtn
Amys  d Tbs @ ¤W‘§ Hk‘n§     C ⁄ ys ¤bsn  Amtfl   — 
'  Tsk‘nm  Amys   d‘ › C w 
𝑅 =
|𝐵|2
|𝐴|2 =
𝛽2
1 + 𝛽2 =
1
1 + 2ℎ2𝐸𝑚𝛼2
. )1018(
rskn§     C ⁄ ys ¤bsn  Amtfl   A mA .xAk‘fl  A‘ ¤ms§  @¡
'  ›rsknm  Amys   d‘ › C w  Amys   d Tbs @ ¤W‘§
𝑇 =
|𝐹 |2
|𝐴|2 =
1
1 + 𝛽2 =
1
1 + 𝑚𝛼22ℎ2𝐸
. )1019(
An§d .AFCfl  ⁄  CAskfl  A‘ ¤ms§  @¡
𝑅 + 𝑇 = 1 . )1020(
TAV ¢ '@  ys     '  . 𝑇 −→ 1 ⁄ 𝑅 −→ 0  A 𝐸 −→ ∞ Am ¢  ^fin
.¢FAk‘  Amt   rb   wmk  ry £C⁄r Amt  TyA
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TlA ry  ⁄ Ahfl Ty¶A§zy sy 𝜓trans ⁄ 𝜓ree ,𝜓incid Tywm   ⁄d 
Tyw z  ›CAb ,y\ntl TlA  ⁄d  ⁄d  £@¡ {§w‘ 	§ .y\ntl
𝐸 TAW  {§w‘ ¤  ›C⁄rSA ' ¥§  @¡ ⁄ ,r  ys  TA ¤ Anl‘ A 
𝑘 Tmyq  w ›zr Tyw z  —  rbt‘ .TAWl Twmsm  yq   Am
,› C w  Tywm  z  . 𝐸 Tmyq  w ›zr TAW   wk ¤ ¤wm   d‘l
,𝜓incid Ahqq ¤t  T§d  “⁄rK  Hf q    	§ ›rsknm  ⁄ Tsk‘nm 
⁄ 𝜓ree ,𝜓incid  TbsnA £fi  ¢ Anm '@  ylt  .¤ wt  ¤l 𝜓trans ⁄ 𝜓ree
Amh bOy 𝑇 ⁄ 𝑅 A  Tywm  z  £@h TbsnA AkA AA} ¤qb§ 𝜓trans
.𝐸 TAW   — Amysl CAskfl ⁄ xAk‘fl  ¤lA‘ rysf
rm   wmk 
 wmk   fl  rbt‘
𝑉 =   𝑉0 ,   𝑎 < 𝑥 < 𝑎
𝑉 = 0 , j𝑥j > 0. )1021(
r‘ :)𝐸 < 0( TWbrm  flA 
𝜅 =
p
  2𝑚𝐸
ℎ
. )1022(
TA  TqWnm   w Amny 𝑥 <   𝑎  w ¤⁄fl  TqWnm  .VAn fi An§d
kK  ¤l rn§ ⁄rJ T A‘ 	tk ytqWnm  ¢A¡ ¤ . 𝑥 > 𝑎
𝑑2𝜓
𝑑𝑥2
= 𝜅2𝜓. )1023(
w¡ A‘   
𝜓(𝑥) = 𝐴𝑒−𝜅𝑥 + 𝐵𝑒𝜅𝑥. )1024(
w¡ ¤⁄fl  TqWnm  ¤      R w  
𝜓𝐼 (𝑥) = 𝐵𝑒𝜅𝑥 , 𝑥 <   𝑎. )1025(
w¡ TA  TqWnm  ¤   mA
𝜓𝐼𝐼𝐼 (𝑥) = 𝐹𝑒−𝜅𝑥 , 𝑥 > 𝑎. )1026(
 '⁄As ⁄  rb   wk    	§ rn§ ⁄rJ T A‘m y\ntl A  '  TAV
TqWnm  ¤  —  .𝐸 >   𝑉0    ¤n‘§  @¡ TA  £@¡ ¤ . wmkl T§r}fl  Tmyq 
kK  ¤l rn§ ⁄rJ T A‘ 	tk   𝑎 < 𝑥 < 𝑎    '  TyA 
𝑑2𝜓
𝑑𝑥2
=   𝑙2𝜓 , 𝑙 =
√︀
2𝑚(𝐸 + 𝑉0)
ℎ
. )1027(

 ¤W‘§  
𝜓𝐼𝐼 (𝑥) = 𝐶 sin 𝑙𝑥 + 𝐷 cos𝑙𝑥. )1028(
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.T§ r ⁄  Ty⁄E A  Tywm  T d     |rtf    km§ ¤⁄E  wmk   fl
¤l O . 𝐶 = 0 ›rJAb An§d Ty⁄E Ah  | rtA
𝜓𝐼𝐼 (𝑥) = 𝐷 cos𝑙𝑥. )1029(
fl A‘m  ¤  ' ¥ 𝜓𝐼𝐼 (𝑎) = 𝜓𝐼𝐼𝐼 (𝑎) ,𝜓𝐼 (   𝑎) = 𝜓𝐼𝐼 (   𝑎) T§d  “⁄rK 
𝐵 = 𝐹. )1030(
𝐵𝑒−𝜅𝑎 = 𝐷 cos𝑙𝑎. )1031(
fl A‘m  ¤  ' ¥ 𝜓′𝐼𝐼 (𝑎) = 𝜓
′
𝐼𝐼𝐼 (𝑎) ,𝜓
′
𝐼 (   𝑎) = 𝜓
′
𝐼𝐼 (   𝑎) T§d  “⁄rK 
𝜅𝐵𝑒−𝜅𝑎 = 𝐷𝑙 sin 𝑙𝑎. )1032(
“rK  q    	§ Ah wmsm  AAW   — 
tan 𝑙𝑎 =
𝜅
𝑙
. )1033(
r‘
𝑧 = 𝑙𝑎 , 𝑧0 =
𝑎
ℎ
√︀
2𝑚𝑉0. )1034(
 —  .𝑎2𝜅2 = 𝑧20   𝑧
2 ¤AtA ⁄ 𝜅2 + 𝑙2 = 2𝑚𝑉0/ℎ2    ^fi
tan 𝑧 =
√︂
𝑧20
𝑧2
  1. )1035(
𝑧0 Tfld 𝐸 TAWl ‚Akm  𝑧 whm     TyAstm  T A‘m  £@¡  	§
.r•b   Hyq§ '@ 
𝑛 y 𝑧 = 𝑛𝜋/2 ¤AtA .tan 𝑧  ! 1 An§d𝑧0  ! 1 '  Tqym r•   
¤ q
√︁
𝑧20
𝑧2   1 ⁄ tan 𝑧 yt d  VAq “Aq TA  £@¡ ¤  —  .' r
𝑧𝑛 = 𝑛
𝜋
2 $ 𝐸
′
𝑛 = 𝐸𝑛 + 𝑉0 =
ℎ2𝜋2𝑛2
2𝑚(2𝑎)2 . )1036(
𝐸
′
𝑛 yq  𝑉0  ! 1 T§Ahn  ¤ .wl   ¢tn  d An¡  A ¢tn 𝑉0   
.¤¶Ahfi  rm   wmk  AAV bO
.TWbrm  flA      d An§d  wk§ ¢A yR ⁄ R  wm   
 wk§ ¢A ›ry} A Amh 𝜋/2    ¤¡ ¤t  𝑧0 yq      ‘fA
.›dy⁄ TWbr TA An§d
r‘ :)𝐸 > 0(  AOt  flA
𝑘 =
p
2𝑚𝐸
ℎ
. )1037(
187
wl  An§d
𝜓𝐼 (𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥 , 𝑥 < −𝑎
𝜓𝐼𝐼 (𝑥) = 𝐶 sin 𝑙𝑥 + 𝐷 cos𝑙𝑥 , −𝑎 < 𝑥 < 𝑎
𝜓𝐼𝐼𝐼 (𝑥) = 𝐹𝑒𝑖𝑘𝑥 , 𝑥 > 𝑎. )1038(
Twm  , 𝐴  TbFAnt › C w  Twm  .r ys  TA  ⁄ ¤⁄fl  VAnm  ¤
T§C rmtF  .𝐹  TbFAnt )TlFrm ( ›rsknm  Twm  ⁄ 𝐵  TbFAnt Tsk‘nm 
fl A‘m  ¤W‘§ 𝑥 = ±𝑎 “Aqn  ¤ Tywm  T d 
𝐴𝑒−𝑖𝑘𝑎 + 𝐵𝑒𝑖𝑘𝑎 = −𝐶 sin 𝑙𝑎 + 𝐷 cos𝑙𝑎
𝐹𝑒𝑖𝑘𝑎 = 𝐶 sin 𝑙𝑎 + 𝐷 cos𝑙𝑎. )1039(
fl A‘m  ¤  ' ¥ 𝑥 = ±𝑎 ¤ Tywm  T dl ¤⁄fl  TqtKm  T§C rmtF 
𝑖𝑘(𝐴𝑒−𝑖𝑘𝑎 −𝐵𝑒𝑖𝑘𝑎) = 𝑙(𝐶 cos𝑙𝑎 + 𝐷 sin 𝑙𝑎)
𝑖𝑘(𝐹𝑒𝑖𝑘𝑎) = 𝑙(𝐶 cos𝑙𝑎−𝐷 sin 𝑙𝑎). )1040(
 A§fl (1040)  TyA  T A‘m  ⁄ (1039)  TyA  T A‘m  m‘ts
𝐶 = (sin 𝑙𝑎 + 𝑖𝑘
𝑙
cos𝑙𝑎)𝑒𝑖𝑘𝑎𝐹 , 𝐷 = (cos 𝑙𝑎− 𝑖𝑘
𝑙
sin 𝑙𝑎)𝑒𝑖𝑘𝑎𝐹. )1041(
(1040)  ¤⁄fl  T A‘m  ⁄ (1039)  ¤⁄fl  T A‘m  ¤  CAb‘  £@¡ |w‘
 A§fl
𝐴𝑒−𝑖𝑘𝑎 + 𝐵𝑒𝑖𝑘𝑎 = (cos 2𝑙𝑎− 𝑖𝑘
𝑙
sin 2𝑙𝑎)𝑒𝑖𝑘𝑎𝐹
𝐴𝑒−𝑖𝑘𝑎 −𝐵𝑒𝑖𝑘𝑎 = (cos 2𝑙𝑎− 𝑖𝑙
𝑘
sin 2𝑙𝑎)𝑒𝑖𝑘𝑎𝐹. )1042(
 — 
𝐹 =
𝑒−2𝑖𝑘𝑎
cos 2𝑙𝑎− 𝑖𝑘2 + 𝑙22𝑘𝑙 sin 2𝑙
𝐴. )1043(
𝐵 = 𝑖
𝑙2 − 𝑘2
2𝑘𝑙 sin 2𝑙𝑎𝐹. )1044(
w¡ AFCfl  ⁄  CAskfl  A‘
𝑇 =
|𝐹 |2
|𝐴|2 =
1
cos2 2𝑙𝑎 + ( 𝑘2 + 𝑙22𝑘𝑙 )2 sin2 2𝑙𝑎
. )1045(
w¡ xAk‘fl  A‘
𝑅 =
|𝐵|2
|𝐴|2 =
( 𝑘2−𝑙22𝑘𝑙 )2 sin2 2𝑙𝑎
cos2 2𝑙𝑎 + ( 𝑘2 + 𝑙22𝑘𝑙 )2 sin2 2𝑙𝑎
. )1046(
    qt
𝑅 + 𝑇 = 1 . )1047(
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§CAm
:1 §rm
T} ¤l ¡r . H rbly¡ ”AS ¤ TA ¤A‘J j𝑔 > ⁄ j𝑓 > ky (1
EC wJ T rt
j < 𝑓 j𝑔 > j2  < 𝑓 j𝑓 >< 𝑔j𝑔 > .
. ww < 𝑓 j𝑔 > ¤l d  ” d     EC wJ T rt Am‘tFA y (2
l ”AS w¡ ¤A‘K  ”ASf  §r‘tA .	r ”AS w¡ rbly¡ ”AS (3
'  j𝑔 > ⁄ j𝑓 >  A  —   —  .¤mls  
rS  ⁄ ¤A‘K  m  ry 
AS§  w¡jℎ >= j𝑓 > + j𝑔 > wmm   A rbly¡ ”AS ¤ TA ¤A‘J
⁄ 𝑓 (𝑥) ytywm  yt d  A  —  ¢  y .rbly¡ ”AS ¤ TA A‘J
.y\ntl A Tyw T  AS§  ¤¡ ℎ(𝑥)  A y\ntl ytlA 𝑔(𝑥)
:2 §rm

 ¤W‘§ 
AyCfl  db (1
𝜎2𝐴𝜎
2
𝐵 
1
4j < [?^?, ?^?]j > j
2.

 ¤W‘§ £fi  T rtm  T}    ¤Ak  ⁄ 'C⁄rS  “rK     y
(?^?   < ?^? >)j𝜓 >= 𝑖𝑎(?^?   < ?^? >)j𝜓 > .
.'r}  
AyC   — TA  —  ¤¡ j𝜓 > A‘KA Tw}wm  TA 
Om  Tywm  T d  W . ?^? = ?^? ⁄ ?^? = ?^?    £fi  “rKl  d (2
m‘tF  .d w Ahyl∫︁ ∞
−∞
𝑑𝑥𝑒−𝑥
2
=
p
𝜋.
.Tr  Aym ”AS ¤ TlAqm  Tywm  T d  d (3
ys  Tr Tym  wk ¤t y . < ?^? >= 0 ryt‘ Xysbt     4)
.R wm  ”AS ¤  dy A‘Rwmt ys   wk§ ¤t ⁄  dy Tr‘
:3 §rm
¤  rtfl   @h {§w‘tA . 𝜓(𝑡, 𝑥) = p 𝜌𝑒 iSh 
 𝜓(𝑡, 𝑥) Tywm  T d  l (1
T§C rmtFfl  T A‘ ¤l O rn§ ⁄rJ T A‘
𝜕𝜌
𝜕𝑡
+
𝜕𝑗
𝜕𝑥
= 0 .
.𝜓* ⁄ 𝜓 AS§  ⁄ 𝑆 ⁄ 𝜌 Tfld 𝑗 Amtfl  CAy 	t 
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 ¤W‘m  Amtfl  _Af   wA  q T§C rmtFfl  T A‘ Am‘tFA (2
𝑑𝑃
𝑑𝑡
= 0 , 𝑃 =
∫︁ ∞
−∞
𝜌(𝑡, 𝑥)𝑑𝑥.
.𝑗 Amtfl  CAy ¤n‘ w¡ A . 𝑑<?^?>𝑑𝑡 ⁄ < 𝑝 > y XC  (3
d‘ TA  £@¡ ¤ y . 𝑉 = 𝑉0   𝑖  '  	r 𝑉  wmk     |rtf (4
.𝑃 O§  —A .𝑑𝑃𝑑𝑡 ¤lk  Amtfl  ry
w¡ A .ℎ  ! 0 TykyFfik  Aht§Ah ¤¡ A ⁄𝑆 Ahqq§ ¤t  T A‘m  ¤¡ A (5
.𝑆 ¤n‘
:4 §rm
zr§ 𝑆3 ⁄ 𝑆2  r¥ml Ayl‘  Ty @  TA  . 1/2 ybF ⁄— ys rbt‘ (1
.j  >  j 12   12 > 
 Ah zry Ayd  Ty @  TA  A  j+ > j 12 12 > 
 Ah
AwfO Tfld 𝑆𝑖  rb .xAFfl   @¡ ¤ 𝑆± ⁄ 𝑆3 ,𝑆2  r¥m  	t 
¤⁄A
𝜎1 =
(︂
0 1
1 0
)︂
, 𝜎2 =
(︂
0   𝑖
𝑖 0
)︂
, 𝜎3 =
(︂
1 0
0   1
)︂
.
¤ 𝑆3 ybs  Ans  —  AhflAmt  ¤¡ A ⁄ Ahyl O ¤t  yq  ¤¡ A (2
.ysl TA TA
¤ 𝑆1 ybs  Ans  —  AhflAmt  ¤¡ A ⁄ Ahyl O ¤t  yq  ¤¡ A (3
.ysl TA TA
¤¡A . j+ > TA  ¤  ww Ty¶ dtfl  T\l  ¤ ys     AnRrt   —  (4
A + ℎ/2 Tytnl xAyq  '    —  .AhflAmt  ¤¡A ⁄ 𝑆1 ybs  xAy ¶At
¢§r '@  𝑆3 ybs  xAy ¶At ¤¡ A .xAyq  d‘ ys  TA ¤¡
.AhflAmt  ¤¡A ⁄ As  xAyq  d‘ ›rJAb
⁄  ⁄rtkfl   1/2 AmhnybF ymys  TlkK Tlm rbt‘ :5 §rm
¤lk  ¤r  z‘  w¡ A .y⁄Cdyh  ›C@ TyFAFfl  TA  ¤  w⁄rb 
.Tlm  £@¡ rbly¡ ”AS ‚K  .Tlml
𝑎+ , 𝑎
+
+ ryd ⁄  d   r¥m  fiqts  Ayq w   E z¡ rbt‘ :6 §rm
T§ rf   d‘   r¥ . [𝑎+ , 𝑎+−] = 0 ⁄ [𝑎−, 𝑎+−] = 1 ,[𝑎+ , 𝑎++ ] = 1 '  , 𝑎−, 𝑎+− ⁄
.𝑁 = 𝑁+ + 𝑁− 
 ¤W‘y ¤lk   d‘  r¥ A  𝑁− = 𝑎+−𝑎− ,𝑁+ = 𝑎++ 𝑎+ 
 ¤W‘
 —   —  .T§ rf  Tyrblyh   ”ASfl 'Cwsnt  ” d  w¡ ¤lk  rbly¡ ”AS
xAF  w¡ fj 𝑛− >g ⁄ ⁄fl  ¤q wt  E zhl rbly¡ ”AS xAF  w¡ fj 𝑛+ >g  A
rbly¡ ”AS xAF  w¡ fj 𝑛+ > j𝑛− >g  A ¤A  ¤q wt  E zhl rbly¡ ”AS
r‘ .¤lk 
𝐽+ =  ℎ𝑎
+
+ 𝑎− , 𝐽− =  ℎ𝑎
+
−𝑎+ , 𝐽3 =
ℎ
2(𝑎
+
+ 𝑎+   𝑎
+
−𝑎−).
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¤r  z‘  r 	s  .¤r  z‘  Afi q 𝐽3 ⁄ 𝐽±     q
xAFfl  ¤l 𝐽2 ⁄ 𝐽3 ,𝐽± r¥ y . 𝑁 = 𝑁+ + 𝑁− ¤lk   d‘  r¥ Tfld 𝐽2
⁄ 𝑗 Tymk    dfl  ⁄ Th  𝑛− ⁄ 𝑛+ Tymk    dfl  y Tfi‘  d . j𝑛1, 𝑛2 >
Tfld j𝑗,𝑚 > 	t  . 𝑛+ + 𝑛− wmml TbsnA ^fi  —A .'r  Th  𝑚
.𝑎+− ⁄ 𝑎++ ”AKfl   r¥
:7 §rm
Amh  ,At  r§ T d  Aql‘t  Atl  , 𝐷2(𝑥) ⁄ 𝐷1(𝑥) yCAb‘   wq (1
“rK  q  —   At§⁄Ast∫︁ ∞
−∞
𝑑𝑥𝑓 (𝑥)𝐷1(𝑥) =
∫︁ ∞
−∞
𝑑𝑥𝑓 (𝑥)𝐷2(𝑥).
   y
𝛿(𝑐𝑥) = 1j𝑐j 𝛿(𝑥).

 r‘ 𝜃(𝑥) ›wW  T d  (2
𝜃(𝑥) = 1 , 𝑥 > 0
𝜃(𝑥) = 0 , 𝑥 < 0.
   y
𝑑𝜃
𝑑𝑥
= 𝛿(𝑥).

 ¤W‘ )114(CAKfi Tn¡rb :8 §rm
𝑓 (𝑥) = 1p
2𝜋
∫︁ ∞
−∞
𝐹 (𝑘)𝑒𝑖𝑘𝑥𝑑𝑘 $ 𝐹 (𝑘) = 1p
2𝜋
∫︁ ∞
−∞
𝑓 (𝑥)𝑒−𝑖𝑘𝑥𝑑𝑥.
   y
𝛿(𝑥) = 12𝜋
∫︁ ∞
−∞
𝑒𝑖𝑘𝑥𝑑𝑘.
)𝑥 > 0( 𝐼𝐼 ⁄ ) 𝑥 < 0( 𝐼 ytqWnm  ¤ . r§ T   wm rbt‘ :9 §rm

 Tywm   ⁄d  ¤W‘
𝜓𝐼 (𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥 , 𝑥 < 0
𝜓𝐼𝐼 (𝑥) = 𝐹𝑒𝑖𝑘𝑥 + 𝐺𝑒−𝑖𝑘𝑥 , 𝑥 > 0.

 ¤W‘ 𝑥 = 0 dn T§d  “⁄rK 
𝐹 + 𝐺 = 𝐴 + 𝐵
𝐹   𝐺 = 𝐴(1 + 2 𝑖𝛽)   𝐵(1   2𝑖𝛽).
Plancherl .)114(
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An§d .§rfl  ytA  Tfld ytA d    km§  — 
𝛽 =
𝑚𝛼
ℎ2𝑘
, 𝑘 =
√
2𝑚𝐸
ℎ
.

 Tr‘m  𝑆  AOt  TwfO 	s  (1(︂
𝐵
𝐹
)︂
=
(︂
𝑆11 𝑆12
𝑆21 𝑆22
)︂(︂
𝐴
𝐺
)︂
.
Tfld , wmk    dy‘ rt ¤t  '  , 𝐹 ⁄ 𝐵 ›C AO  A‘s  ¤W‘§  @¡
. wmk  w rt ¤t  '  , 𝐺 ⁄ 𝐴 › C w  A‘s 
' Tr‘m  𝑇 §wt  TwfO 	s  (2(︂
𝐹
𝐺
)︂
=
(︂
𝑇11 𝑇12
𝑇21 𝑇22
)︂(︂
𝐴
𝐵
)︂
.
⁄ 𝐴 £CAs§ ¤l A‘s  Tfld 𝐺 ⁄ 𝐹  wmk  ym§ ¤l A‘s  ¤W‘§  @¡
.𝐵
d‘n§ ¤fy  wm    §wt  TwfO ⁄  AOt  TwfO LA (3
.𝑥 −→ ±∞ Am
𝑆𝑖𝑗 Tfld xAk‘fl  ⁄ CAskfl  fiA‘ 	t  CAsy    AOt     (4
.𝑇𝑖𝑗 ⁄
TwfO  A ytlOt ry yt‘W  kK  wm    ¢  y (5
q §wt 
𝑇 = 𝑇2𝑇1.
.›d ¤l 𝑖 T‘Wq     §wt  TwfO ¤¡ 𝑇𝑖
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wl
:1 §rm
.𝑎 =   < 𝑔j𝑓 > / < 𝑔j𝑔 >  j𝜓 >= j𝑓 > + 𝑎j𝑔 > A‘K  Tl§wV rbt‘ (1
.j < 𝑓 j𝑔 > j  √︀< 𝑓 j𝑓 >< 𝑔j𝑔 > An§d EC wJ T rt Am‘tFA (2

rtq < 𝑔j𝑔 >= ∫︀ 𝑑𝑥𝑔*(𝑥)𝑔(𝑥) ⁄ < 𝑓 j𝑓 >= ∫︀ 𝑑𝑥𝑓*(𝑥)𝑓 (𝑥) fiAkt 
Akt  TylA “rJ q§ 𝑔(𝑥) ⁄ 𝑓 (𝑥)    fl Tyhtn   d  
.¢tn  d  
rtq§ < 𝑓 j𝑔 >= ∫︀ 𝑑𝑥𝑓*(𝑥)𝑔(𝑥) ¤l d  ” d   —  .rml
'r  ›r .¢tn  d  
rtq§ < ℎjℎ >= ∫︀ 𝑑𝑥ℎ*(𝑥)ℎ(𝑥)    yb    	§ (3
.EC wJ T rt m‘ts
:2 §rm
An§d(1
𝜎2𝐴𝜎
2
𝐵 =< 𝜓𝐴j𝜓𝐴 >< 𝜓𝐵 j𝜓𝐵 > j < 𝜓𝐴j𝜓𝐵 > j2. )1048(
An§d TARflA .j𝜓𝐵 >= 𝑐j𝜓𝐴 >  A  —  › ⁄Asm  qt
j < 𝜓𝐴j𝜓𝐵 > j2 = 14j < 𝜓j[?^?, ?^?]j𝜓 > j
2 +
1
4j < 𝜓j[?^?   < ?^? >, ?^?   < ?^? >]j𝜓 > j
2

1
4j < 𝜓j[?^?, ?^?]j𝜓 > j
2. )1049(
 @¡ .< 𝜓j[?^?   < ?^? >, ?^?   < ?^? >]j𝜓 >= 0  A  —  T rtm  qt
	tk .¤ly  d w¡ 𝑐    '  (𝑐 + 𝑐*) < 𝜓𝐴j𝜓𝐵 >= 0 “rK  ¤  ' ¥§
 —  w¡ ¤Ak  ⁄ 'C⁄rS  “rK  . 𝑐 = 𝑖𝑎
(?^?   < ?^? >)j𝜓 >= 𝑖𝑎(?^?   < ?^? >)j𝜓 > . )1050(
T A‘m  ¤l Rwm  xAF  ¤ O ?^? = ?^? ⁄ ?^? = ?^?    (2
( ℎ
𝑖
𝑑
𝑑𝑥
  < 𝑝 >)𝜓(𝑥) = 𝑖𝑎(𝑥   < ?^? >)𝜓(𝑥). )1051(
TAtk T§wts Twm rOt  𝜓(𝑥)  zn
𝜓(𝑥) = 𝑒 i< p^>xh 𝜑(𝑥). )1052(

 ›AW‘ 𝜑(𝑥)  TylRAf T A‘ ¤l O
𝑑 ln 𝜑
𝑑𝑥
=  
𝑎
ℎ
(𝑥   < ?^? >) )1053(

 ¤W‘ 𝜑  — 
𝜑(𝑥) = 𝐴𝑒− a2h (𝑥−<?^?>)2 . )1054(
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 ¤W‘§ 'r}  
AyCA zymt§ '@  A‘   
𝜓(𝑥) = 𝐴𝑒− a2h (𝑥−<?^?>)2 𝑒 i< p^>xh . )1055(
Tmyq  ¤W‘§ y\nt 
𝐴 = ( 𝑎
ℎ𝜋
) 14 . )1056(
	s (3
~𝜓(𝑘) =
∫︁
𝑑𝑥p
2𝜋 ℎ
𝑒−
ikx
h 𝜓(𝑥)
= 𝐴
∫︁
𝑑𝑥p
2𝜋 ℎ
𝑒−
a
2h [𝑥− ia (<?^?>−𝑘−𝑖𝑎<?^?>)] 2 𝑒−
1
2a h (<?^?>−𝑘−𝑖𝑎<?^?>)2− a2h <?^?>2
= ( 1
𝜋𝑎ℎ
) 14 𝑒− 12a h (<?^?>−𝑘−𝑖𝑎<?^?>)2− a2h <?^?>2 . )1057(
Tymk ys   A§  Amt  TA .Xysbt     < ?^? >= 0 rbt‘ (4
Tym ”AS ¤ ›zrmt )115(TyFw ¤¡ < 𝑝 > 
AyCA 𝑘 Tr
w¡ '@  𝑑2𝑘 = 𝑎ℎ w¡ TyFw  ¢A¡ |r . j ~𝜓(𝑘)j2 '⁄As 𝑘 w Tr 
.𝜓(𝑥) TyFw  T}A 𝑑2𝑥 =  ℎ/𝑎 |r‘   Ask 	FAnt
At T  bO ~𝜓(𝑘) Twm  T     '  𝑑𝑘  ! 0 An§d𝑎  ! 0 T§Ahn  ¤
𝜓(𝑥) Twm  T   A ¤AtA ⁄ 𝑑𝑥  ! 1 TA  £@¡ ¤ . 𝑘 ¤l ›zr
.𝑘 Tr Tym  — T§wts Tw ¤¡
bO 𝜓(𝑥) ys  Tw T  ¤AtA ⁄ 𝑑𝑥  ! 0 An§d𝑎  ! 1 T§Ahn  ¤
.0 TWqn  w dy kK Rwmt ys     '  0 w ›zr At T  
A ~𝜓(𝑘) Tr  Tym ”AS ¤ Twm  T  bO 'rfl  Th  
.𝑘  qts
:3 §rm
¤AtA 𝜓(𝑡, 𝑥) Twm  T   d (1
𝜓(𝑡, 𝑥) = p 𝜌𝑒 iSh . )1058(

 Tr‘ 𝜌 = 𝜌(𝑡, 𝑥) ¤¡ Aqm  Amtfl  T‘F
𝜌 = 𝜓*(𝑡, 𝑥)𝜓(𝑡, 𝑥). )1059(
¤l O rn§ ⁄rJ T A‘ ¤ {§w‘tA
p
𝜌
[︂
1
2𝑚 (
𝜕𝑆
𝜕𝑥
)2 + 𝑉 + 𝜕𝑆
𝜕𝑡
]︂
 
ℎ2
2𝑚
𝜕2
p
𝜌
𝜕𝑥2
= 𝑖ℎ
[︂
𝜕
p
𝜌
𝜕𝑡
+
1
𝑚
𝜕
p
𝜌
𝜕𝑥
𝜕𝑆
𝜕𝑥
+
1
2𝑚
p
𝜌
𝜕2𝑆
𝜕𝑥2
]︂
=
𝑖ℎ
2p 𝜌
[︂
𝜕𝜌
𝜕𝑡
+
𝜕𝑗
𝜕𝑥
]︂
. )1060(
Gaussian.)115(
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 r‘§ Amtfl  CAy
𝑗 =
1
𝑚
𝜌
𝜕𝑆
𝜕𝑥
. )1061(
    qt    km§
𝑗 =
ℎ
2𝑖𝑚 [𝜓
* 𝜕𝜓
𝜕𝑥
− 𝜓𝜕𝜓
*
𝜕𝑥
]. )1062(
rW  Amny ¤ly  d w¡ (1060) T A‘ml m§fl  rW     R w  
 T A‘m  £@¡ ¤rV   d‘n§    	§  —  .¤qyq  d w¡ rs§fl 
T§C rmtFfl  T A‘ ¤l ¤AtA Ot .›d ¤l
𝜕𝜌
𝜕𝑡
+
𝜕𝑗
𝜕𝑥
= 0 . )1063(
	s ‘fA .Amtfl  _Af   rb‘§  @¡ (2
𝑑𝑃
𝑑𝑡
=
∫︁
𝑑𝑥
𝜕𝜌
𝜕𝑡
= −
∫︁
𝑑𝑥
𝜕𝑗
𝜕𝑥
= 𝑗(𝑡,−∞) − 𝑗(𝑡,+∞). )1064(
	§ rml Akt  TylA “rJ q T  ¤¡ 𝜓(𝑡, 𝑥) Twm  T   fl
Am𝑗(𝑡, 𝑥) −→ 0  —  .𝑥 −→ ±∞ Am𝜕𝜓𝜕𝑥 −→ 0 ⁄ 𝜓 −→ 0 An§d  wk§   
.
𝑑𝑃
𝑑𝑡 = 0 '  𝑥 −→ ±∞
Th  	s ‘fA .ys  TrF ,y‘ ¤n‘ ¤ ,w¡ 𝑗 Amtfl  CAy (3∫︁
𝑗(𝑡, 𝑥)𝑑𝑥 = < 𝑝 >
𝑚
. )1065(
'rfl  Th   	s
< 𝑝 >
𝑚
=
𝑑 < ?^? >
𝑑𝑡
. )1066(
   ¤l Pn ¤t  )116(FAfr§  Tn¡rb ¤l A ›ryfl  T A‘m  £@¡
.TykyFfik  y wq  bt Tywmk   r¥ml ›r\tnm  yq 
	s 𝑉 = 𝑉0 − 𝑖  	rm   wmk  TA ¤ (4
𝑖ℎ
𝑑𝑃
𝑑𝑡
= 𝑖 ℎ
∫︁ (︂
𝜕𝜓*
𝜕𝑡
.𝜓 + 𝜓*.
𝜕𝜓
𝜕𝑡
)︂
𝑑𝑥
=
∫︁ (︂
(−𝑉 *𝜓*).𝜓 + 𝜓*.(𝑉 𝜓)
)︂
𝑑𝑥
= −2𝑖   𝑃. )1067(
Ehrenfest 0s theorem.)116(
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 — 
𝑑𝑃
𝑑𝑡
=  
2 
ℎ
𝑃 , 𝑃 = 𝑃0𝑒
− 2 
h 𝑡. )1068(
.𝜏 = ℎ2  rm‘ rqts ry ys )117(¤¶Aqlt  Aht  O T A‘m  £@¡
¤l O rf} '⁄As§ (1060) T A‘ml rs§fl  rW  R⁄ fi  (5

 ¤W‘ £@¡ .Tywmk  )118(¤wA -  wtlyA¡ T A‘[︂
1
2𝑚 (
𝜕𝑆
𝜕𝑥
)2 + 𝑉 + 𝜕𝑆
𝜕𝑡
]︂
 
ℎ2
2𝑚
𝜕2
p
𝜌
𝜕𝑥2
= 0 . )1069(
.¤wA -  wtlyA¡ T A‘ XbSA T A‘m  £@¡ bO ℎ  ! 0 T§Ahn  ¤
𝜕𝑆
𝜕𝑥 ¤AtA ⁄ Tlm  T}A ‘f  w¡ 𝑆    r‘ ¤lylt  yAkym  
.Tr  Tym ‘fA w¡
:4 §rm
xAFfl   @¡ ¤ (1
j+ >=
(︂
1
0
)︂
, j  >=
(︂
0
1
)︂
. )1070(
d
𝑆2 =
3
4ℎ
2
(︂
1 0
0 1
)︂
, 𝑆3 =
ℎ
2
(︂
1 0
0   1
)︂
. )1071(
𝑆+ =  ℎ
(︂
0 1
0 0
)︂
, 𝑆− =  ℎ
(︂
0 0
1 0
)︂
. )1072(
𝑆1 =
ℎ
2
(︂
0 1
1 0
)︂
, 𝑆2 =
ℎ
2
(︂
0   𝑖
𝑖 0
)︂
. )1073(
¤AtA
𝑆𝑖 =
ℎ
2𝜎𝑖. )1074(
kK   ¤¡ O ybF ⁄— ys TA‘  TA  (2
j𝜒 >= 𝑎j+ > + 𝑏j  >=
(︂
𝑎
𝑏
)︂
. )1075(
¤•Ak§ y\nt  “rJ
1 = j𝑎j2 + j𝑏j2. )1076(
.j𝑏j2 AmtA   ℎ2 ⁄ j𝑎j2 AmtA + ℎ2 ¤l O wF 𝑆3 xAyq  — 
spontaneous decay.)117(
Hamilton   Jacobi equation .)118(
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Ty @  yq  d . 𝑆1  Ty @  T‘Jfl  y‘    	§ 3)
+
ℎ
2 ,  
ℎ
2 . )1077(
¤¡ TlAqm  Ty @  T‘Jfl 
j+ >1= 1p 2(j+ > + j  >) , j  >1=
1p
2
(j+ >  j  >). )1078(
fj + >1, j  >1g xAFfl  ¤ 	tk O ybF ⁄— ys j𝜒 > TA‘  TA 
kK  ¤l
j𝜒 >= 1p
2
(𝑎 + 𝑏)j+ >1 + 1p 2(𝑎   𝑏)j  >1 . )1079(
AmtA   ℎ2 ⁄ j𝑎 + 𝑏j2/2 AmtA + ℎ2 ¤l O wF 𝑆1 xAyq  — 
.j𝑎   𝑏j2/2
.
AyCfl  db ⁄ TqAs  ¶Atn  bW (4
TA  ¤ rf} w¡ y⁄Cdyh  ›C@ 'C dm  ¤r  z‘  :5 §rm
ky .Anybs  ⁄z wm  —  w¡ ¤lk  ¤r  z‘  .TyFAFfl 
⃗^
𝑆 =
⃗^
𝑆𝑎 +
⃗^
𝑆𝑏. )1080(
.¤lfs  ybs  TA ⁄  j+ > 'wl‘  ybs  TA A   AtyAk  ¢§d ybF 
¤¡ wmm  ¤  AtyAk  C   —  An§d
j+ > j+ >, j+ > j  >, j  > j+ >, j  > j  > . )1081(

 flA  ¢Ah zr
j𝑚1 > j𝑚2 > . )1082(
 Ty — T‘J  ¤¡ flA  £@¡    ^fi . 𝑚1,𝑚2 = +1 /2,   1/2 £fi 
'  , 𝑆3 = ( 𝑆𝑎)3 + ( 𝑆𝑏)3
𝑆3j𝑚1 > j𝑚2 >=  ℎ(𝑚1 + 𝑚2)j𝑚1 > j𝑚2 > . )1083(
'r  ›CAb‘
𝑆3j+ > j+ >=  ℎj+ > j+ >
𝑆3j+ > j  >= 0
𝑆3j  > j+ >= 0
𝑆3j  > j  >=   ℎj  > j  > . )1084(
fl ¢  R w   .¤lk  ybs  z‘ TA  Tbrm  Amhy d‘n  AtA An§d
zym ¤t .¤lk  ybs  z Tmy Hf Amh§d  wk§    ytA  ¢Ah km§
d . 𝑆− = ( 𝑆𝑎)− + ( 𝑆𝑏)− {f  r¥ bW Amhny
𝑆−j+ > j+ >=  ℎ(j  > j+ > + j+ > j  >). )1085(
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𝑆−(j  > j+ > + j+ > j  >) = 2 j  > j  > . )1086(
𝑆−j  > j  >= 0 . )1087(
¤¡ j  > j  > ⁄ (j  > j+ > + j+ > j  >)/p 2 ,j+ > j+ > flA     ¤n‘§  @¡
'r  ›CAb‘ . 𝑠 = 1 '⁄As§ ybs )119(› d‘tm  TA  Hf ¤
j11>= j+ > j+ >
j10>= 1p
2
(j+ > j  > + j  > j+ >)
j1   1 >= j  > j  > . )1088(
›ryfl  TA  . 𝑠 = 1 )120( Tyfi  TAA ¤ms › d‘tm  TA  £@¡
'  , 0 ybF  w (j  > j+ >  j + > j  >)/p 2
j00>= 1p
2
(j+ > j  >  j  > j+ >). )1089(
.𝑠 = 0 )121(TEA‘  TAA ¤ms £@¡
	s  ry 
𝑆2 = 𝑆2𝑎 + 𝑆
2
𝑏 + 2( 𝑆𝑎)3(𝑆𝑏)3 + ( 𝑆𝑎)+ (𝑆𝑏)− + ( 𝑆𝑎)−(𝑆𝑏)+ . )1090(
	s AS§ 
𝑆2j+ > j  >= 𝑆2j  > j+ >=  ℎ2(j+ > j  > + j  > j+ >) )1091(
 — 
𝑆2j10>= 2ℎ2j10> , 𝑆2j00>= 0 . )1092(
.𝑠 = 0 ybF ¢§d j00> ⁄ 𝑠 = 1 ybF ¢§d j10>    d¥§  @¡
d :6 §rm
[𝐽3, 𝐽±] =  ℎ𝐽± , [𝐽+ , 𝐽−] = 2ℎ𝐽3. )1093(
𝐽2 =
ℎ2
2 𝑁 (
𝑁
2 + 1) . )1094(
	s ¤At 
𝐽+ j𝑛+ , 𝑛− >=  ℎ
√︀
𝑛−(𝑛+ + 1) j𝑛+ + 1 , 𝑛−   1 >
𝐽−j𝑛+ , 𝑛− >=  ℎ
√︀
𝑛+ (𝑛− + 1) j𝑛+   1, 𝑛− + 1 >
𝐽3j𝑛+ , 𝑛− >=  ℎ𝑛+   𝑛−2 j𝑛+ , 𝑛− > . )1095(
multiplet .)119(
triplet .)120(
singlet .)121(
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Afi‘  An§d
𝑗 =
𝑛+ + 𝑛−
2 , 𝑚 =
𝑛+   𝑛−
2 . )1096(
.b Am¶  𝑛+ + 𝑛− wmm 
An§d
j𝑛+ , 𝑛− >  j 𝑗,𝑚 > = (𝑎
+
+ )𝑛+√︀
𝑛+ !
(𝑎+−)𝑛−√︀
𝑛−!
j0 > j0 >
=
(𝑎++ )𝑗+ 𝑚√︀(𝑗 + 𝑚)! (𝑎
+
−)𝑗−𝑚√︀(𝑗   𝑚)! j0 > j0 > . )1097(
¤¡ ¤t  1/2 ybs   — Amys   d Ah  ¤l Ahmh km§ 𝑛+ Ty @  Tmyq 
¤ ¤¡ ¤t  1/2 ybs   — Amys   d ¤¡ 𝑛− Amny 'wl‘  ybs  TA ¤

 ›AW‘m  𝑗 ybs   — TA  {‘b  AhS‘  kK ¤t  ¤lfs  ybs  TA
.j𝑛+ , 𝑛− >  j 𝑗,𝑚 >
:7 §rm
	s (1∫︁ ∞
−∞
𝑓 (𝑥)𝛿(𝑐𝑥)𝑑𝑥 =
∫︁ ∞
−∞
𝑓 ( 𝑦
𝑐
)𝛿(𝑦) 𝑑𝑦j𝑐j
=
𝑓 (0)
j𝑐j
=
1
j𝑐j
∫︁ ∞
−∞
𝑓 (𝑥)𝛿(𝑥)𝑑𝑥. )1098(
.𝛿(𝑐𝑥) = 1|𝑐|𝛿(𝑥)    ›rJAb tnts .Akt  ›CAJ   ¤ TqlWm  Tmyq 
	s (2∫︁ ∞
−∞
𝑓 (𝑥) 𝑑𝜃
𝑑𝑥
𝑑𝑥 = [ 𝑓 (𝑥)𝜃(𝑥)]∞−∞  
∫︁ ∞
−∞
𝑑𝑓 (𝑥)𝜃(𝑥)
= [ 𝑓 (𝑥)𝜃(𝑥)]∞−∞  
∫︁ ∞
0
𝑑𝑓 (𝑥)
= 𝑓 (0). )1099(
.
𝑑𝜃
𝑑𝑥 = 𝛿(𝑥) ¤AtA
¤l O {§w‘tA . 𝐹 (𝑘) = 1 /p 2𝜋 d . 𝑓 (𝑥) = 𝛿(𝑥) CAt :8 §rm
:›  rm  Tytn 
𝛿(𝑥) = 12𝜋
∫︁ ∞
−∞
𝑒𝑖𝑘𝑥𝑑𝑘. )1100(
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:9 §rm
d (1
𝑆 =
1
1   𝑖𝛽
(︂
𝑖𝛽 1
1 𝑖𝛽
)︂
. )1101(
d (2
𝑇 =
(︂
1 + 𝑖𝛽 1 + 𝑖𝛽
  𝑖𝛽   𝑖𝛽
)︂
. )1102(
Tywm   ⁄d  An§d  EA (3
𝜓𝐼 (𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥 , 𝑥  !  1
𝜓𝐼𝐼 (𝑥) = 𝐹𝑒𝑖𝑥 + 𝐺𝑒−𝑖𝑘𝑥 , 𝑥  ! + 1 . )1103(
A‘  kK  Tywm  T d  @  wmk  d‘n§ fl §  𝐼𝐼𝐼 TqWnm  ¤
𝜓𝐼𝐼𝐼 = 𝐶𝑓 (𝑥) + 𝐷𝑔(𝑥). )1104(
An§d .rn§ ⁄rJ T A‘m AyW  fiqts  A}A  fi Am¡ 𝑔 ⁄ 𝑓  At d 
TCd   TylRAf T A‘ ¤¡ rn§ ⁄rJ T A‘  fl 𝐷 ⁄ 𝐶 Ak AtA
.TyA 
 AVrJ ⁄ 𝐼𝐼𝐼 ⁄ 𝐼 ytqWnm   AWr§  AVrJ .T§d “⁄rJ T‘C  An§d
𝐶  Pltl  A§d  AVrJ Am‘tF  km§ . 𝐼𝐼𝐼 ⁄ 𝐼𝐼 ytqWnm   AWr§
 Ayqbtm   A§d   AVrK  . 𝐺 ⁄ 𝐹 ,𝐵 ,𝐴 T‘Cfl   w  An§d ¤qbt§ . 𝐷 ⁄
§r‘  —  Annkm§ .§rfl  ytA  Tfld ytA yy‘t AmhAm‘tF  km§
.As  ¤ Anl‘ Am Tq§rW  Hfn 𝑇 TwfOm  ⁄ 𝑆 TwfOm 
	s fl⁄  (4
𝑆11 =  
𝑇21
𝑇22
, 𝑆12 =
1
𝑇22
, 𝑆21 = 𝑇11  
𝑇12𝑇21
𝑇22
, 𝑆22 =
𝑇12
𝑇22
. )1105(
fiA‘m  𝐺 = 0    d
𝑅𝑙 =
j𝐵j2
j𝐴j2 = j𝑆11 j
2
= j 𝑇21
𝑇22
j2. )1106(
𝑇𝑙 =
j𝐹 j2
j𝐴j2 = j𝑆21 j
2
= j𝑇11   𝑇21𝑇12
𝑇22
j2. )1107(
.Ab§rq ¶A  A¡rb  (5
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A rWRfl  T§r\
zA Tql‘tm  ry A rWRfl  T§r\
Tlnm  ry A rWRfl 
Ty @   ⁄d  ⁄ 𝐸0𝑛 Ty @  yq     XbSA     Annkm§ ¢  |rtf
 —  An§d .𝐻0 TA  £@¡ ¤ TywtlyAh  ¤ms . 𝑉 0  wmk 𝜓0𝑛
𝐻0j𝜓0𝑛 >= 𝐸0𝑛j𝜓0𝑛 > . )1108(
< 𝜓0𝑛j𝜓0𝑚 >= 𝛿𝑛𝑚. )1109(
.TrWSm  ry Tsm  ¤¡ £@¡
kK  ¤l AhtAt km§ 'r  TywtlyA¡ 𝐻 kt  fl 
𝐻 = 𝐻0 + 𝜆𝐻1. )1110(
.›ry} y @§ k XyF⁄ w¡ 𝜆 y 
 rWRfl  ¤ms 𝜆𝐻1 TywtlyAh 

 r‘ TrWSm  Tsm 
𝐻 j𝜓𝑛 >= 𝐸𝑛j𝜓𝑛 > . )1111(
Tfld Ty @  yq  T A‘m Tyb§rqt  wl   A§  w¡ A rWRfl  T§r\ d¡
Ty @  yql Tyb§rq  CAb ¤l wO   w 'r  ›CAb‘ .TVwbSm  wl 
Ty @   ⁄d  ⁄ 𝐸0𝑛 TrWSm  ry Ty @  yq  Tfld 𝜓𝑛 Ty @   ⁄d  ⁄ 𝐸𝑛
kK  ¤l 𝜓0𝑛 ⁄ 𝐸0𝑛 Tfld 𝜓𝑛 ⁄ 𝐸𝑛 	tk . 𝜓0𝑛 TrWSm  ry
j𝜓𝑛 >= j𝜓0𝑛 > + 𝜆j𝜓1𝑛 > + 𝜆2j𝜓2𝑛 > + ... )1112(
𝐸𝑛 = 𝐸
0
𝑛 + 𝜆𝐸
1
𝑛 + 𝜆
2𝐸2𝑛 + ... )1113(
T d  ⁄ 𝐸𝑛 Ty @  Tmyql ¤⁄fl  Tbr   AyOt  ¤¡ j𝜓1𝑛 > ⁄ 𝐸1𝑛  
.TyA  Tbr   AyOt  ¤¡ j𝜓2𝑛 > ⁄ 𝐸2𝑛 Amny ¤ wt  ¤l j𝜓𝑛 > Ty @ 
d (1111) ¤ (1113) ⁄ (1112) 
 {§w‘tA
𝜆(𝐻0j𝜓1𝑛 > +𝐻1j𝜓0𝑛 >) + 𝜆2(𝐻0j𝜓2𝑛 > +𝐻1j𝜓1𝑛 >) + 𝑂(𝜆3) =
𝜆(𝐸0𝑛j𝜓1𝑛 > +𝐸1𝑛j𝜓0𝑛 >) + 𝜆2(𝐸0𝑛j𝜓2𝑛 > +𝐸1𝑛j𝜓1𝑛 > +𝐸2𝑛j𝜓0𝑛 >) + 𝑂(𝜆3). )1114(
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 ¤W‘ ¤⁄fl  Tbr   A rWRfl  T§r\
𝐻0|𝜓1𝑛 > +𝐻1|𝜓0𝑛 > = 𝐸0𝑛|𝜓1𝑛 > +𝐸1𝑛|𝜓0𝑛 > . )1115(
 — 
< 𝜓0𝑛|𝐻0|𝜓1𝑛 > + < 𝜓0𝑛|𝐻1|𝜓0𝑛 > = 𝐸0𝑛 < 𝜓0𝑛|𝜓1𝑛 > +𝐸1𝑛 < 𝜓0𝑛|𝜓0𝑛 > .)1116(
𝐸1𝑛 =< 𝜓
0
𝑛|𝐻1|𝜓0𝑛 > . )1117(
kK  ¤l (1115) TAt dy‘
(𝐻0 − 𝐸0𝑛)|𝜓1𝑛 > = −(𝐻1 − 𝐸1𝑛)|𝜓0𝑛 > . )1118(
¤l§ Am 𝜓1𝑛 rKn .𝜓1𝑛    TsAt ry TylRAf T A‘ £@¡
|𝜓1𝑛 >=
∑︁
𝑚 ̸= 𝑛
𝑐(𝑛)𝑚 |𝜓0𝑚 > . )1119(
¤l O {§w‘tA . (𝐻0 − 𝐸0𝑛)|𝜓0𝑛 >= 0  fl 	¶A |𝜓0𝑛 > 
 l‘t§ '@  d ∑︁
?̸?= 𝑛
𝑐(𝑛)𝑚 (𝐸0𝑚 − 𝐸0𝑛)|𝜓0𝑚 > = −(𝐻1 − 𝐸1𝑛)|𝜓0𝑛 > . )1120(
'r  ›CAb‘
𝑐(𝑛)𝑚 (𝐸0𝑚 − 𝐸0𝑛) = − < 𝜓0𝑚|𝐻1|𝜓0𝑛 > . )1121(
AqmA
𝑐(𝑛)𝑚 = −
< 𝜓0𝑚|𝐻1|𝜓0𝑛 >
𝐸0𝑚 − 𝐸0𝑛
. )1122(
¤AtA
|𝜓1𝑛 > = −
∑︁
𝑚 ̸= 𝑛
< 𝜓0𝑚|𝐻1|𝜓0𝑛 >
𝐸0𝑚 − 𝐸0𝑛
|𝜓0𝑚 > . )1123(
T A‘mA  —  r‘ TyA  Tbr   A rWRfl  T§r\
𝐻0|𝜓2𝑛 > +𝐻1|𝜓1𝑛 > = 𝐸0𝑛|𝜓2𝑛 > +𝐸1𝑛|𝜓1𝑛 > +𝐸2𝑛|𝜓0𝑛 > . )1124(
< 𝜓0𝑛|𝐻0|𝜓2𝑛 > + < 𝜓0𝑛|𝐻1|𝜓1𝑛 > = 𝐸0𝑛 < 𝜓0𝑛|𝜓2𝑛 > +𝐸1𝑛 < 𝜓0𝑛|𝜓1𝑛 > +𝐸2𝑛.
)1125(
¤l < 𝜓0𝑛|𝜓1𝑛 >= 0 Tytn  Am‘tFA O
𝐸2𝑛 = < 𝜓
0
𝑛|𝐻1|𝜓1𝑛 >
=
∑︁
?̸?= 𝑛
| < 𝜓0𝑚|𝐻1|𝜓0𝑛 > |2
𝐸0𝑛 − 𝐸0𝑚
. )1126(
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kK  ¤l (1124) TAt dy‘
(𝐻0   𝐸0𝑛)j𝜓2𝑛 > =   (𝐻1   𝐸1𝑛)j𝜓1𝑛 > +𝐸2𝑛j𝜓0𝑛 > . )1127(
kK  ¤l 𝜓2𝑛 rKn .𝜓2𝑛    TsAt ry TylRAf T A‘ £@¡
j𝜓2𝑛 >=
∑︁
𝑚 ̸= 𝑛
𝑑(𝑛)𝑚 j𝜓0𝑚 > . )1128(
	s∑︁
?̸?= 𝑛
𝑑(𝑛)𝑚 (𝐸0𝑚   𝐸0𝑛)j𝜓0𝑚 > =   (𝐻1   𝐸1𝑛)j𝜓1𝑛 > +𝐸2𝑛j𝜓0𝑛 > . )1129(
 — 
𝑑
(𝑛)
𝑘 (𝐸0𝑘   𝐸0𝑛) =   < 𝜓0𝑘 j(𝐻1   𝐸1𝑛)j𝜓1𝑛 > . )1130(
'r  ›CAb‘
𝑑
(𝑛)
𝑘 =  
< 𝜓0𝑘 j(𝐻1   𝐸1𝑛)j𝜓1𝑛 >
𝐸0𝑘   𝐸
0
𝑛
=
∑︁
𝑚 ̸= 𝑛
< 𝜓0𝑘 j𝐻1j𝜓0𝑚 >< 𝜓0𝑚j𝐻1j𝜓0𝑛 >
(𝐸0𝑛   𝐸0𝑘)(𝐸0𝑛   𝐸0𝑚)
 
< 𝜓0𝑘 j𝐻1j𝜓0𝑛 >< 𝜓0𝑛j𝐻1j𝜓0𝑛 >
(𝐸0𝑛   𝐸0𝑘)2
.
)1131(
Tlnm  A rWRfl  TA
Hf Ah ¤t  j𝜓0𝑏 > ⁄ j𝜓0𝑎 >  AtrWS ry  AtA An§d ¢   fl  |rtfn
An§d  —  .𝐸0 TAWl TrWSm  ry Tmyq 
𝐻0j𝜓0𝑎 >= 𝐸0j𝜓0𝑎 > , 𝐻0j𝜓0𝑏 >= 𝐸0j𝜓0𝑏 > , < 𝜓𝑎j𝜓𝑏 >= 0 . )1132(
TAW  Tmy Hfn 𝐻0  Ty — TA AS§  w¡ j𝜓0𝑏 > ⁄ j𝜓0𝑎 >  ¤W 	yr ' 
 —  'r  ›CAb‘ .ytA  y fifl   @¡ 𝜆𝐻1 
 rWRfl  r§ wm‘  ¤ . 𝐸0
'wl 'wts ¤  sqn§ wF 𝐸0 'wAW  'wtsm   A 𝜆 XyFw  Tmy ¤ A E
'wl‘  'wtsm   A 𝜆 XyFw  Tmy ¤ AnSf  —  AqmA .¤lfF 'wts ⁄
¤lfs  'wtsm  zt§ Amny j𝜓0𝑏 > ⁄ j𝜓0𝑎 > ytAl ¤W 	yr ¤  zt§
Abyrt  ¤¡ £@¡ .⁄fl  ¤W  	yrt   dA‘t r  ¤W 	yr ¤ 
Tbr   yOt  
As (1117) T A‘m  ¤ AhAm‘tF  	§ ¤t  TyW 
	tk  —  .An Twl‘ ry TyW  Abyrt  £@¡    w¡ kKm  .TAWl ¤⁄fl 
A‘  kK  ¤l TyW  Abyrt  £@¡
j𝜓0 >= 𝛼j𝜓0𝑎 > + 𝛽j𝜓0𝑏 > . )1133(
rn§ ⁄rJ T A‘  lWn
𝐻 j𝜓 >= 𝐸j𝜓 > . )1134(
rKn
𝐸 = 𝐸0 + 𝜆𝐸1 + 𝜆2𝐸2 + ... )1135(
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j𝜓 >= |𝜓0 > + 𝜆|𝜓1 > + 𝜆2|𝜓2 > + .... )1136(
T A‘mA Tr‘ 'r  ›r ¤¡ ¤⁄fl  Tbr   A rWRfl  T§r\
𝐻0|𝜓1 > +𝐻1|𝜓0 > = 𝐸0|𝜓1 > +𝐸1|𝜓0 > . )1137(
¤l O < 𝜓0𝑎| 
 T A‘m  £@¡ ¤rV fi 
rS  — 
< 𝜓0𝑎|𝐻1|𝜓0 >= 𝐸1 < 𝜓0𝑎|𝜓0 >
𝛼 < 𝜓0𝑎|𝐻1|𝜓0𝑎 > + 𝛽 < 𝜓0𝑎|𝐻1|𝜓0𝑏 >= 𝐸1𝛼. )1138(
r‘
𝑊𝑖𝑗 =< 𝜓
0
𝑖 |𝐻1|𝜓0𝑗 > , 𝑖, 𝑗 = 𝑎, 𝑏. )1139(
An§d
𝛼𝑊𝑎𝑎 + 𝛽𝑊𝑎𝑏 = 𝛼𝐸
1. )1140(
¤l O < 𝜓0𝑏 | 
 
rSA mA
𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏 = 𝛽𝐸
1. )1141(
¤l O 𝑊𝑎𝑏 
 T A‘m  £@¡ 
rS
𝛼|𝑊𝑎𝑏|2 + 𝛽𝑊𝑎𝑏𝑊𝑏𝑏 = 𝛽𝑊𝑎𝑏𝐸1. )1142(
Ty‘yrt  T A‘m  ¤l 𝛼 ̸= 0    O 𝛽𝑊𝑎𝑏 = 𝛼𝐸1 − 𝛼𝑊𝑎𝑎 
 {§w‘tA
(𝐸1)2 − (𝑊𝑎𝑎 + 𝑊𝑏𝑏)𝐸1 + 𝑊𝑎𝑎𝑊𝑏𝑏 − |𝑊𝑎𝑏|2 = 0 . )1143(
Am¡  fi 
𝐸1± =
1
2
[︂
𝑊𝑎𝑎 + 𝑊𝑏𝑏 ±
√︀(𝑊𝑎𝑎 −𝑊𝑏𝑏)2 + 4 |𝑊𝑎𝑏|2]︂. )1144(
yt A‘m  ¤  › w‘A Am¡ A§  km§ yl  §@h Tqrm  TyW  Abyrt 
.𝛽 ⁄ 𝛼 fiA‘m   A§  ⁄ (1141) ⁄ (1140)
¤¡ |𝜓0𝑏 > ⁄ |𝜓0𝑎 >    |rtf . 𝐻1 ⁄ 𝐻0   Abt§ ¤tyr¡ r¥ 𝐴 ky
'  Tflt Ty — yq 𝐴  Ty — T‘J  AS§ 
𝐴|𝜓0𝑎 >= 𝜇|𝜓0𝑎 > , 𝐴|𝜓0𝑏 >= 𝜈|𝜓0𝑏 > , 𝜇 ̸= 𝜈. )1145(
	s [𝐴,𝐻1] = 0  fl
0 = < 𝜓0𝑎|[𝐴,𝐻1]|𝜓0𝑏 >
= < 𝜓0𝑎|𝐴𝐻1|𝜓0𝑏 > − < 𝜓0𝑎|𝐻1𝐴|𝜓0𝑏 >
= ( 𝜇− 𝜈)𝑊𝑎𝑏. )1146(
'r  ›CAb‘ . 𝑊𝑎𝑏 = 0    tnts 𝜇 ̸= 𝜈  fl
𝐸1+ = 𝑊𝑎𝑎 , 𝐸
1
− = 𝑊𝑏𝑏. )1147(
204
ry A rWRfl  T§r\ Anlm‘tF  w Ahyl O wF An ¤t  Tytn  ¤¡ £@¡
j𝜓0 >= j𝜓0𝑎 > '  𝛽 = 0 ⁄ 𝛼 = 1 Aq d¶ E ›CAJfl  .¤⁄fl  Tbr   Tlnm 
.j𝜓0 >= j𝜓0𝑏 > '  𝛽 = 1 ⁄ 𝛼 = 0 PA ›CAJfl  Aq Amny
   Annkm§ ¢A𝐻   Abt§ 𝐴 ¤tyr¡ r¥ Ad⁄  —  ¢  T}fi 
T§r\ ›rJAb bW ⁄ TrWS ry T‘JA TrtKm  Ty @  T‘Jfl  dts
.¤⁄fl  Tbr   Tlnm  ry A rWRfl 
 AyOt   A ›r 𝑛 n 𝐸0 'wAV 'wts    ryfl  ¤
T‘Jfl  . 𝑊𝑖𝑗 =< 𝜓0𝑖 j𝐻1j𝜓0𝑗 > TwfOml Ty @  yqA ¤W‘ 𝐸1 ¤⁄fl  Tbr 
   km§ ¤t  TyW  Abyrt  XbSA ¤¡ Ty @  yq  £@h Tqrm  Ty @ 
.TrWS ry TA T‘JA Ahlm‘ts
y⁄Cdyh  ›C—
Tywmk  T§zrm  Tsm 
kK  ¤l 	tk Rwm  xAF  ¤  A‘  fi ¤ rn§ ⁄rJ T A‘
𝑖ℎ
𝜕
𝜕𝑡
	 = 𝐻𝜓
=
(︂ ⃗^𝑝2
2𝑚 + 𝑉 (
⃗^𝑟)
)︂
	
=
(︂
 
ℎ2
2𝑚 r⃗
2 + 𝑉 (?⃗?)
)︂
	 . )1148(

 r‘§ 'zrm   wmk 
𝑉 (?⃗?) = 𝑉 (𝑟). )1149(
¤ r⃗ 2 )122(TyFfifi  .T§⁄rk  Ay dfl  ¤ m‘    Sfl   TA  £@¡ ¤

 ¤W‘ T§⁄rk  Ay dfl 
r⃗ 2 =
1
𝑟2
𝜕
𝜕𝑟
(𝑟2 𝜕
𝜕𝑟
) + 1
𝑟2 sin𝜃
𝜕
𝜕𝜃
(sin 𝜃 𝜕
𝜕𝜃
) + 1
𝑟2 sin2 𝜃
𝜕2
𝜕𝜑2
=
1
𝑟2
𝜕
𝜕𝑟
(𝑟2 𝜕
𝜕𝑟
)   ?^?
2
ℎ2𝑟2
. )1150(
bO rn§ ⁄rJ T A‘
𝑖 ℎ
𝜕
𝜕𝑡
	 =
(︂
 
ℎ2
2𝑚𝑟2
𝜕
𝜕𝑟
(𝑟2 𝜕
𝜕𝑟
) + ?^?
2
2𝑚𝑟2 + 𝑉 (𝑟)
)︂
	 . )1151(
'   rynm  O §rV  T A‘m  £@¡ 
	 = 	( 𝑡, ?⃗?) = 𝜓𝑛𝑙𝑚(?⃗?)𝑒− iE n th . )1152(
Laplacian .)122(
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TylRAft  T A‘m   𝜓𝑛𝑙𝑚(?⃗?) Tywm  T d 
𝐸𝑛𝜓𝑛𝑙𝑚 =
(︂
 
ℎ2
2𝑚𝑟2
𝜕
𝜕𝑟
(𝑟2 𝜕
𝜕𝑟
) + ?^?
2
2𝑚𝑟2 + 𝑉 (𝑟)
)︂
𝜓𝑛𝑙𝑚. )1153(
¤flA 'r§ ¤A   rytm  O
𝜓𝑛𝑙𝑚 = 𝜓𝑛𝑙𝑚(?⃗?) = 𝑅𝑛𝑙(𝑟)𝐹𝑚𝑙 (𝜃, 𝜑). )1154(
¤l O
1
𝑅𝑛𝑙
𝑑
𝑑𝑟
(︂
𝑟2
𝑑𝑅𝑛𝑙
𝑑𝑟
)︂
 
2𝑚𝑟2
ℎ2
(𝑉 (𝑟)   𝐸𝑛) = 1
ℎ2
1
𝐹𝑚𝑙
?^?2𝐹𝑚𝑙 . )1155(
𝜑 ⁄ 𝜃 
 rs§fl  rW  l‘t§ Amny Xq 𝑟 
 l‘t§ T A‘m  £@h m§fl  rW 
𝐹𝑚𝑙 T d  . 𝑙(𝑙 + 1) 
 ¢ zr A ⁄As  wk§    	§ yrW  fi  —  .Xq
T A‘m  q    	§
?^?2𝐹𝑚𝑙 =  ℎ
2𝑙(𝑙 + 1) 𝐹𝑚𝑙 . )1156(
'  𝑌 𝑚𝑙 T§⁄rk  Tqywt  XbSA ¤¡ 𝐹𝑚𝑙    ›rJAb tnts
𝐹𝑚𝑙 = 𝑌
𝑚
𝑙 (𝜃, 𝜑). )1157(

 ¤W‘ Tyqbtm  TylRAft  T A‘m 
1
𝑅𝑛𝑙
𝑑
𝑑𝑟
(︂
𝑟2
𝑑𝑅𝑛𝑙
𝑑𝑟
)︂
 
2𝑚𝑟2
ℎ2
(𝑉 (𝑟)   𝐸𝑛) = 𝑙(𝑙 + 1) . )1158(
 T•Ak ¤¡ £fi  T A‘m     yb    km§ 𝑢𝑛𝑙(𝑟) = 𝑟𝑅𝑛𝑙(𝑟) §r‘ §rV 
 
ℎ2
2𝑚
𝑑2𝑢𝑛𝑙
𝑑𝑟2
+
[︂
𝑉 (𝑟) + ℎ
2
2𝑚
𝑙(𝑙 + 1)
𝑟2
]︂
𝑢𝑛𝑙 = 𝐸𝑛𝑢𝑛𝑙. )1159(

 ¤W‘ ¤l‘  wmk d ⁄ d‘ ¤ rn§ ⁄rJ T A‘ £@¡
𝑉e (𝑟) = 𝑉 (𝑟) + ℎ
2
2𝑚
𝑙(𝑙 + 1)
𝑟2
. )1160(
  dy‘ ys   w¡ A‘  £ry⁄ 'zrm   rW  d ¤ms§ ¤A  d 
w¡ y\nt  “rJ .zrm ∫︁ ∞
0
𝑟2𝑑𝑟j𝑅𝑛𝑙(𝑟)j2 =
∫︁ ∞
0
𝑑𝑟j𝑢𝑛𝑙(𝑟)j2 = 1 . )1161(
	ww  wm
	ww  wmk ¤W‘m  y⁄Cdyh  ›C@ QA   wmk   fl  rbt‘
𝑉 (𝑟) =   𝑒
2
4𝜋𝜖0
1
𝑟
. )1162(
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bO rn§ ⁄rJ T A‘
− ℎ
2
2𝑚
𝑑2𝑢𝑛𝑙
𝑑𝑟2
+
[︂
− 𝑒
2
4𝜋𝜖0
1
𝑟
+
ℎ2
2𝑚
𝑙(𝑙 + 1)
𝑟2
]︂
𝑢𝑛𝑙 = 𝐸𝑛𝑢𝑛𝑙. )1163(
r‘ . 𝐸 < 0 ¤AtA ⁄ TWbr flA  b 
𝜅𝑛 =
√−2𝑚𝐸𝑛
ℎ
. )1164(
m‘ts AS§ 
𝜌 = 𝜅𝑛𝑟 , 𝜌0𝑛 =
𝑚𝑒2
2𝜋𝜖0 ℎ2𝜅𝑛
. )1165(
¤At  kK  ¤l Ah‘R⁄  —  km§ rn§ ⁄rJ T A‘
𝑑2𝑢𝑛𝑙
𝑑𝜌2
=
[︂
1− 𝜌0𝑛
𝜌
+
𝑙(𝑙 + 1)
𝜌2
]︂
𝑢𝑛𝑙. )1166(
T§Ahn  ¤ .TylRAft  T A‘m  £@¡     )123(xwyny⁄r Tq§rV m‘ts
 zt £fi  TylRAft  T A‘m  𝜌 −→∞
𝑑2𝑢𝑛𝑙
𝑑𝜌2
= 𝑢𝑛𝑙. )1167(
w¡  
𝑢𝑛𝑙(𝑟) = 𝐴𝑒−𝜌 + 𝐵𝑒𝜌. )1168(
¤l O . 𝐵 = 0 CAt    	§ ¤AtA ⁄ rfn§ ¤A  d  𝜌 −→∞ Am
𝑢𝑛𝑙(𝑟) = 𝐴𝑒−𝜌 , 𝜌 −→∞. )1169(
bO £fi  TylRAft  T A‘m  𝜌 −→ 0 T§Ahn  ¤ 'rfl  Th  
𝑑2𝑢𝑛𝑙
𝑑𝜌2
=
𝑙(𝑙 + 1)
𝜌2
𝑢𝑛𝑙. )1170(
w¡  
𝑢𝑛𝑙(𝑟) = 𝐶𝜌𝑙+1 + 𝐷𝜌−𝑙. )1171(
O . 𝐷 = 0 CAt    	§ ¤AtA ⁄ rfn§ ¤A  d  𝜌 −→ 0 Am d§d 
¤l
𝑢𝑛𝑙(𝑟) = 𝐶𝜌𝑙+1 , 𝜌 −→ 0. )1172(
¤At   rtfl  CAbtA 𝜌 −→ 0 dn ⁄ 𝜌 −→∞ dn )124(
CAqm  rOt  §z
𝑢𝑛𝑙(𝑟) = 𝜌𝑙+1 𝑒−𝜌𝑣𝑛𝑙(𝜌). )1173(
Frobenius .)123(
asymptotic behavior .)124(
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TylRAft  T A‘m  q    	§ 𝑣𝑛𝑙(𝜌) T d     d
𝜌
𝑑2𝑣𝑛𝑙(𝜌)
𝑑𝜌2
+ 2( 𝑙 + 1 − 𝜌) 𝑑𝑣𝑛𝑙
𝑑𝜌
+
(︂
𝜌0𝑛 − 2(𝑙 + 1)
)︂
𝑣𝑛𝑙 = 0 . )1174(
Tlsls   fl  rbt‘
𝑣𝑛𝑙(𝜌) =
∞∑︁
𝑗=0
𝑐𝑗𝜌
𝑗 . )1175(
Tytn  ¤  O TylRAft  T A‘m  ¤ {§w‘tA
∑︁
𝑗=0
[︂
(𝑗 + 1)( 𝑗 + 2 𝑙 + 2) 𝑐𝑗+1 + ( 𝜌0𝑛 − 2(𝑗 + 𝑙 + 1)) 𝑐𝑗
]︂
𝜌𝑗 = 0 . )1176(
'r  ›CAb‘
𝑐𝑗+1 =
2(𝑗 + 𝑙 + 1) − 𝜌0𝑛
(𝑗 + 1)( 𝑗 + 2 𝑙 + 2) 𝑐𝑗 . )1177(
An§d𝑗  ›rybk  yq    
𝑐𝑗+1 ≃ 2
𝑗 + 1 𝑐𝑗 . )1178(
¤l O TVwbS Tytn  £@¡    | rtA
𝑐𝑗 =
2𝑗
𝑗! 𝑐0. )1179(
 — 
𝑣𝑛𝑙(𝜌) = 𝑐0𝑒2𝜌 ⇔ 𝑣𝑛(𝜌) = 𝑐0𝜌𝑙+1 𝑒𝜌. )1180(
   ¤n‘§  @¡ . 𝜌 −→ ∞    ‚VA  
CAqm  rOt  ¢§d  @¡    R w  
y 𝑗  𝑗max Tym\  Tmy dw ¤AtA ⁄ Wqn    	§ Tlsls 
𝑐𝑗max +1 = 0 . )1181(
q§    	§ 𝑗max 'r  ›CAb‘
2(𝑗max + 𝑙 + 1) − 𝜌0𝑛 = 0 . )1182(

 r‘m  𝑛 
 m‘ 𝑗max 
 m‘  |w
𝑛 = 𝑗max + 𝑙 + 1 . )1183(
 — 
𝜌0𝑛 = 2𝑛. )1184(
¤AtA Tmmk  wk    	§ TAW     tK dyq   @¡ 
𝐸𝑛 = − 𝑚2ℎ2
(︂
𝑒2
4𝜋𝜖0
)︂2 1
𝑛2
. )1185(
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¤¡ Tlmtkm  Ty¶ASf  Tywm  T d 
𝜓𝑛𝑙𝑚(𝑟, 𝜃, 𝜑) = 𝑅𝑛𝑙(𝑟)𝑌 𝑚𝑙 (𝜃, 𝜑). )1186(
𝑅𝑛𝑙(𝑟) = 𝑢𝑛𝑙(𝑟)
𝑟
=
𝜌𝑙+1
𝑟
𝑒−𝜌𝑣𝑛𝑙(𝜌). )1187(
£@¡ ¤ ¢  R w   . 𝐸1 =   13.6 𝑒𝑉 TAW 𝑛 = 1  w TyFAFfl  TA 
w¡ 𝜅1 A  . 𝑅10 = 𝑐0𝜅1𝑒−𝜅1 𝑟 ⁄ 𝑣𝑛𝑙(𝜌) = 𝑐0,𝑙 = 0 ¤AtA ⁄ 𝑗max = 0 TA 
y\nt  “rJ . 𝜅1 = p   2𝑚𝐸1/ ℎ = 1/𝑎 '  Cw rW On ¤ms§ A 
wlq
.𝑐0 ybt An ms§
¤ . 𝜅2 = 𝜅1/2 = 12𝑎 ⁄ 𝐸2 = 𝐸1/4 TAW𝑛 = 2  w ¤⁄fl  ›CAm  TA 
𝑙 = 1    . 𝑙 = 0 ⁄ 𝑙 = 1 AyAkfl  An§d ¤AtA ⁄ 𝑗max = 1   𝑙 TA  £@¡
An§d𝑙 = 0    Amny 𝑅21 = 𝑐04𝑎2 𝑟𝑒−𝑟/2𝑎 ¤AtA ⁄ 𝑣𝑛𝑙(𝜌) = 𝑐0 ,𝑗max = 0 An§d
 . 𝑅20 =
𝑐0
2𝑎 (1   𝑟2𝑎 )𝑒−𝑟/2𝑎 ¤AtA ⁄ 𝑣𝑛𝑙(𝜌) = 𝑐0 + 𝑐1𝜌 = 𝑐0(1   𝜌) ,𝑗max = 1
.y\nt  “rJ  y‘§ 𝑐0 A  d§d
𝑗max = 𝑛   𝑙   1 TCd    ⁄d ry ¤¡ 𝑣𝑛𝑙(𝜌) T d  TA‘  TA  ¤
   km§ 𝑙 ¤wmk   d‘  𝑛  Tny‘ Tmy     ¢  R w   . 𝜌 ¤
km§ 𝑚 ¤wmk   d‘  𝑙  Tmy     . 𝑛   1,...,1 ,0 yq  Xq @§
An§d𝑛  Tmy      —  . 𝑙,𝑙   1,....,  𝑙 + 1 ,  𝑙 Tmy2𝑙 + 1   @§   
.𝑛2 w¡𝐸𝑛 'wAW  'wtsm  fi  TC 'r  ›CAb‘ .TA ∑︀𝑛−1𝑙=0 (2𝑙+1) = 𝑛2
𝐿2𝑙+1𝑛−𝑙−1(2𝜌)  rm  CAfl  ⁄d ry w¡ 𝑣𝑛𝑙(𝜌)  ⁄d  ry    AS§  ^fin
CAfl  ⁄d  ry Tfld 𝐿𝑝𝑞−𝑝(𝑥)  rm  CAfl  ⁄d ry r‘§ . )125(
¤AtA )126(𝐿𝑞(𝑥)
𝐿𝑝𝑞−𝑝(𝑥) = (   1)𝑝
(︂
𝑑
𝑑𝑥
)︂𝑝
𝐿𝑞(𝑥) , 𝐿𝑞(𝑥) = 𝑒𝑥
(︂
𝑑
𝑑𝑥
)︂𝑞
(𝑒−𝑥𝑥𝑞). )1188(
y⁄dyh  ›C@ Tqyd  Tynb 
¤bsn  yOt 
¤¡ y⁄Cdyh  ›C@ TykyFfik  TywtlyAh 
𝐻0 =
𝑝2
2𝑚  
𝑒2
4𝜋𝜖0
1
𝑟
. )1189(

 ¤W‘ Cw AAV
𝐸0𝑛 =  
𝛼2
2𝑛2𝑚𝑐
2. )1190(
⁄ Tqyd  Tynb  A FA r‘§ 𝛼 A  . j𝜓0𝑛𝑙𝑚 > ¤¡ Tq rm  Ty @  T‘Jfl 

 ¤W‘§
𝛼 =
𝑒2
4𝜋𝜖0 ℎ𝑐
=
1
137.036. )1191(
associated Laguerre polynomial .)125(
Laguerre polynomials .)126(
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TrWS ry Tsm  ¤¡ £@¡ .TysyVAn⁄rhk  fiAftl   rtfl  A w¡  @¡
.TA  £@¡ ¤
 @¡ ⁄ › wn  Tr CAbtfl  y‘ @fl   ¤A§ 𝐸𝑛  ⁄fl  yOt 
›C@ Tqyd  Tynb  .𝑚𝑚𝑝/(𝑚 + 𝑚𝑝) Tztm  TltkA 𝑚 {§w‘ §rV 
z y   rtfl   An  yOt  ⁄ ¤bsn  yOt    wkt y⁄Cdyh 
¤At  yOt  . 𝛼4𝑚𝑐2 Tbr    wk AyOt  £@¡ .'C dm  z‘  ⁄ ybs 
.¤syVAnm  q  ymk  n§ ⁄ 𝛼5𝑚𝑐2 Tbr   w¡ ⁄ )127(	fl 	F w¡
⁄ (𝑚/𝑚𝑝)𝛼4𝑚𝑐2 Tbr   w¡ '@  Td  Tq¶A Tynb  yO ¤§ — d‘
⁄  ⁄rtkfi )128(TysyVAnm  ⁄z‘  y ¤syVAnm  Aft   rn§ '@ 
.y⁄Cdyh  ›C@ Tqyd  Tynb  Xq 	snF ¤l§Amy . w⁄rb 

  AyW‘§  Aybsn  Tr  Tym ⁄ TAW 
𝐸 = 𝛾𝑚𝑣. )1192(
𝑝 = 𝛾𝑚𝑣. )1193(

 ¤W‘§ ⁄ )129(zCw A‘ ¤ms§ 𝛾 A‘m 
𝛾 =
1√︁
1− 𝑣2𝑐2
. )1194(
	s
𝐸2 = 𝑝2𝑐2 + 𝑚2𝑐4. )1195(

 ¤W‘ )130( wks  TAV
𝐸0 = 𝑚𝑐
2. )1196(

 ¤W‘ Tyr  TAW   — 
𝑇 = 𝐸 − 𝐸0 =
√︀
𝑝2𝑐2 + 𝑚2𝑐4 −𝑚𝑐2
= 𝑚𝑐2
[︂√︂
1 + 𝑝
2
𝑚2𝑐2
− 1
]︂
= 𝑚𝑐2
[︂
1
2
𝑝2
𝑚2𝑐2
− 18
𝑝4
𝑚4𝑐4
+ ..
]︂
=
𝑝2
2𝑚 −
𝑝4
8𝑚3𝑐2 + ... )1197(
r¥mA ¤AtA ¤W‘§ 
 rWRfl 
𝜆𝐻1𝑟 = −
𝑝4
8𝑚3𝑐2 . )1198(
Lamb shift .)127(
dipole moments .)128(
Lorentz .)129(
rest energy.)130(
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¤AtA ⁄ A§⁄r rZAnt £fi  T A‘m  ¤ 
wtkm  
 rWRfl     R w  
¤r  z‘l TA  Tbrm   ⁄ ?^?2 ¤r  z‘  r   Abt§ ¢A
)TrWSm  ry TywtlyAh ( 𝐻0  , j𝜓0𝑛𝑙𝑚 > TrtKm  Ty @  T‘Jfl  r . ?^?3
   ℎ𝑚 ⁄ ℎ2𝑙(𝑙 + 1) 
 ¤W‘ ?^?3 ⁄ ?^?2  Tflt Ty — yq , ?^?3 ⁄ ?^?2 ⁄
⁄ ›dy Tywm   d  ¤¡ 𝑚 ⁄ 𝑙 ,𝑛  —  .𝐸𝑛 TAW  Hf Ah ¤t  𝑛2   flA 
yOt  .¤⁄fl  Tbr   Tlnm  ry 
 rWRfl  T§r\  dtF  km§ ¤AtA

 ¤W‘§
𝜆𝐸1𝑟 = 𝜆 < 𝜓
0
𝑛𝑙𝑚j𝐻1𝑟 j𝜓0𝑛𝑙𝑚 >
=  
1
8𝑚3𝑐2 < 𝜓
0
𝑛𝑙𝑚j𝑝4j𝜓0𝑛𝑙𝑚 >
=  
1
8𝑚3𝑐2 (?^?
2j𝜓0𝑛𝑙𝑚 >)+ (?^?2j𝜓0𝑛𝑙𝑚 >). )1199(
rn§ ⁄rJ T A‘ . 𝑝2 r¥ml Tytyrh  Ty}A  Anlm‘tF  £fi  T A‘m  ¤

 ¤W‘ TrWSm  ry flAl TbsnA
𝑝2j𝜓0𝑛𝑙𝑚 >= 2𝑚(𝐸0𝑛   𝑉 )j𝜓0𝑛𝑙𝑚 > . )1200(
 — 
𝜆𝐸1𝑟 =  
1
2𝑚𝑐2 < 𝜓
0
𝑛𝑙𝑚j(𝐸0𝑛   𝑉 )2j𝜓0𝑛𝑙𝑚 >
=  
1
2𝑚𝑐2
[︂
(𝐸0𝑛)2 + 2ℎ𝑐𝛼𝐸0𝑛 < 1𝑟 > + ℎ
2𝑐2𝛼2 <
1
𝑟2
>
]︂
. )1201(
¶Atn  m‘ts
<
1
𝑟
>=
𝛼
𝑛2
𝑚𝑐
ℎ
. )1202(
<
1
𝑟2
>=
𝛼2𝑚2𝑐2
ℎ2
1
𝑛3(𝑙 + 12 )
. )1203(
¤l O  CAb‘  £@h {§w‘tA
𝜆𝐸1𝑟 =  
(𝐸0𝑛)2
2𝑚𝑐2
[︂
4𝑛
𝑙 + 12
  3
]︂
. )1204(
'C dm  ¤r  z‘  ⁄ ybs  y   rtfl 
 dwt§⁄  ⁄rtkfl  w  w⁄rb  C⁄d§  ⁄rtkfl  T}A  wks  l‘ ¤
C⁄ w¡ 𝑇 y 𝐼 = 𝑒/𝑇 w¡  w⁄rb   dwtm  CAyt  . ?⃗? ¤syVAn q —
 @¡  dwtm  ¤syVAnm  q     ¤l Pn§ )131(CAAF -wy  wA .C dm 
XbSA An§d .C dm  rW O  Ask 	FAnt ⁄ 𝐼    rV 	FAnt CAyt 
𝐵 =
𝜇0𝐼
2𝑟 =
𝜇0𝑒
2𝑟𝑇 =
𝑒
2𝜖0𝑟𝑐2𝑇
. )1205(
Biot   Savart law .)131(
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 A‘K  w¡ ?⃗?  A  —  .C dm  'wts ¤l ' wm ¤syVAnm  q   @¡
›CAb‘ .⃗𝑟𝑥?⃗? £A  ¤ w¡ ?⃗?  A  w⁄rb  TrF ¤¡ ?⃗? ⁄  w⁄rb  ¤   ⁄rtkfl 
'  ?⃗? = 𝑚?⃗?𝑥?⃗? 'C dm  ¤r  z‘  £A  ¤ w¡ ?⃗? 'r 
?⃗? =
𝑒
4𝜋𝜖0𝑟3𝑚𝑐2
?⃗?. )1206(
¤ . ?⃗? ¤syVAn z ¢ ¤AtA ⁄ ?⃗? ybF ¢  ⁄rtkfl  'rfl  Th  
¤ms§ 	FAnt  A‘ ⁄ ybs     rV 	FAnt ¤syVAnm  z‘  Tqyq 
.
)132(TysyVAnm  Tbsn 
A\tA TEw 𝑞 TyW TnJ    TysyVAnm  Tbsn  	s Am
z‘  . 𝑇 C⁄d A¡Cw w C⁄d ›r¶ d  . 𝑟 rW O  — ›r¶  w
'  𝜋𝑟2 TAsm  
rR 𝑞/𝑇 CAyt w¡ ¤syVAnm 
𝜇 =
𝑞𝜋𝑟2
𝑇
. )1207(
)ybs ( 'C dm  z‘  .A\tA TEw AS§  ¤¡ ⁄ 𝑚 '⁄As 𝑞 TnK  Tlt
'  2𝜋/𝑇 '⁄ z  r wt  
rR 𝑚𝑟2 TAW‘  z '⁄As§
𝑆 =
2𝜋𝑚𝑟2
𝑇
. )1208(

  —  ¤W‘ TysyVAnm  Tbsn 
𝜇
𝑆
=
𝑞
2𝑚. )1209(
 —  .Th  Hf ¤ Am¡ ybs  ⁄ ¤syVAnm  z‘ 
?⃗? =
𝑞
2𝑚?⃗?. )1210(
'  Tmyq  £@¡ ‘S ¤W‘§ ¤syVAnm  z‘   A  ⁄rtkfl  TA ¤
?⃗?𝑒 = − 𝑒
𝑚
?⃗?. )1211(
¤syVAnm  z‘  ¤l r¥§  w⁄rb  Tr  dwtm  ¤syVAnm  q 
Tq rm  TywtlyAh  . ?⃗? £Afl '—A ?⃗?𝑒 £A  ‘§    ⁄A§ y  ⁄rtkfi

 ¤W‘
𝜆𝐻1𝑠𝑜 = −?⃗?𝑒.?⃗?
=
𝑒2
4𝜋𝜖0
1
𝑚2𝑐2𝑟3
?⃗?.?⃗?. )1212(
yOt  .CAst ¢fl ¤AW l‘m Hy  ⁄rtkfl  T}A  wks  l‘
.1/2 '⁄As§ A‘m 𝜆𝐻1𝑠𝑜 
rR ¤ Plt§ ryt   @h  r  )133(¤Amynyk 
¤l O . )134(xAw ›C⁄ dm ¤ms§  @¡
𝜆𝐻1𝑠𝑜 =
𝑒2
8𝜋𝜖0
1
𝑚2𝑐2𝑟3
?⃗?.?⃗?. )1213(
gyromagnetic ratio .)132(
kinematic .)133(
Thomas precession.)134(
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 Ayl§ xAw ›C⁄ d ⁄  ⁄rtkfi TysyVAnm  Tbsn  yO    ^fi
.AAm {‘b  AmhS‘
'C dm  ¤r  z‘  ⁄ ybs  z y Aft  O 𝜆𝐻1𝑠𝑜 TywtlyAh 
.
⃗^
𝐿 ⁄ ⃗^𝑆  r¥mA ?⃗? ⁄ ?⃗? {§w‘ t§ ¤wmk  yAkym  ¤ .y⁄dyh  ›C@
  Abt§ 𝜆𝐻1𝑠𝑜 —  . ⃗^𝑆 ⁄ ⃗^𝐿   Abt§ fl TA  £@¡ ¤ TywtlyAh  r¥

 ¤W‘§ '@  ¤lk  ¤r  z‘  w¡ ⃗^𝐽 y 𝐽3 ⁄ 𝐽2 ,𝑆2 ,?^?2
⃗^
𝐽 =
⃗^
𝐿 +
⃗^
𝑆. )1214(
y ℎ2𝑗(𝑗 + 1) ¤¡ 𝐽2  Tnkmm  Ty @  yq   A 𝑠 = 12  fl
𝑗 = 𝑙 +
1
2 , 𝑗 = 𝑙 −
1
2. )1215(
¤¡ TlAqm  Ty @  T‘Jfl 
|𝑗𝑗3 > =
∑︁
𝑚,𝜎
𝐶𝑙𝑚𝑠𝜎𝑗𝑗3 |𝑙𝑚 > |𝑠𝜎 >
= 𝐶
𝑙𝑗3− 12 𝑠 12
𝑗𝑗3
|𝑙𝑗3 − 12 > |𝑠
1
2 > +𝐶
𝑙𝑗3 +
1
2 𝑠
1
2
𝑗𝑗3
|𝑙𝑗3 + 12 > |𝑠−
1
2 > .)1216(
Cw  mR ,q ¤t  )135(  ⁄ Cw - Lfi fiA‘ ¤¡ 𝐶𝑙𝑚𝑠𝜎𝑗𝑗3 fiA‘m 
.𝑗3 = 𝑚 + 𝜎 Am ”AntFA𝐶𝑙𝑚𝑠𝜎𝑗𝑗3 = 0 Tfi‘  ,'r 
,𝐻0  TrtKm  Ty @  T‘Jfl  A¡@  km§ TrWSm  ry Ty @  T‘Jfl 

 ¤W‘ £@¡ . 𝐽3 ⁄ 𝐽2 ,𝑆2 ,?^?2
|𝜓𝑛𝑗𝑗3 >= |𝑅𝑛𝑙 > |𝑗𝑗3 > . )1217(
 ›CAb ¤¡ ¤t  |𝜓𝑛𝑙𝑚 > |𝑠𝜎 >= |𝑅𝑛𝑙 > |𝑙𝑚 > |𝑠𝜎 > 
  CAq§    	§  @¡
TlAqm  TrWSm  ry AAW  . 𝑆3 ,𝑆2 ,𝐿3 ,?^?2 ,𝐻0  TrtKm  Ty @  T‘Jfl 
.Cw AAW ¤W‘  E A |𝜓𝑛𝑙𝑚 > |𝑠𝜎 > ⁄  |𝜓𝑛𝑗𝑗3 > 
	s
𝑆.?^? =
1
2(𝐽
2 − 𝑆2 − ?^?2). )1218(

 ¤W‘ |𝜓𝑛𝑗𝑗3 >  TlAqm  ?⃗?.?⃗?  Ty @  yq 
ℎ2
2 (𝑗(𝑗 + 1) − 𝑠(𝑠 + 1) − 𝑙(𝑙 + 1)) =
ℎ2
2 (𝑗(𝑗 + 1) −
3
4 − 𝑙(𝑙 + 1)) . )1219(

 ¤W‘§ ¤⁄fl  Tbr   yOt 
𝜆𝐸1𝑠𝑜 = < 𝜓𝑛𝑗𝑗3 |𝜆𝐻1𝑠𝑜|𝜓𝑛𝑗𝑗3 >
=
𝑒2
8𝜋𝜖0
1
𝑚2𝑐2
ℎ2
2 (𝑗(𝑗 + 1) −
3
4 − 𝑙(𝑙 + 1)) < 𝜓𝑛𝑗𝑗3 |
1
𝑟3
|𝜓𝑛𝑗𝑗3 >
=
𝑒2
8𝜋𝜖0
1
𝑚2𝑐2
ℎ2
2 (𝑗(𝑗 + 1) −
3
4 − 𝑙(𝑙 + 1)) < 𝑅𝑛𝑙|
1
𝑟3
|𝑅𝑛𝑙 >
=
𝛼 ℎ3
4𝑚2𝑐 (𝑗(𝑗 + 1) −
3
4 − 𝑙(𝑙 + 1)) <
1
𝑟3
> . )1220(
Clebsch   Gordon coecients .)135(
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Tytn  m‘ts
<
1
𝑟3
>=
𝛼3𝑚3𝑐3
ℎ3𝑛3𝑙(𝑙 + 1)( 𝑙 + 12 )
. )1221(
 — 
𝜆𝐸1𝑠𝑜 =
(𝐸0𝑛)2
𝑚𝑐2
𝑛
𝑙(𝑙 + 1)( 𝑙 + 12 )
(︂
𝑗(𝑗 + 1)   34   𝑙(𝑙 + 1)
)︂
. )1222(
T rO 	s
𝜆𝐸1𝑠𝑜 =
(𝐸0𝑛)2
2𝑚𝑐2
2𝑛
𝑙 + 12
1
𝑙 + 1 , 𝑗 = 𝑙 +
1
2. )1223(
𝜆𝐸1𝑠𝑜 =  
(𝐸0𝑛)2
2𝑚𝑐2
2𝑛
𝑙 + 12
1
𝑙
, 𝑗 = 𝑙  
1
2. )1224(

 ¤W‘§ Tqyd  Tynb  yO T}fi  ¤
𝜆𝐸1𝑟 + 𝜆𝐸
1
𝑠𝑜 =
(𝐸0𝑛)2
2𝑚𝑐2 (3  
4𝑛
𝑙 + 1 ) , 𝑗 = 𝑙 +
1
2. )1225(
𝜆𝐸1𝑟 + 𝜆𝐸
1
𝑠𝑜 =
(𝐸0𝑛)2
2𝑚𝑐2 (3  
4𝑛
𝑙
) , 𝑗 = 𝑙   12. )1226(
kK  ¤l yCAb‘  yA¡ TAt km§
𝜆𝐸1𝑟 + 𝜆𝐸
1
𝑠𝑜 =
(𝐸0𝑛)2
2𝑚𝑐2 (3  
4𝑛
𝑗 + 12
). )1227(
bO y⁄Cdyh  ›C@ T§wAW  A§wtsm 
𝐸𝑛 = 𝐸
0
𝑛 + 𝜆𝐸
1
𝑟 + 𝜆𝐸
1
𝑠𝑜
= 𝐸0𝑛
[︂
1 + 𝛼
2
𝑛2
( 𝑛
𝑗 + 12
 
3
4)
]︂
. )1228(
.  ww  EA 𝑗 ¤ fifl  k rsk  𝑙 ¤ fifl 
zA Tql‘tm  A rWRfl  T§r\
 r§ ym
kK  ¤l AhtAt km§ 𝐻 zA Tql‘t TywtlyA¡ rbt‘
𝐻 = 𝐻0 + 𝑉 (𝑡). )1229(
214
'  “wbSm    bq Ts Aq 𝐻0 zA Tql‘tm  ry TywtlyAh 
𝐻0|𝑛 >= 𝐸𝑛|𝑛 > . )1230(
TA  A‘J A  . 𝐻0  TCAqmA ry} ¢  |rtf 𝑉 (𝑡) zA l‘tm   wmk 
kK   ¢  |rtf AnA 𝑡 = 0 T\l  ¤ ¤¶ dtfl 
|𝜓(0) >=
∑︁
𝑛
𝑐𝑛(0)|𝑛 > . )1231(
A‘  kK  @§ TA  A‘J 𝑡 > 0   
|𝜓(𝑡) >=
∑︁
𝑛
𝑐𝑛(𝑡)𝑒− iE n th |𝑛 > . )1232(
O '@  Twm  T d zA l‘tm   At‘m  ”z  w¡ 𝑒−𝑖𝐸n 𝑡/ℎ CwW 
Amtfl  A‘F w¡ whm  .zA l‘t ry 𝑉  wmk   A w ¤t ¢yl
ry Ts £@¡ .zA l‘t ry 𝑉  wmk   fl Xq zA l‘t ¤t  𝑐𝑛(𝑡)
Tywmk  flA  y Aqtfl  ¤  ' ¥§    km§ 𝑉 (𝑡) 
 rWRfl   fl ›rqts
,|𝜓(0) >= |𝑖 > TA   𝑡 = 0 T\l  ¤ AnqlW   —  ,— ¤l Am . |𝑛 >
   km§ 𝑡 > 0 Tqfl TynE T\ '  ¤ ¢A , 𝐻0 TywtlyAhl Ty — TA  ' 
⁄ 𝑐𝑗(𝑡) = 𝑐𝑖(0)𝛿𝑖𝑗 An§d𝑉 = 0    . 𝑗 ̸= 𝑖 ,|𝑗 > 'r  TA ¤ Tlm  d
𝑐𝑗(𝑡) ̸= 0    d 𝑉 ̸= 0    Amny |𝑖 > TA  ¤ Am¶  ¤qb Tlm  ¤AtA
.|𝑗 > TA  ¤  |𝑖 > TA   Aqt  Amt  dw§ ¤AtA ⁄ wm‘  ¤
A T§A  ww Am¶  w¡ '@  𝑒−𝑖𝐸n 𝑡/ ℎ CwW   Plt     d dyfm  
⁄  ym d T§A  £@¡    .fl ⁄  zA l‘t 
 rWRfl   A ” wF
⁄  ym ¤ TA  A‘J w¡ |𝜓(𝑡) > TA  A‘J    fl⁄  r@ . r§ CwO

 ¤W‘§ rbz§A¡ CwO ⁄  ym ¤ TA  A‘J .rn§ ⁄rJ CwO
|𝜓 >= 𝑒 ih 𝐻𝑡|𝜓(𝑡) > . )1233(
rbz§A¡ CwO ⁄  ym ¤ ¤W‘§ rn§ ⁄rJ CwO ⁄  ym ¤ 𝑂 r¥ 
r¥mA
𝑂(𝑡) = 𝑒 ih 𝐻𝑡𝑂𝑒− ih 𝐻𝑡. )1234(

  AyW‘§   @l  r¥m  ⁄ TA  A‘K r‘§  r§ CwO ⁄  ymt ¤ms§ A
|𝜓(𝑡) >𝐼= 𝑒 ih 𝐻0 𝑡|𝜓(𝑡) > . )1235(
𝑂𝐼 (𝑡) = 𝑒 ih 𝐻0 𝑡𝑂𝑒− ih 𝐻0 𝑡. )1236(
›rJAb 	s
𝑖 ℎ
𝜕
𝜕𝑡
|𝜓(𝑡) >𝐼 = −𝐻0|𝜓(𝑡) > + 𝑒 ih 𝐻0 𝑡(𝐻0 + 𝑉 )|𝜓(𝑡) >
= 𝑉𝐼 (𝑡)|𝜓(𝑡) >𝐼 . )1237(
bO§ (1232) rKn 
|𝜓(𝑡) >𝐼=
∑︁
𝑛
𝑐𝑛(𝑡)|𝑛 > . )1238(
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¤l ›rJAb O  — 
𝑖ℎ
𝑑𝑐𝑚(𝑡)
𝑑𝑡
=
∑︁
𝑛
𝑐𝑛(𝑡)𝑒𝑖 
 mn 𝑡𝑉𝑚𝑛. )1239(

 𝑚𝑛 =
𝐸𝑚   𝐸𝑛
ℎ
, 𝑉𝑚𝑛 =< 𝑚j𝑉 j𝑛 > . )1240(
 AtA   — m  ¶As
An§d TA  £@¡ ¤
𝑖ℎ
𝑑𝑐1(𝑡)
𝑑𝑡
=
∑︁
𝑛
𝑐𝑛(𝑡)𝑒𝑖 
 1n 𝑡𝑉1𝑛 = 𝑐1(𝑡)𝑉11 + 𝑐2(𝑡)𝑒−𝑖
 0 𝑡𝑉12. )1241(
𝑖 ℎ
𝑑𝑐2(𝑡)
𝑑𝑡
=
∑︁
𝑛
𝑐𝑛(𝑡)𝑒𝑖 
 2n 𝑡𝑉2𝑛 = 𝑐1(𝑡)𝑒𝑖
 0 𝑡𝑉21 + 𝑐2(𝑡)𝑉22. )1242(

 0 =
𝐸2   𝐸1
ℎ
, 𝐸2 > 𝐸1. )1243(
   |rtf
𝑉11 = 𝑉22 = 0 . )1244(
¤l O TA  £@¡ ¤
𝑑𝑐1(𝑡)
𝑑𝑡
=  
𝑖
ℎ
𝑐2(𝑡)𝑒−𝑖 
 0 𝑡𝑉12. )1245(
𝑑𝑐2(𝑡)
𝑑𝑡
=  
𝑖
ℎ
𝑐1(𝑡)𝑒𝑖
 0 𝑡𝑉21. )1246(
kK   ¤by 
 rWR  rbt‘
𝑉12 = 𝑉
*
21 = 𝛾𝑒
𝑖 
 𝑡. )1247(
bO £fi  Twtkm  Trtqm  TylRAft  fl A‘m 
𝑑𝑐1(𝑡)
𝑑𝑡
=  
𝑖𝛾
ℎ
𝑐2(𝑡)𝑒−𝑖(
 0− 
) 𝑡. )1248(
𝑑𝑐2(𝑡)
𝑑𝑡
=  
𝑖𝛾
ℎ
𝑐1(𝑡)𝑒𝑖(
 0−
) 𝑡. )1249(
TyA  TCd   TylRAft  T A‘m  ¤l O yt A‘m  yA¡  AfiW 
𝑑2𝑐1(𝑡)
𝑑𝑡
+ 𝑖(
   
 0) 𝑑𝑐1
𝑑𝑡
+
𝛾2
ℎ2
𝑐1(𝑡) = 0 . )1250(
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 rtfl  @
𝑐1 = 𝑒
𝑖

 − 
 0
2 𝑡𝑐1. )1251(
d
𝑑2𝑐1(𝑡)
𝑑𝑡
+
[︂ (
 − 
 0)2
4 +
𝛾2
ℎ2
]︂
𝑐1(𝑡) = 0 . )1252(
'r  ›CAb‘
𝑐1 = 𝑒
𝑖

 − 
 0
2 𝑡
[︂
𝐴 cos 
 𝑟𝑡 + 𝐵 sin 
 𝑟𝑡
]︂
. )1253(

 ¤W‘§⁄ )136(¤ C r wt ¤ms§ 
 𝑟 r wt 


2
𝑟 =
(
 − 
 0)2
4 +
𝛾2
ℎ2
. )1254(
kK  ¤l AhtAt km§ (1248) TylRAft  T A‘m 
− 𝑖𝛾
ℎ
𝑐2 = 𝑖

 − 
 0
2 𝑒
−𝑖 
 −
 02 𝑡
[︂
𝐴 cos 
 𝑟𝑡 + 𝐵 sin 
 𝑟𝑡
]︂
+ 
 𝑟𝑒
−𝑖 
 − 
 02 𝑡
[︂
−𝐴 sin 
 𝑟𝑡 + 𝐵 cos 
 𝑟𝑡
]︂
.)1255(
Ty¶ dtfl  “⁄rK  m‘ts
𝑐1(0) = 1 , 𝑐2(0) = 0 . )1256(
d
𝐴 = 1 , 𝐵 = −𝑖 
 − 
 02
 𝑟 . )1257(
¤AtA
𝑐1 = 𝑒
𝑖

 −
 0
2 𝑡
[︂
cos 
 𝑟𝑡− 𝑖 
 − 
 02
 𝑟 sin 
 𝑟𝑡
]︂
. )1258(
𝑐2 = − 𝑖

 𝑟
𝛾
ℎ
𝑒−𝑖

 − 
 0
2 𝑡 sin 
 𝑟𝑡. )1259(
TA  ¤ 𝑡 T\l  ¤ Tlm   A§  Amt  . |1 > ¤¡ Tlml Ty¶ dtfl  TA 

 ¤W‘§ |2 >
|𝑐2|2 = 1


2
𝑟
𝛾2
ℎ2
sin2 
 𝑟𝑡 =
1


2
𝑟
𝛾2
ℎ2
1
2(1− cos 2
 𝑟𝑡). )1260(
¤ zth§ |2 > TA  ¤ Tlm   A§  Amt  .¤ C Tfi ¤ms Tfi‘  £@¡
⁄  wlF  @¡ . 
 = 
 0 dn Tym\fl  Ahtmy lb E zt¡fl  T‘F . 2
 𝑟 r wt z 
.¤nyC rO
Rabi .)136(
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 r‘§ yr 

 = 
 0 , 
 𝑟 =
𝛾
ℎ
. )1261(
bO§ yr  dn Aqtfl  Amt 
j𝑐2j2 = 12(1   cos 2
 𝑟𝑡). )1262(
TA  ¤ Tlm   A§  Amt     z§ 𝑡 = 𝜋 ℎ/2𝛾 T\l  ¤  𝑡 = 0 T\l  
 @¡ fi  —  . 𝐸1 TAW   rb  𝐸2 TAW     r@ . 1 '⁄As§ bO§ ¤t j2 >
Ayl Twks j2 > TA  bO ¤t 
 rWRfl   TAW  Ptm Tlm  z 
¤  𝑡 = 𝜋 ℎ/2𝛾 T\l   .Ayl j1 > TA  rf Amny 𝑡 = 𝜋 ℎ/2𝛾 T\l  ¤

 rWRfi TAW  Tlm  dqf ¤AtA ⁄ PAnt§ j𝑐2j2 Amtfl  𝑡 = 𝜋 ℎ/𝛾 T\l 
TA  rf Amny Ayl Twks 𝑡 = 𝜋 ℎ/𝛾 T\l  ¤ j1 > TA  bO ¤t
.w  ⁄d rmts AFCfl  ⁄ QAOtfl  y ›C⁄d  £@¡ .Ayl j2 >

 ¤W‘ j𝑐2j2 Aqtfl  Amtfl Tym\fl  Tmyq  yr    dy‘
j𝑐2j2 = 1


2
𝑟
𝛾2
ℎ2
sin2 
 𝑟𝑡  j 𝑐2j2max =
𝛾2
ℎ2
(
 −
 0 )2
4 +
𝛾2
ℎ2
. )1263(
j𝑐2j2max = 1/2 Amtfl   w ¤t  r wt  . 
 = 
 0 dn Tmq yC ¤nn  @¡
Tym\fl  Tmyq  O dn —wm  yr  ¤nn |r  —  . 
 = 
 0  2𝛾/ℎ ¤¡
 ,yR  yC m ¤l O '  ,r}  bO§ |r‘     R w   . 4𝛾/ℎ w¡
.Tfy‘S  Awmk   
)137(
'⁄wn  ¤syVAnm  yr  r@  AtA   — m   AqybW y 
.
)138(Cz§Am  ⁄
 ⁄z§  rK
rn§ ⁄rJ T A‘ @ Aft  ymt AS§  ¤ms§ '@   r§ ym ¤
kK 
𝑖ℎ
𝜕
𝜕𝑡
j𝜓(𝑡) >𝐼 = 𝑉𝐼 (𝑡)j𝜓(𝑡) >𝐼 . )1264(

 r‘§ Aft  ym ¤ z  ¤ CwWt  r¥
j𝜓(𝑡) >𝐼= 𝑈𝐼 (𝑡, 𝑡0)j𝜓(𝑡0) >𝐼 . )1265(
'rfl  Th  
j𝜓(𝑡) >𝐼 = 𝑒 ih 𝐻0 𝑡j𝜓(𝑡) >
= 𝑒
i
h 𝐻0 𝑡𝑈 (𝑡, 𝑡0)𝑒− ih 𝐻0 𝑡0 j𝜓(𝑡0) >𝐼 . )1266(
 — 
𝑈𝐼 (𝑡, 𝑡0) = 𝑒 ih 𝐻0 𝑡𝑈 (𝑡, 𝑡0)𝑒− ih 𝐻0 𝑡0 . )1267(
nuclear magnetic resonance.)137(
MASERS : microwave amplication by stimulated emission of radiation .)138(
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TylRAft  T A‘ml S§ r¥m   @¡
𝑖ℎ
𝑑
𝑑𝑡
𝑈𝐼 (𝑡, 𝑡0) = 𝑉𝐼 (𝑡)𝑈𝐼 (𝑡, 𝑡0). )1268(

 ¤W‘§ ¤¶ dtfl  “rK 
𝑈𝐼 (𝑡0, 𝑡0) = 1. )1269(
TylAkt  T A‘mA ¤W‘§  
𝑈𝐼 (𝑡, 𝑡0) = 1 − 𝑖
ℎ
∫︁ 𝑡
𝑡0
𝑑𝑡1𝑉𝐼 (𝑡1)𝑈𝐼 (𝑡1, 𝑡0). )1270(
¤l§ Am T A‘m  £@¡ r§rk km§
𝑈𝐼 (𝑡, 𝑡0) = 1 − 𝑖
ℎ
∫︁ 𝑡
𝑡0
𝑑𝑡1𝑉𝐼 (𝑡1)
[︂
1 − 𝑖
ℎ
∫︁ 𝑡1
𝑡0
𝑉𝐼 (𝑡2)𝑈𝐼 (𝑡2, 𝑡0)𝑑𝑡2
]︂
= 1 +
(︂−𝑖
ℎ
)︂∫︁ 𝑡
𝑡0
𝑑𝑡1𝑉𝐼 (𝑡1) +
(︂−𝑖
ℎ
)︂2 ∫︁ 𝑡
𝑡0
𝑑𝑡1
∫︁ 𝑡1
𝑡0
𝑑𝑡2𝑉𝐼 (𝑡1)𝑉𝐼 (𝑡2)𝑈 (𝑡2, 𝑡0).
)1271(
¤l O Tyfy TbC ¤  r§rktA
𝑈𝐼 (𝑡, 𝑡0) = 1 +
(︂−𝑖
ℎ
)︂∫︁ 𝑡
𝑡0
𝑑𝑡1𝑉𝐼 (𝑡1) +
(︂−𝑖
ℎ
)︂2 ∫︁ 𝑡
𝑡0
𝑑𝑡1
∫︁ 𝑡1
𝑡0
𝑑𝑡2𝑉𝐼 (𝑡1)𝑉𝐼 (𝑡2) + ...
+
(︂−𝑖
ℎ
)︂𝑛 ∫︁ 𝑡
𝑡0
𝑑𝑡1
∫︁ 𝑡1
𝑡0
𝑑𝑡2...
∫︁ 𝑡n −1
𝑡0
𝑑𝑡𝑛𝑉𝐼 (𝑡1)𝑉𝐼 (𝑡2)...𝑉𝐼 (𝑡𝑛) + ....)1272(
.
)139(
 ⁄z§  rKn r‘§    @¡
   r@
|𝜓(𝑡) >𝐼=
∑︁
𝑛
𝑐𝑛(𝑡)|𝑛 > . )1273(
›rJAb 	s
𝑐𝑛(𝑡) = < 𝑛|𝑈𝐼 (𝑡, 𝑡0)|𝜓(𝑡0) >𝐼 . )1274(
y Ty¶ dtfl  TA  CAt
|𝜓(𝑡0) >𝐼= |𝑖 >⇔ |𝜓(𝑡0) >= 𝑒− ih 𝐸i 𝑡0 |𝑖 > . )1275(
bO Aqtfl  Amt  T‘F
𝑐𝑛(𝑡) = < 𝑛|𝑈𝐼 (𝑡, 𝑡0)|𝑖 >= 𝑒 ih (𝐸n 𝑡−𝐸i 𝑡0 ) < 𝑛|𝑈 (𝑡, 𝑡0)|𝑖 > . )1276(

  —  ¤W‘§ Aqtfl  Amt 
𝑃𝑖−→𝑛(𝑡) = |𝑐𝑛(𝑡)|2 = | < 𝑛|𝑈𝐼 (𝑡, 𝑡0)|𝑖 > |2 = | < 𝑛|𝑈 (𝑡, 𝑡0)|𝑖 > |2. )1277(
Dyson.)139(
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 ¤W‘§  @¡
𝑃𝑖−→𝑛(𝑡) = j𝑐(0)𝑛 (𝑡) + 𝑐(1)𝑛 (𝑡) + 𝑐(2)𝑛 (𝑡) + ...j2. )1278(
𝑐(0)𝑛 (𝑡) = 𝛿𝑛𝑖. )1279(
𝑐(1)𝑛 (𝑡) =
(︂
  𝑖
ℎ
)︂∫︁ 𝑡
𝑡0
𝑑𝑡1 < 𝑛j𝑉𝐼 (𝑡1)j𝑖 >
=
(︂
  𝑖
ℎ
)︂∫︁ 𝑡
𝑡0
𝑑𝑡1𝑒
𝑖
 ni 𝑡1𝑉𝑛𝑖(𝑡1). )1280(
𝑐(2)𝑛 (𝑡) =
(︂
  𝑖
ℎ
)︂2 ∫︁ 𝑡
𝑡0
𝑑𝑡1
∫︁ 𝑡1
𝑡0
𝑑𝑡2 < 𝑛j𝑉𝐼 (𝑡1)𝑉𝐼 (𝑡2)j𝑖 >
=
(︂
  𝑖
ℎ
)︂2 ∫︁ 𝑡
𝑡0
𝑑𝑡1
∫︁ 𝑡1
𝑡0
𝑑𝑡2
∑︁
𝑚
𝑒𝑖 
 nm 𝑡1 𝑒𝑖 
 mi 𝑡2𝑉𝑛𝑚(𝑡1)𝑉𝑚𝑖(𝑡2).)1281(

 𝑖𝑗 =
𝐸𝑖   𝐸𝑗
ℎ
, 𝑉𝑖𝑗(𝑡) = < 𝑖j𝑉 (𝑡)j𝑗 > . )1282(
Tyb¡@  ¤ry ›dA

 ¤W‘ z  ¤ A 
 rWR  rbt‘
𝑉 (𝑡) = 0 , 𝑡 < 0
= 𝑉 , 𝑡  0. )1283(
) 𝑡0 = 0 ( 	s .AynmR Xq zA l‘t§ 𝑉 r¥m 
𝑐(1)𝑛 (𝑡) =
(︂
  𝑖
ℎ
)︂∫︁ 𝑡
0
𝑑𝑡1𝑒
𝑖 
 ni 𝑡𝑉𝑛𝑖(𝑡)
= 𝑉𝑛𝑖
1   𝑒𝑖
 ni 𝑡
𝐸𝑛   𝐸𝑖
. )1284(
 — 
j𝑐(1)𝑛 (𝑡)j2 = 2j𝑉𝑛𝑖j
2
(𝐸𝑛   𝐸𝑖)2 (1   cos 
 𝑛𝑖𝑡). )1285(

 ¤W‘§ 𝑡 T\l  ¤ ¤⁄fl  Tbr   Aqtfl  Amt  𝑛 6= 𝑖     — 
𝑃𝑖−→𝑛(𝑡) = 4j𝑉𝑛𝑖j
2
(𝐸𝑛   𝐸𝑖)2 sin
2 (𝐸𝑛   𝐸𝑖)𝑡
2ℎ . )1286(
TA  ⁄ j𝑖 > Ty¶ dtfl  TA  y 𝑉𝑛𝑖 TywfOm  Tbrm  (1 
 l‘t§  @¡
𝑡 z  .ytA  y 𝐸𝑛   𝐸𝑖 =  ℎ
 𝑛𝑖 TAW  ¤ rf  (2 ¤l ⁄ j𝑛 > Ty¶Ahn 
𝑡  Tny‘ Tmy    .tK 
 rWRfl  ¢fi  wk§ '@  ¤nz  Am  w¡
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Tym\fl  Tmyq  .𝑃𝑖−→𝑛(𝑡) = 𝑃 (
 𝑛𝑖) '  
 𝑛𝑖 ¤ T d 𝑃𝑖−→𝑛(𝑡) Amtfl  xCd
dn d‘n§ ⁄ 𝑡2  	FAnt Amtfl  bO§ §  
 𝑛𝑖 = 0 dn q Amtfl   @h
,
 𝑛𝑖 = (2 𝑛 + 1) 𝜋/𝑡 dn rh\ r}  'r  m An¡ . 𝑛 = 1 ,2... ,
 𝑛𝑖 = 2𝑛𝜋/𝑡
yq     |𝑐(1)𝑛 |2 'r  ›CAb‘ . 1/𝑡 w¡ 𝑃 (
 𝑛𝑖) Amtfl  |r  —  . 𝑛 = 1 ,2...
𝐸𝑛 w TAV Ah ¤t  |𝑛 > flA     Xq mh ry w¡ zl ›rybk 
' 
|𝐸𝑛 − 𝐸𝑖|𝑡 ∼ 2𝜋 ℎ. )1287(
Tm ¤l O 𝑡 −→ 0 T§Ahn  ¤ ¢  QwOA ¤n‘ £@¡ 
AyCfl  Tfi
Amny flAmt  r  bO TAW  ^f fl ¤t  flAqtfl  ¤AtA ⁄  d TS§r
q ¤t  flAqtfl  ¤AtA ⁄  d TqyR Tm ¤l O 𝑡 −→ ∞ T§Ahn  ¤
.TA  £@¡ ¤ flAmt  rfl  ¤¡ 𝐸𝑛 ≃ 𝐸𝑖
'⁄As ¤t  ⁄ 𝑡2𝑥1/𝑡 = 𝑡  TbFAnt  —  ¤¡ 𝑃 (
 𝑛𝑖) ¤nnm   TAsm 
¤t  |𝑛 > Ty¶Ahn  flA  ¤  |𝑖 > Ty¶ dtfl  TA   Aqtfi ¤lk  Amtfl 
Amtfl  .¤flA T r  ›rkf  £@¡ ‘ km§ . 𝐸𝑛 w ›zrmt TAV Ah
.𝐸𝑛 ≃ 𝐸𝑖 TAV Ah ¤t  Ty¶Ahn  flA  ¤  Aqtfl  flAmt  wm w¡ ¤lk 

 ¤W‘§  @¡∑︁
𝑛:𝐸n ≃𝐸i
|𝑐(1)𝑛 |2. )1288(
›CAb‘ .𝜌(𝐸) Ty¶Ahn  flA  TA d .›rmts Ty¶Ahn  flA     |rtf
{§w‘  —  km§ . 𝐸 + 𝑑𝐸 ⁄ 𝐸 y TAV Ah ¤t  flA   d w¡ 𝜌(𝐸)𝑑𝐸 'r 
AktA £fi  ¤lk  Amtfl ∫︁
𝑑𝐸𝑛𝜌(𝐸𝑛)|𝑐(1)𝑛 |2 =
∫︁
𝑑𝐸𝑛𝜌(𝐸𝑛) 4|𝑉𝑛𝑖|
2
(𝐸𝑛 − 𝐸𝑖)2 sin
2 (𝐸𝑛 − 𝐸𝑖)𝑡
2ℎ . )1289(
Tfi‘  m‘ts    km§ ›rybk   AEfl    
lim 𝑡−→∞
sin2 𝑡𝑥
𝑡𝑥2
= 𝜋𝛿(𝑥). )1290(
¤l O
∑︁
𝑛:𝐸n ≃𝐸i
|𝑐(1)𝑛 |2 =
∫︁
𝑑𝐸𝑛𝜌(𝐸𝑛)|𝑐(1)𝑛 |2 =
∫︁
𝑑𝐸𝑛𝜌(𝐸𝑛) 2𝜋𝑡
ℎ
|𝑉𝑛𝑖|2𝛿(𝐸𝑛 − 𝐸𝑖)
=
[︂
𝜌(𝐸𝑛) 2𝜋𝑡
ℎ
|𝑉𝑛𝑖|2
]︂
𝐸n = 𝐸i
. )1291(
Hf Ab§rq Ah ¤t  |𝑛 > flA  @    	§ ¢  ¤l d§ |𝑉𝑛𝑖|2 ¤l X 
flAl km§ ¢fl 𝑉𝑛𝑖 TwfOm  r}An Hf Ab§rq AS§  Ah k ⁄ 𝐸𝑛 TAW 
fi @ . Tflt 𝑉𝑛𝑖 TywfO r}An Ah  wk    TAW  Hf Ah ¤t 
.¤¶wR⁄rhk  ‘f  TA ¤ |𝑛 >= |𝑝 >

 r‘§  @¡ .z  ›d⁄ ¤ Aqtfl  Amt  XbSA w¡ Aqtfl  d‘
𝑤𝑖−→[𝑛] =
𝑑
𝑑𝑡
∑︁
𝑛:𝐸n ≃𝐸i
|𝑐(1)𝑛 |2 =
2𝜋
ℎ
[︂
|𝑉𝑛𝑖|2𝜌(𝐸𝑛)
]︂
𝐸n = 𝐸i
. )1292(
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kK  ¤l AhtAt AS§  km§ Tfi‘  £@¡ . )140(Tyb¡@  ¤ry ›dA ¤¡ £@¡
𝑤𝑖−→𝑛 =
2𝜋
ℎ
j𝑉𝑛𝑖j2𝜌(𝐸𝑛)𝛿(𝐸𝑛   𝐸𝑖)𝑑𝐸𝑛. )1293(
w¡ Amtfl  T‘s TyA  Tbr   yOt 
𝑐(2)𝑛 (𝑡) =
(︂
  𝑖
ℎ
)︂2 ∫︁ 𝑡
0
𝑑𝑡1
∫︁ 𝑡1
0
𝑑𝑡2
∑︁
𝑚
𝑒𝑖 
 nm 𝑡1 𝑒𝑖 
 mi 𝑡2𝑉𝑛𝑚𝑉𝑚𝑖
=
𝑖
ℎ
∑︁
𝑚
𝑉𝑛𝑚𝑉𝑚𝑖
𝐸𝑚   𝐸𝑖
∫︁ 𝑡
0
𝑑𝑡1(𝑒𝑖 
 ni 𝑡1   𝑒𝑖 
 nm 𝑡1 )
=
∑︁
𝑚
𝑉𝑛𝑚𝑉𝑚𝑖
𝐸𝑖   𝐸𝑚
[︂
1   𝑒𝑖 
 ni 𝑡
𝐸𝑛   𝐸𝑖
 
1   𝑒𝑖 
 nm 𝑡
𝐸𝑛   𝐸𝑚
]︂
. )1294(
 𝑐
(1)
𝑛 rO ¢bK§ 𝑡 ›rybk   AEfl     ›CAb‘  £@¡ ¤ ⁄fl  d  rO
𝐸𝑛 ’ 𝐸𝑖 Ah ¤t  flA  Xq  —  . 𝑉𝑛𝑖  ! ∑︀𝑚 𝑉𝑛𝑚𝑉𝑚𝑖/(𝐸𝑖   𝐸𝑚) {§w‘t 
¤  ' ¥§ 𝐸𝑚 6= 𝐸𝑖 ⁄ 𝐸𝑚 6= 𝐸𝑛 Am ¤A  d  .›rbt‘ TCAK Ah  wkyF
¤ .Aqtfl  Amt  ¤ CAK§ fl ¤AtA ⁄ 𝑡 z   d§ zt§ fl §rF E zt¡ 

 ¤W‘§ TyA  Tbr   yOt  TARA Aqtfl  d‘ TlOm 
𝑤𝑖−→[𝑛] =
𝑑
𝑑𝑡
∑︁
𝑛:𝐸n ≃𝐸i
j𝑐(1)𝑛 + 𝑐(2)𝑛 j2 = 2𝜋
ℎ
[︂
j𝑉𝑛𝑖 +
∑︁
𝑚
𝑉𝑛𝑚𝑉𝑚𝑖
𝐸𝑖   𝐸𝑚
j
2
𝜌(𝐸𝑛)
]︂
𝐸n = 𝐸i
.)1295(
 ›CAb‘  Hf ¤  ' ¥ T}A TA ¤¡ 𝑉𝑛𝑚𝑉𝑚𝑖 6= 0  𝐸𝑚 ’ 𝐸𝑖 Am TA 
.rO  ¤ £Ant ¤qyq  d w¡ 𝜖 y 𝐸𝑖   𝐸𝑚  ! 𝐸𝑖   𝐸𝑚 + 𝑖𝜖 {§w‘t 
^f flAqt  Aq§ £fi  T A‘m  ¤ ¤⁄fl  Tbr  d yl b Ar— A
yAqt  	yr ¢  ¤l ¢mh km§ TyA  Tbr  d 'rfl  Th   .TAW 
flAqtfl  £@¡ . j𝑛 > ¤  j𝑚 >   j𝑚 > ¤  j𝑖 >  TAWl y\A ry
¤Am  TAWl _Af  An§d ¢  r  ¤l TAW  ^f fl Ahfl TyR rt  ¤ms
.j𝑛 > ⁄ j𝑖 > y
A‘Jfl  AFC  ⁄ QAOt 
¤q wt  
 rWRfl 
¤q wt  
 rWRfl   fl  rbt‘
𝑉 (𝑡) = 𝑉 𝑒𝑖 
 𝑡 + 𝑉 + 𝑒−𝑖 
 𝑡. )1296(
Xq 𝑡 = 0 Ty¶ dtfl  T\l  ¤ .zA AynmR  Aql‘t§ 𝑉 + ⁄ 𝑉 'r  ›r
Tbr   yOt  	s .Tw¡ ⁄  Twks  wk 𝐻0  j𝑖 > Ty @  TA 
¤l§ Am Amtfl  T‘s ¤⁄fl 
𝑐(1)𝑛 (𝑡) =   𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1𝑒
𝑖 
 ni 𝑡𝑉𝑛𝑖(𝑡)
=
1
ℎ
[︂
𝑉𝑛𝑖
1   𝑒𝑖(
 ni +
) 𝑡

 𝑛𝑖 + 

+ 𝑉 +𝑛𝑖
1   𝑒𝑖(
 ni −
) 𝑡

 𝑛𝑖   

]︂
. )1297(
Fermi 0s golden rule.)140(
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¤l AnlO A  
 rWRfl     ¢  r@
𝑐(1)𝑛 (𝑡) = 1
ℎ
[︂
𝑉𝑛𝑖
1   𝑒𝑖 
 ni 𝑡

 𝑛𝑖
]︂
. )1298(
w¡ dyw  ryyt  'r  ›CAb‘

 𝑛𝑖  ! 
 𝑛𝑖  
 . )1299(
¤ Xq ›rbt‘ Tmy ⁄—  wk§ j𝑐(1)𝑛 j2 Amtfl   A 𝑡 'rbk   AEfl      — {‘b  AmhS‘b yd‘btsm  ytA 

 𝑛𝑖 + 
 = 0 , 𝐸𝑛 = 𝐸𝑖   ℎ
 . )1300(

 𝑛𝑖   
 = 0 , 𝐸𝑛 = 𝐸𝑖 +  ℎ
 . )1301(
 TlkKm  Tylk  Tlm  A@   —  k .T\fn ry Tlm     R w  
. wk    	§ Am T\fn Tlm Ah  d 𝑉 (𝑡) ¤CA  
 rWRfl  ⁄ Tlm 
 ›CAb 𝐸𝑛  wk Am '  𝐸𝑛 > 𝐸𝑖 Am Xq Tnkm ¤¡ (1301) TyA  TA 
.𝑉 (𝑡) 
 rWRfl   ℎ
 TAV ¤qlt Tlm   fl QAOtfl   w§  @¡ .›CA TA
TA  ¤¡ 𝐸𝑖  wk Am '  𝐸𝑛 < 𝐸𝑖 Am Xq Tnkm ¤¡ (1300) ¤⁄fl  TA 
 @¡ .
 rWRfi ℎ
 TAV dqf Tlm   fl zfm  AFCfl   w§  @¡ .›CAm 
Am .¤¶Aql k§  ⁄ ¢y 	bs '@  w¡ 
 rWRfl   fl zf ¤ms§ AFCfl 
   Ahnkm§ ›C@  £@¡𝐸𝑖 ›CAm  TA  ¤ ›C— ¤l ”wR K Adn — ¤l
bO§ ›C@  ¤l  C w  dyw   wwf  'r  ›CAb‘ . 𝐸𝑛 ¤ fl  TA  ¤  zfq
¤ kt§ '@  ySt  db XbSA w¡  @¡ .r wt  Hfn §C A} yww
¢ bn ¤syVAn⁄rhk  AftA zfm  AFCfl     An¡ r@ . )141(Cz§fi 
.§AtKn§  fl⁄ 
kK  ¤l 	tk Tyb¡@  ¤ry ›dA
𝑤stim −emis𝑖−→[𝑛] =
2𝜋
ℎ
[︂
j𝑉𝑛𝑖j2𝜌(𝐸𝑛)
]︂
𝐸n = 𝐸i −ℎ

. )1302(
𝑤abso𝑖−→[𝑛] =
2𝜋
ℎ
[︂
j𝑉 +𝑛𝑖 j
2
𝜌(𝐸𝑛)
]︂
𝐸n = 𝐸i + ℎ

. )1303(
 rb‘§ '@  )142(¤lyOft   E wt  ¤l O j𝑉𝑛𝑖j2 = j𝑉 +𝑖𝑛 j2 Tytn  
kK  ¤l ¤lyOft   E wt   @¡ 	tk .zfm  AFCfl  ⁄ QAOtfl  y rZAnt 
𝑤stim −emis𝑖−→[𝑛]
𝜌(𝐸𝑛) =
𝑤abso𝑛−→[𝑖]
𝜌(𝐸𝑖) . )1304(
zfm  AFCfl  ⁄ QAOtfl 
⁄ ?⃗? =   r⃗ 𝜑   𝜕?⃗?/𝜕𝑡 ¤¶Arh q ry  rt 𝑞 TnJ TywtlyA¡

 ¤W‘ ?⃗? = r⃗ 𝑥?⃗? ¤syVAn q
𝐻 =
1
2𝑚 (𝑝   𝑞?⃗?)
2 + 𝑞𝜑. )1305(
LASER : light amplication by stimulated emission of radiation .)141(
detailed balance .)142(
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“rK  |rf .¤ ⁄wt  ¤l ¤A‘K   wmk  ⁄ ¤mls   wmk  Am¡ ?⃗? ⁄ 𝜑  

 ¤W‘§ '@  )143(	wwk 'CAy‘m 
∇⃗?⃗? = 0 . )1306(
kK  ¤l TywtlyAh  TAt km§
𝐻 =
𝑝2
2𝑚 −
𝑞
𝑚
?⃗?𝑝 +
𝑞2?⃗?2
2𝑚 + 𝑞𝜑. )1307(

 ¤W‘§ '@  )144( wl  ›dy⁄ T§wts Tw q rbt‘
𝜑 = 0 , ?⃗? = 2 ?^?𝐴0 cos(𝑘?^??⃗?− 
 𝑡). )1308(
“rK  . 𝑘 = 
 /𝑐 w¡ ¤wm   d‘  . 𝜖 w¡ 
AWqtFfl  £A  ⁄ ?^? w¡ CAKtfl  £A 
bO TywtlyAh  . 𝜖?^? = 0    '  TyRr ¤¡ Twm     ¤n‘§ ∇⃗?⃗? = 0 'CAy‘m 
𝐻 =
𝑝2
2𝑚 + 𝑉 𝑒
𝑖 
 𝑡 + 𝑉 + 𝑒−𝑖 
 𝑡. )1309(
𝑉 = −𝑞𝐴0
𝑚
𝜖𝑝𝑒−𝑖𝑘?^??⃗?. )1310(
Tytn  Anlm‘tF  ⁄ 𝑞2?⃗?2/2𝑚 )145(¤syVAnA§d  d  Anlm¡  £fi  T A‘m  ¤
.^𝜖𝑝exp(𝑖𝑘?^??⃗?) = exp( 𝑖𝑘?^??⃗?)?^?𝑝
Amy .QAOtfl  𝑒−𝑖 
 𝑡𝑉 + d   w§ Amny zfm  AFCfl   w§ 𝑒𝑖 
 𝑡𝑉 d 
)𝑞 = 𝑒  ( 	s .rb  yOft QAOtfl  xCdnF ¤l§
|𝑉 +𝑛𝑖 | =
𝑒2𝐴20
𝑚2
|𝜖 < 𝑛|𝑝𝑒𝑖𝑘?^??⃗?|𝑖 > |2. )1311(
'   C@  d‘  ryk rb  w¡ A‘Jfl  Tw wV :¤At  	§rqtA wq
	§rq w¡  @¡ . 1 
 TyFfl  T d  
rq    km§  —  . |𝑘?^??⃗?| = 2𝜋|?^??⃗?/𝜆| << 1
¤l O . )146(TybWq  ¤¶An ¤¶Ab§rhk  z‘ 
|𝑉 +𝑛𝑖 | =
𝑒2𝐴20
𝑚2
|𝜖 < 𝑛|𝑝|𝑖 > |2. )1312(
O  —  . < 𝑛|𝑝|𝑖 >= 𝑖𝑚
 𝑛𝑖 < 𝑛|?⃗?|𝑖 > 	s [𝑥,𝐻0] = 𝑖ℎ𝑝𝑥/𝑚 Tfi‘  
¤l
|𝑉 +𝑛𝑖 | = 𝐴20 
 2𝑛𝑖|𝜖 < 𝑛|𝑃 |𝑖 > |2. )1313(

 r‘m  TybWq  ¤¶An ¤¶Arhk  z‘  w¡ 𝑃 A‘K 
𝑃 = 𝑒?⃗?. )1314(
Coulomb gauge condition .)143(
monochromatic .)144(
diamagnetic .)145(
elecrtic dipole approximation .)146(
224

 ¤W‘§ £fi   wl  ›dy⁄ T§wtsm  Twm  T}A ?⃗? ¤¶Arhk  q 
Tw ¤ )  ›d⁄ ¤ TAW ( TAW  TA . ?⃗? = −𝜖(2
 𝐴0) sin(𝑘?^??⃗?− 
 𝑡)
›C⁄ fi XFwtm   —  . 𝑢 = ( 𝜖0𝐸2 + 𝐵2/𝜇0)/2 = 𝜖0𝐸2 ¤¡ TysyVAn⁄rh
¤l 
 𝑛𝑖 = 
 Tytn  AS§  Am‘tFA O ¤AtA . 𝑢 = 2 𝜖0 
 2𝐴20 w¡ TlA
|𝑉 +𝑛𝑖 | =
𝑢
2𝜖0
|𝜖 < 𝑛|𝑃 |𝑖 > |2. )1315(
A¡A  ym ¤l ⁄ ?^?  ⁄Cw  A¡A  ym ¤l ›CAb‘  £@¡ XFwt @
CAt .  dA‘t 𝜖 ⁄ ?^?  AA‘K  .T§⁄rk  Ay dfl  ¤ m‘ . 𝜖 
AWqtFfl 
A‘K   wk§ y 𝑦 Cwm  CAt . ?^? CAKtfl  Cw wV ¤l 𝑧 Cwm 
< 𝑛|𝑃 |𝑖 > ⁄ ?^? y T§⁄ z  .b  —  bO§ 𝑥 Cwm  . 𝑧𝑦 'wtsm  ¤ < 𝑛|𝑃 |𝑖 >
¤l  —  O . 𝜑 ¤¡ 𝜖 ⁄ 𝑥 Cwm  y T§⁄ z  ⁄ 𝜃 ¤¡
𝜖 = cos𝜑?^? + sin 𝜑?^? , < 𝑛|𝑃 |𝑖 >= | < 𝑛|𝑃 |𝑖 > |(cos𝜃?^? + sin 𝜃?^?). )1316(
AktA  —  ¤W‘§ XFwtm 
|𝑉 +𝑛𝑖 | =
𝑢
2𝜖0
| < 𝑛|𝑃 |𝑖 > |2 14𝜋
∫︁
sin2 𝜑 sin2 𝜃 sin𝜃𝑑𝜃𝑑𝜑
=
𝑢
6𝜖0
| < 𝑛|𝑃 |𝑖 > |2. )1317(
   R w  
< 𝑛|𝑃 |𝑖 > |2 =< 𝑛|𝑃𝑥|𝑖 >2 + < 𝑛|𝑃𝑦|𝑖 >2 + < 𝑛|𝑃𝑧|𝑖 >2 . )1318(
¤flA (1303) QAOtfl  d‘ 	tk
𝑤abso𝑖−→𝑛 =
2𝜋
ℎ
|𝑉 +𝑛𝑖 |
2
𝛿(𝐸𝑛 − 𝐸𝑖 − ℎ 
) 𝜌(𝐸𝑛)𝑑𝐸𝑛
=
𝜋
3𝜖0 ℎ2
| < 𝑛|𝑃 |𝑖 > |2𝛿(
 𝑛𝑖 − 
) 𝑢𝜌(𝐸𝑛)𝑑𝐸𝑛. )1319(
¤ ¤AtA ⁄ A w ¤l  wl  ›dy⁄ sy TysyVAn⁄rhk  Twm 
Ty¶Ahn  flA   d w¡ 𝜌(𝐸𝑛)𝑑𝐸𝑛    r@ . ⁄d    r ⁄   r w |r‘
¢yqb𝐸𝑖 y 𝐸𝑛 + 𝑑𝐸𝑛 =  ℎ(
 + 𝑑
 + 𝐸𝑖/ℎ) ⁄ 𝐸𝑛 =  ℎ(
 + 𝐸𝑖/ℎ) y TAW
  r Ah ¤t  )147(TysyVAn⁄rhk  Asfl   d w¡ 𝜌(𝐸𝑛)𝑑𝐸𝑛    'r  —  .b
.𝑢 ¤¡ 
   rt  ⁄— ¤syVAn⁄rhk  sn  ¤ TAW  TA . 
 + 𝑑
 ⁄ 
 y
  r Ah ¤t  TysyVAn⁄rhk  Asfl  ¤ TAW  TA ¤¡ 𝑢𝜌(𝐸𝑛)𝑑𝐸𝑛  — 
kK  ¤l  @¡ 	tk . 
 + 𝑑
 ⁄ 
 y
𝑢𝜌(𝐸𝑛)𝑑𝐸𝑛 = 𝜌𝑢(
) 𝑑 
 )1320(
Ty¶Ahn  Tytn  ¤l O
𝑤abso𝑖−→𝑛 =
𝜋
3𝜖0 ℎ2
| < 𝑛|𝑃 |𝑖 > |2𝛿(
 𝑛𝑖 − 
) 𝜌𝑢(
) 𝑑 
 . )1321(
kK  ¤l ¢tAt km§  @¡
𝑤abso𝑖−→[𝑛] =
𝜋
3𝜖0 ℎ2
[︂
| < 𝑛|𝑃 |𝑖 > |2𝜌𝑢(
)
]︂

=
 ni
. )1322(
electromagnetic modes.)147(
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§CAm
1 §rm

 ¤W‘ ¤t  TWFwtm  yq  CwW T A‘m r@ (1
𝑖ℎ
𝑑
𝑑𝑡
< ?^? >=< [?^?, ?^?] > .
¤l ¡rbt T A‘m  £@¡ m‘tF 
𝑑
𝑑𝑡
< ?^?𝑝 >= 2 < 𝑇 >   < ?^?𝜕𝑉
𝜕𝑥
(?^?) > .
)148(TyA§ryf  T§r\n  ¤l ¡r (2
2 < 𝑇 >=< ?^?𝜕𝑉
𝜕?^?
(?^?) > .
   ybt TyA§ryf  T§r\n  m‘tF  y⁄Cdyh  ›C—    (3
< 𝑇 >=  
< 𝑉 >
2 =   𝐸𝑛.
2 §rm
T‘Jfl  ⁄ Ty @  yq  . 𝐻 = 𝐻(𝜆) '  𝜆 XyFw l‘tA TywtlyA¡ 𝐻 kt (1
.j𝜓𝑛 >= j𝜓𝑛(𝜆) > ⁄ 𝐸𝑛 = 𝐸𝑛(𝜆)    '  𝜆 XyFwA ¤AtA l‘t Ty @ 
 AmA¡ -  Am§A T§r\ ¤l ¡r
𝜕𝐸𝑛
𝜕𝜆
=< 𝜓𝑛(𝜆)j 𝜕𝐻
𝜕𝜆
j𝜓𝑛(𝜆) > .

 ¤W‘ y⁄Cdyh  ›C@ T§C dm  Twm  T d Tyl‘f  TywtlyAh  (2
𝐻 =  
ℎ2
2𝑚
𝑑2
𝑑𝑟2
+
ℎ2
2𝑚
𝑙(𝑙 + 1)
𝑟2
 
𝑒2
4𝜋𝜖0
1
𝑟
.

 ¤W‘ Cw AAV
𝐸𝑛 =  
𝛼2𝑚𝑐2
2(𝑗max + 𝑙 + 1) 2 .
TWFwtm  Tmyq  
As 𝜆 = 𝑙     AmA¡ -  Am§A T§r\ m‘tF 
.< 1/𝑟2 >
virial theorem .)148(
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kK  ¤l 	tk    km§ y⁄Cdyh  ›C@ T§C dm  T A‘m     y 3 §rm
𝑑2𝑢
𝑑𝑟2
=
[︂
𝑙(𝑙 + 1)
𝑟2
 
2
𝑎𝑟
+
1
𝑛2𝑎2
]︂
𝑢.

 r‘ Cw rW O
𝑎 =
4𝜋𝜖0 ℎ2
𝑚𝑒2
.
rm§r Tfi tK       £fi  T§C dm  T A‘m  m‘tF 
𝑠
4[(2𝑙 + 1)
2
  𝑠2] < 𝑟𝑠−2 >   2𝑠 + 1
𝑎
< 𝑟𝑠−1 > +
𝑠 + 1
𝑛2𝑎2
< 𝑟𝑠 >= 0 .
.< 𝑟−3 > TWFwtm  Tmyq  	s 
.AyW Tlqts flA fi ¤ d wt    km§ Tywm Tlm 4 §rm

 ¤W‘ TywtlyAh 
𝐻𝜖 = 𝑉0
⎛⎝ 1   𝜖 0 00 1 𝜖
0 𝜖 2
⎞⎠ , 𝜖 << 1.
.𝜖 = 0 
 Tr‘m  TrWSm  ry Tlml Ty @  yq  TAs  (1
.𝜖  Tmy '     TrWSm  Tlml Ty @  yq  Ts  (2
Tbr   ⁄ ¤⁄fl  Tbr   Tlnm  ry 
 rWRfl  T§r\ m‘tF  (3
A  CA . 𝐻0  Tlnm  ry Ty @  Tmyql yOt   A§fl TyA 
.“wbSm 
AyOt   A§fl ¤⁄fl  Tbr   Tlnm  
 rWRfl  T§r\ m‘tF  (4
.TVwbSm  TytnA  CA .𝐻0  fifl  Tf‘Sm  Ty @  Tmyql
5 §rm
¤W‘ Tr  Tym ⁄ Rwm   r¥ d‘b  ' A  ¤q w E z¡    (1


?^? =
√︂
ℎ
2𝑚
 (𝑎
+ + 𝑎) , 𝑝 = 𝑖
√︂
ℎ𝑚

2 (𝑎
+
  𝑎).
AS§  ¤W‘
𝑎j𝑛 >= p 𝑛j𝑛   1 > , 𝑎+ j𝑛 >= p 𝑛 + 1 j𝑛 + 1 > .
.< 𝑛
′ j?^?2j𝑛 > ⁄ < 𝑛′ j?^?j𝑛 > 	s 
 wmkA ¤W‘  A‘fl  ¤fi ¤q wt  E zh  (2
𝑉 (𝑟) = 12𝑚

2(𝑥2 + 𝑦2 + 𝑧2).
⁄ Tq rm  rn§ ⁄rJ T A‘      rytm  O Tq§rV m‘tF 
.'wAV 'wts  fi  y .Ah wmsm  AAW  y
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 rWRfl  d (3
𝜆𝐻1 = 𝜆𝑥2𝑦𝑧.

As    ¤⁄fl  Tbr   Tlnm  ry 
 rWRfl  T§r\ m‘tF 
.TyFAFfl  TA  yO
yO  A§     ¤⁄fl  Tbr   Tlnm  
 rWRfl  T§r\ m‘tF  (4
.¤⁄fl  ›CAm  TA 
6 §rm
TAs {‘b  AmhS‘    d‘b ytbWqts yC—  TlkK Tlm rbt‘ (1
AmhS‘   fiqts  Ayq w   E z¡ Tlm  £@h —wmn @ . 𝑅
TyWq tk A⁄rtkfl  CwOt . 𝑘 Tfi} A { w  ›CAb {‘b |rtf    km§ '@  d  ¤  Tlyq T§wfl  k { wn  £@h TWbr 𝑚
A⁄rtkfl  T E  .{ wn   E w z r ¤ rt fl TnAF Ah  ¢‘

 ¤W‘ Tlm  TywtlyA¡ . 𝑥2 ⁄ 𝑥1 
 ¤W‘
𝐻0 =
1
2𝑚𝑝
2
1 +
1
2𝑘𝑥
2
1 +
1
2𝑚𝑝
2
2 +
1
2𝑘𝑥
2
2.
y 	ww Af , 𝑒2/𝑅  wmkA ¤W‘§ T§wfl  y 	ww Af
y 	ww Af ,   𝑒2/(𝑅 + 𝑥2) w¡ ¤A   ⁄rtkfl  ⁄ ¤⁄fl  › wn 
	ww Af Amny   𝑒2/(𝑅   𝑥1) w¡ ⁄fl   ⁄rtkfl  ⁄ TyA  › wn 

 ¤W‘§ 	wwk ¤lk  Aft  . 𝑒2/(𝑅   𝑥1 + 𝑥2) w¡ A⁄rtkfl  y
𝐻1 =
1
4𝜋𝜖0
[︂
𝑒2
𝑅
 
𝑒2
𝑅   𝑥1
 
𝑒2
𝑅 + 𝑥2
+
𝑒2
𝑅   𝑥1 + 𝑥2
]︂
.
 A j𝑥2j << 𝑅 ⁄ j𝑥1j << 𝑅    ¢  y
𝐻1 =  
𝑒2𝑥1𝑥2
2𝜋𝜖0𝑅3
.
 rytm  ryy rtq (2
𝑥1 =
1p
2
(𝑥+ + 𝑥−) , 𝑥2 = 1p 2(𝑥+   𝑥−).
𝑝1 =
1p
2
(𝑝+ + 𝑝−) , 𝑝2 = 1p 2(𝑝+   𝑝−).
.Tq rm  Ty @  flA  ⁄ Ah wmsm  AAW  	s 
⁄ 
 TyFAFfl  TA  AAV ¤¡ 𝐸0 ⁄ 𝐸 y  𝑉 = 𝐸   𝐸0 rf  	s  (3
.	ww Af  ⁄d
	s  
 rWRfl  ¤¡ 𝐻1 ⁄ TrWSm  ry TywtlyAh  ¤¡ 𝐻0 CAbtA(4
 —A .TyFAFfl  TA  TAW TyA  Tbr  ⁄ ¤⁄fl  Tbr   AyOt 
.tnts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,𝐽2  j𝑗𝑗3 > Ty @  T‘Jfl  . 𝐽 = ?⃗? + ?⃗? ¤lk  ¤r  z‘  𝐽 ky 7 §rm
,𝐿3 ,𝐿
2
 j𝑙𝑚 > j𝑠𝜎 > Ty @  T‘Jfi ¤W 	yr  ›CAb ¤¡ 𝑆2 ⁄ 𝐿2 ,𝐽3
£@¡ 	s  . ⁄ Cw - Lfi fiA‘ FA r‘ 𝐶𝑙𝑚𝑠𝜎𝑗𝑗3 fiA‘m 𝑆3 ⁄ 𝑆2
.𝑠 = 12    fiA‘m 
8 §rm
TywtlyAhA ¤W‘§ y⁄Cdyh  ›C@ Tqyd  Tynb  
 rWR  (1
𝐻1𝑓𝑠 = 𝐻
1
𝑟 + 𝐻
1
𝑠𝑜
=  
𝑝4
8𝑚3𝑐2 + (
1
2)(   ?⃗?𝑠.?⃗?int ).
¤syVAnm  z‘  .xAw ›C⁄ dm  C w¡ yFw y 1/2 A‘m 
Tr  £dw '@  ¤l d  ¤syVAnm  q  ⁄  ⁄rtkfl  ybs rm 

  AyW‘§ T§C dm 
?⃗?𝑠 =  
𝑒
𝑚
?⃗? , ?⃗?int =
1
4𝜋𝜖0
𝑒
𝑚𝑐2𝑟3
?⃗?.
.Cw AAW 
 rWVfl   @¡  TmAn  AyOt  	s 
.d‘n ry ¤CA ¤syVAn q  w⁄  A r  
 rWR  rbt‘ (2
Tq rm  TywtlyAh 
𝐻1𝑍 =   (?⃗?𝑠 + ?⃗?𝑙).?⃗?ext .
w¡  ⁄rtkfi ¤r  z‘A Xbrm  ¤syVAnm  z‘ 
?⃗?𝑙 =  
𝑒
2𝑚?⃗?.
. Am§E ry ¤  ' ¥§ 
 rWRfl   @¡
TC  d .Cw TywtlyAh Tr‘m  TrWSm  ry Tlm  fl⁄  rbt‘
 rb .TlAqm  Ty @  flA  	t  ⁄ 𝐸2 'wAW  'wtsm  fi 
Tyt Am‘tFA j𝑙𝑚 > j𝑠𝜎 > Ty @  T‘Jfl  Tfld j𝑙𝑠𝑗𝑗3 > Ty @  T‘Jfl 
.TqAs  Tsm 
.< 𝜓𝑛𝑗𝑗3 j𝐻1𝑍 j𝜓𝑛𝑗𝑗3 > TwfOm  r}An 	s  (3
.< 𝜓𝑛𝑗𝑗3 j𝐻1𝑓𝑠j𝜓𝑛𝑗𝑗3 > TwfOm  r}An 	s  (4
.𝑛 = 2 Ah ¤t  flA  ¤ 𝑊 = 𝐻1𝑓𝑠 + 𝐻1𝑍 Tylk  
 rWRfl  TwfO y (5
¤⁄fl  Tbr   AyOt  
As Tlnm  
 rWRfl  T§r\ m‘tF 
.𝐸2 'wAW  'wtsml
¤W‘ d ⁄ d‘ ¤ ¤¶Ah fl  wm r•b Twm   ⁄ ⁄ TAW  y 9 §rm


𝐸𝑛 =
𝑛2𝜋2 ℎ2
2𝑚𝑎2 , 𝜓𝑛(𝑥) =
√︂
2
𝑎
sin 𝑛𝜋𝑥
𝑎
, 𝑛 = 1 ,2,3, ...
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bO§  wmk     y 𝑇 E fi zA l‘t 
 rWRA r¥
𝑉 (𝑥) = 𝑉0 , 0  𝑥  𝑎2
𝑉 (𝑥) = 0 , 𝑎2  𝑥  0
𝑉 (𝑥) = 1 , otherwise.
 wk    Amtfl  w¡A . 𝑛 = 1 TyFAFfl  TA  ¤ 𝑡 = 0 T\l  ¤ Tlm  dw
.𝑛 = 2 ¤⁄fl  ›CAm  TA  ¤  zf d 𝑡 = 𝑇 T\l  ¤ Tlm 
zA l‘t Tm\tn ›w ry  d‘b  ' A  ¤q w E z¡ S 10 §rm
¤flA
𝐹 (𝑡) = 𝐹0𝜏2𝜋𝜈(𝜏2 + 𝑡2) .
 wk§    Amtfl  	s  . 𝑡 =  1 T\l  ¤ TyFAFfl  TA  ¤ E zh  dw§
.¤⁄fl  ›CAm  TA  ¤  zf d 𝑡 = + 1 T\l  ¤ E zh 
TywtlyA¡ .1/2 '⁄As§ AmhnybF ymys  TlkK Tlm rbt‘ 11 §rm

 ¤W‘ Tlm  TywtlyA¡ 𝑡 > 0    .d‘n 𝑡 < 0    Tlm 
𝐻 =
4
ℎ2
?⃗?1?⃗?2.
.j +   > TA  ¤ 𝑡 < 0 T\l  ¤ Tlm  dw
,j + + > flA  ¤ Tlm  d    z  ¤ T d Amtfl  	s  (1
.XbSA Tsm   §rV  j     > ⁄ j   + > ,j +   >
,j + + > flA  ¤ Tlm  d    z  ¤ T d Amtfl  	s  (2
T§r\ Am‘tFA Tsm   §rV  j     > ⁄ j   + > ,j +   >
.“wbSm      CA .¤⁄fl  Tbr   zA Tql‘tm  A rWRfl 
zA l‘t§ \tn ¤¶Arh q ¤ y⁄Cdyh  ›C— S 12 §rm
¤AtA
?⃗? = 0 , 𝑡 < 0
?⃗? = ?⃗?0𝑒
−𝑡/𝜏 , ?⃗?0 = 𝐸0?⃗? , 𝑡  0.
T§r\ m‘tF  . j𝜓100 > TyFAFfl  TA  ¤ 𝑡  0    Tlm  dw
z  ¤ T d Amtfl  
As ¤⁄fl  Tbr   zA Tql‘tm  A rWRfl 
Twm   ⁄ ¤W‘ . j𝜓210 > ⁄ j𝜓200 > flA  ¤ y⁄Cdyh  ›C— d   
𝜓100 =
1
𝑎1.5
1p
𝜋
𝑒−𝑟/𝑎.
𝜓200 =
1
𝑎1.5
1p
32
1p
4𝜋
𝑒−𝑟/2𝑎(   2𝑟/𝑎 + 4) .
𝜓210 =
1
𝑎1.5
1p
24.12
1p
4𝜋
cos𝜃𝑒−𝑟/2𝑎(6𝑟/𝑎).
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13 §rm
⁄ TAWl Ty @  yq  	t  .Cw ›C@ ›AW‘ TrWS ry Tlm rbt‘ (1
.fifl  TC ¤¡ A .Ah Tq rm  Ty @  T‘Jfl 
TA  £@¡ ¤ ¤¡A . w⁄rb  ⁄  ⁄rtkfl  AnybF CAbtfl  y‘ @ (2
.Ahfi  TC ⁄ TAWl Ty @  flA  T‘J 
 ⁄rtkfl  TywtlyA¡ 	t  .¤¶An ¤syVAn z  ⁄rtkfl  ybF dw§ (3
.?⃗? ¤syVAn q ¤

 ¤W‘ ¤¶An ¤syVAn z AS§   w§  w⁄rb  ybF (4
?⃗?𝑝 =
𝑒𝑔𝑝
2𝑚𝑝
?⃗?𝑝 , 𝑔𝑝 = 5 .59.

 ¤W‘ ?⃗?𝑝 ¤syVAn q ?⃗? TWq '  ¤ dw§ z‘   @¡
?⃗?𝑝 =
𝜇0
4𝜋𝑟3
[︂
3(?⃗?𝑝.𝑟)?^?   ?⃗?𝑝
]︂
+
2𝜇0
3 ?⃗?𝑝𝛿
3(?⃗?).
TywtlyAh  £@¡ ¤ms .q   @¡ ¤  ⁄rtkfl  TywtlyA¡ 	t 
.Cw ›C@ Td  Tq¶A Tynb  TywtlyA¡
¤ ⁄fl  d   An  TAWl ¤⁄fl  Tbr   ¤mk  yOt  	s  (5
.𝐵𝑝 ¤syVAnm  q 
¤ ¤A  d   An  TAWl ¤⁄fl  Tbr   ¤mk  yOt     y (6
kK  @§  r§ T   	FAntm  𝐵𝑝 ¤syVAnm  q 
𝐸1ℎ𝑓 =
𝜇0𝑒
2𝑔𝑝
3𝑚𝑒𝑚𝑝
< 𝜎
′ j < 𝜎j?⃗?𝑒?⃗?𝑝j𝜎 > j𝜎′ > j𝜓𝑛𝑙𝑚(0)j2.
.Cw ›C@ ¤FAFfl  'wtsm  TAW ¤⁄fl  Tbr   ¤mk  yOt  w¡A (7
.TA  £@¡ ¤ Cw ›C@ ›dy  Ty @  flA  	t  (8
:m‘tF ∫︁
𝑑
( ?⃗?.𝑟)( ?⃗?.𝑟) = 4𝜋3 ?⃗?.⃗𝑏.
j𝜓𝑛𝑙𝑚(0)j2 = 1
𝜋𝑎3
.

 ¤W‘ wylyh  ›C— TywtlyA¡ 14 §rm
𝐻 =
𝑝21
2𝑚  
1
4𝜋𝜖0
2𝑒2
𝑟1
+
𝑝22
2𝑚  
1
4𝜋𝜖0
2𝑒2
𝑟2
+
1
4𝜋𝜖0
𝑒2
j?⃗?1   ?⃗?2j . )1323(
.𝐸 =   78.975𝑒𝑉 
 ¤W‘ wylyh  ›C@ TyFAFfl  TA  TAW Tyb§rt  Tmyq 
TAW T§r\n  Tmyq  
As ¤⁄fl  Tbr  ¤ A rWRfl  T§r\ m‘tF 
.wylyh  ›C@ TyFAFfl  TA 
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   j0 > TyFAFfl  ¢tA ¤ d‘b  ' A  ¤q w E z¡ dw§ 15 §rm

 ›AW‘ zA Tql‘t 𝑥 £Afl  ¤ Tm\tn ›wq E zh  ¤l r¥ . 𝑡 < 0
𝐹 = 𝐹0𝑒
− t
 , 𝑡  0.
j𝑛 > ›CAm  flA  ¤ 𝑡 > 0 Tynz  T\l  ¤ E zh   A§  Amt  	s 
T§Ahn  	s  .¤⁄fl  Tbr   zA Tql‘tm  A rWRfl  T§r\ Am‘tFA
m‘tF  .^fi  —A . 𝜏  ! 1
< 𝑛
′ j𝑥j𝑛 >=
√︂
ℎ
4𝑚𝜋𝜈 (
p
𝑛𝛿𝑛′ ,𝑛−1 +
p
𝑛 + 1 𝛿𝑛′ ,𝑛+1 ).
16 §rm

 ¤W‘m   A‘  fi ¤ ¤¶Ahfi   wmk  rbt‘ (1
𝑉 (𝑥, 𝑦, 𝑧) = 0 , if 0 < 𝑥 < 𝑎 , 0 < 𝑦 < 𝑎 , 0 < 𝑧 < 𝑎
𝑉 (𝑥, 𝑦, 𝑧) = 1 , otherwise.
.Ah Tq rm  Ty @  Tywm   ⁄d  ⁄ Ah wmsm  TAW  y tJ 
Ah Tq rm  Ty @  Tywm   ⁄d  ⁄ Ah wmsm  TAW  y :TZwl

 ¤W‘ d ⁄ d‘ ¤ ¤¶Ahfi   wmk    
𝐸𝑛 = 𝐸𝑛
2 , 𝐸 =
𝜋2 ℎ2
2𝑚𝑎2 .
𝜓𝑛(𝑥) =
√︂
2
𝑎
sin 𝑛𝜋
𝑎
𝑥 ,
∫︁ 𝑎
0
𝑑𝑥 𝜓*𝑛(𝑥)𝜓𝑚(𝑥) = 𝛿𝑛𝑚.

 rWRfl  d (2
𝐻1 = 𝑉0 , if 0 < 𝑥 <
𝑎
2 , 0 < 𝑦 <
𝑎
2
𝐻1 = 0 , otherwise.
.TyFAFfl  TA  TAW ¤⁄fl  Tbr   yOt  	s 
.fifl  ¤fi ⁄fl  CAm  'wtsml ¤⁄fl  Tbr   yOt  	s  (3
232
wl
:1 §rm
.[𝑝, 𝑉 (?^?)] =   𝑖ℎ𝜕?^?𝜕?^? (?^?) ⁄ [?^?, 𝑝] = 𝑖 ℎ m‘ts ⁄ ?^? = ( ?^?𝑝 + ?^??^?)/2 CAt (1
.zA l‘t fl ›rqtsm  flA  ¤ ›r\tnm  yq  (2
,⃗𝑟.r⃗ 𝑉 = 𝑟𝜕𝑉 /𝜕𝑟 m‘ts  . A‘  fi TyA§ryf  Tn¡rbm  m‘ fl⁄  (3
bO TyA§ryf  Tn¡rbm     ybn < 𝐻 >= 𝐸𝑛 ⁄ 𝑉 =   𝐾𝑒2/𝑟
.j𝜓𝑛𝑙𝑚 > flA  ¤ 	s ›r\tnm  yq  . 2 < 𝑇 >=   < 𝑉 >
:2 §rm
rKnA wq (1
𝐻(𝜆) = 𝐻(0) + 𝜆𝜕𝐻
𝜕𝜆
j𝜆=0 + 𝑂(𝜆2). )1324(
'rfl   ⁄d  rbt‘ Amny TrWSm  ry TywtlyAh  ⁄fl  d  rbt‘

  —  ¤W‘ TrWSm  ry Ty @  yq  Ts .
 rWRA
𝐻(0)j𝜓𝑛(0) >= 𝐸𝑛(0)j𝜓𝑛(0) > . )1325(

  —  ¤W‘§ ¤⁄fl  Tbr   yOt 
𝐸1𝑛 =< 𝜓𝑛(0)j
[︂
𝜕𝐻
𝜕𝜆
j𝜆=0 + 𝑂(𝜆)
]︂
j𝜓𝑛(0) > . )1326(

  —  ¤W‘ 𝐸𝑛(𝜆) TAW 
𝐸𝑛(𝜆) = 𝐸𝑛(0) + 𝜆 < 𝜓𝑛(0)j
[︂
𝜕𝐻
𝜕𝜆
j𝜆=0 + 𝑂(𝜆)
]︂
j𝜓𝑛(0) > . )1327(
   tnts
𝜕𝐸𝑛(𝜆)
𝜕𝜆
j𝜆=0 =< 𝜓𝑛(0)j 𝜕𝐻
𝜕𝜆
j𝜆=0 j𝜓𝑛(0) > . )1328(
d . 𝜕𝐸𝑛/𝜕𝑙 ⁄ 𝜕𝐻/𝜕𝑙 	s (2
<
1
𝑟2
>=
𝛼2𝑚2𝑐2
ℎ2
1
𝑛3(𝑙 + 12 )
. )1329(
kK  ¤l 	tk    km§ y⁄Cdyh  ›C@ T§C dm  T A‘m  :3 §rm
𝑑2𝑢
𝑑𝑟2
=
[︂
𝑙(𝑙 + 1)
𝑟2
 
2
𝑎𝑟
+
1
𝑛2𝑎2
]︂
𝑢. )1330(
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›rJAb 	s    km§ T A‘m  £@¡ Am‘tFA∫︁
𝑢𝑟𝑠
𝑑2𝑢
𝑑𝑟2
𝑑𝑟 =
∫︁
𝑢𝑟𝑠
[︂
𝑙(𝑙 + 1)
𝑟2
 
2
𝑎𝑟
+
1
𝑛2𝑎2
]︂
𝑢𝑑𝑟
= 𝑙(𝑙 + 1) < 𝑟𝑠−2 >   2
𝑎
< 𝑟𝑠−1 > +
1
𝑛2𝑎2
< 𝑟𝑠 > .)1331(
¤l O T¶ztA AktA∫︁
𝑢𝑟𝑠
𝑑2𝑢
𝑑𝑟2
𝑑𝑟 =  
∫︁
𝑟𝑠( 𝑑𝑢
𝑑𝑟
)2𝑑𝑟   𝑠
∫︁
𝑢𝑟𝑠−1
𝑑𝑢
𝑑𝑟
𝑑𝑟
=
2
𝑠 + 1
∫︁
𝑑𝑢
𝑑𝑟
𝑑2𝑢
𝑑𝑟2
𝑟𝑠+1 𝑑𝑟 +
𝑠(𝑠   1)
2 < 𝑟
𝑠−2 > . )1332(
AS§  	s∫︁
𝑑𝑢
𝑑𝑟
𝑑2𝑢
𝑑𝑟2
𝑟𝑠+1 𝑑𝑟 =  
𝑙(𝑙 + 1)( 𝑠   1)
2 < 𝑟
𝑠−2 > +
𝑠
𝑎
< 𝑟𝑠−1 >  
𝑠 + 1
2𝑛2𝑎2 < 𝑟
𝑠 > .
)1333(
O A‘ ‚yJ  S
𝑠
4[(2𝑙 + 1)
2
  𝑠2] < 𝑟𝑠−2 >   2𝑠 + 1
𝑎
< 𝑟𝑠−1 > +
𝑠 + 1
𝑛2𝑎2
< 𝑟𝑠 >= 0 . )1334(
¤l O 𝑠 =   1   
 
1
4[(2𝑙 + 1)
2
  1] < 𝑟−3 > + 1
𝑎
< 𝑟−2 >= 0 . )1335(
¤AtA
< 𝑟−3 >=
1
𝑎𝑙(𝑙 + 1) < 𝑟
−2 >=
𝛼3𝑚3𝑐3
ℎ3𝑛3𝑙(𝑙 + 1)( 𝑙 + 12 )
. )1336(
.rJAb   :4 §rm
:5 §rm
d (1
< 𝑛
′ j?^?j𝑛 >=
√︂
ℎ
2𝑚 

(︂p
𝑛 + 1 𝛿𝑛′ ,𝑛+1 +
p
𝑛𝛿𝑛′ ,𝑛−1
)︂
. )1337(
< 𝑛
′ j?^?2j𝑛 >= ℎ2𝑚

(︂√︀(𝑛 + 1)( 𝑛 + 2) 𝛿𝑛′ ,𝑛+2 + √︀𝑛(𝑛   1)𝛿𝑛′ ,𝑛−2 + (2 𝑛 + 1) 𝛿𝑛′ ,𝑛)︂.)1338(

 rn§ ⁄rJ T A‘ ¤W‘ TA  £@¡ ¤ (2(︂
 
ℎ2
2𝑚
𝜕2
𝜕𝑥2
 
ℎ2
2𝑚
𝜕2
𝜕𝑦2
 
ℎ2
2𝑚
𝜕2
𝜕𝑧2
+
1
2𝑚 

2(𝑥2 + 𝑦2 + 𝑧2)
)︂
	( 𝑥, 𝑦, 𝑧) = 𝐸 	( 𝑥, 𝑦, 𝑧).1339(
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Ah wmsm  AAW  ›rJAb ¤W‘§  rytm  O
𝐸𝑛 =  ℎ
( 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 + 32) , 𝑛 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧. )1340(

 ¤W‘ TlAqm  flA 
	( 𝑥, 𝑦, 𝑧) = < 𝑥j𝑛𝑥 >< 𝑦j𝑛𝑦 >< 𝑧j𝑛𝑧 > . )1341(
	s§ b ¤qb§ 𝑛 = 𝑛𝑥 + 𝑛𝑦 + 𝑛𝑧 y 𝐸𝑛 'wAW  'wtsm  fi 
𝑛   𝑛𝑥 + 1 An§d ¢  R w   . 𝑛𝑦 + 𝑛𝑧 = 𝑛   𝑛𝑥 '  𝑛𝑥 b fl⁄  .¤AtA
Tfi‘A ¤W‘§ 𝐸𝑛 fi   —  . (𝑛𝑦, 𝑛𝑧) ⁄z     TyAk 
𝑑(𝑛) =
𝑛∑︁
𝑛x =0
(𝑛   𝑛𝑥 + 1) = 𝑛(𝑛 + 1)2 . )1342(
¤¡ ¤t  𝐸000 = (3 ℎ
) /2 TyFAFfl  TA  TAW ¤⁄fl  Tbr   yOt  (3
kK  @§ Tln ry TA
𝜆𝐸1 = < 0j < 0j < 0j𝜆𝑥2𝑦𝑧j0 > j0 > j0 >
= 𝜆 < 0j𝑥2j0 >< 0j𝑦j0 >< 0j𝑧j0 >
= 0 . )1343(
flA  .fifl  ¤fi w¡ 𝐸1 = (5 ℎ
) /2 ⁄fl  CAm  'wAW  'wtsm  (4
¤⁄fl  Tbr   yOt  	s ¤t . j001> ⁄ j010> ,j100> ¤¡ TlAqm 
yq  d    	§  —  .¤⁄fl  Tbr   Tlnm  
 rWRfl  T§r\ m‘ts
.𝑖, 𝑗 = 100,010,001 y 𝑊𝑖𝑗 =< 𝑖j𝜆𝐻1j𝑗 > 
 rWRfl  TwfOm Ty @ 
	s
𝑊 =
⎛⎝ 0 0 00 0 𝜖
0 𝜖 0
⎞⎠ , 𝜖 = 𝜆p 2( ℎ2𝑚
 )2. )1344(
(j010> + j001>)/p 2 ,j100> Ty @  T‘Jfl     𝜖 ⁄ + 𝜖 ,0 ¤¡ Ty @  yq 
.¤ wt  ¤l (j010>  j 001>)/p 2 ⁄
:6 §rm
.Cwl§A rK m‘tF  (1
d (2
𝐸𝑛+ ,𝑛− =  ℎ
 + (𝑛+ + 12) +  ℎ
 −(𝑛− +
1
2). )1345(

 ± =
√︃
𝑘  𝑒
2
2𝜋𝜖0𝑅3
𝑚
. )1346(
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d (3
𝐸 = 𝐸0,0 =  ℎ

 + + 
 +
2 . )1347(
𝐸0 =  ℎ
 0. )1348(

 0 =
√︂
𝑘
𝑚
. )1349(
¤l O
 𝑉 = 𝐸   𝐸0 =  
ℎ
8𝑚2 
 30
(︂
𝑒2
2𝜋𝜖0𝑅3
)︂2
. )1350(
w¡ ¤⁄fl  Tbr   yOt  (4
𝐸1 =< 0j < 0j𝐻1j0 > j0 >= 0 . )1351(
TyA  Tbr   yOt 
𝐸2 =
∑︁
𝑚1 ̸=0
∑︁
𝑚2 ̸=0
j < 𝑚1j < 𝑚2j𝐻1j0 > j0 > j2
𝐸00   𝐸
0
𝑚
. )1352(
Tytn  m‘ts
𝐻1j0 > j0 >=   𝑒
2
2𝜋𝜖0𝑅3
?^?1j0 > ?^?2j0 >=   𝑒
2
2𝜋𝜖0𝑅3
ℎ
2𝑚 
 0
j1 > j1 > .)1353(
) 𝐸01 = 3ℎ
 0 ⁄ 𝐸00 =  ℎ
 0  (  — 
𝐸2 =
(︂
𝑒2
2𝜋𝜖0𝑅3
)︂2(︂
ℎ
2𝑚
 0
)︂2 1
𝐸00   𝐸
0
1
=  
(︂
𝑒2
2𝜋𝜖0𝑅3
)︂2
ℎ
8𝑚2 
 30
. )1354(
An§d :7 §rm
j𝑗𝑗3 > = 𝐶𝑙𝑗3−
1
2
1
2
1
2
𝑗𝑗3
j𝑙𝑗3   12 > j
1
2
1
2 > +𝐶
𝑙𝑗3 +
1
2
1
2 − 12
𝑗𝑗3
j𝑙𝑗3 + 12 > j
1
2  
1
2 >
= 𝐴j𝑙𝑗3   12 > j
1
2
1
2 > +𝐵j𝑙𝑗3 +
1
2 > j
1
2  
1
2 > )1355(
An§d AS§  .j𝐴j2 + j𝐵j2 = 1 An§d  wk§    	§
𝐽2 = 𝐿2 + 𝑆2 + 2𝐿3𝑆3 + 𝐿+ 𝑆− + 𝐿−𝑆+ . )1356(
	s
𝐽2j𝑙𝑗3   12 > j
1
2
1
2 > =
[︂
𝑙(𝑙 + 1) + 𝑗3 + 14
]︂
j𝑙𝑗3   12 > j
1
2
1
2 >
+
√︂
𝑙(𝑙 + 1)   𝑗23 +
1
4j𝑙𝑗3 +
1
2 > j
1
2  
1
2 > .)1357(
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J 2j𝑙𝑗3 + 12 > j
1
2  
1
2 > =
[︂
𝑙(𝑙 + 1)   𝑗3 + 14
]︂
j𝑙𝑗3 + 12 > j
1
2  
1
2 >
+
√︂
𝑙(𝑙 + 1)   𝑗23 +
1
4j𝑙𝑗3  
1
2 > j
1
2
1
2 > . )1358(
𝐴 ywhm  ¤ yt•Akt yt A‘ ¤  ' ¥§ 𝐽23 j𝑗𝑗3 >= 𝑗(𝑗 + 1) j𝑗𝑗3 > “rK 
kK  @ ¤⁄fl  T A‘m  . 𝐵 ⁄
𝐴
[︂
𝑙(𝑙 + 1) + 𝑗3 + 14
]︂
+ 𝐵
√︂
𝑙(𝑙 + 1)   𝑗23 +
1
4 = 𝑗(𝑗 + 1)𝐴. )1359(
An§d𝑗 = 𝑙 + 12   
𝐴 =
√︃
𝑙 + 12 + 𝑗3
2𝑙 + 1 , 𝐵 =
√︃
𝑙 + 12   𝑗3
2𝑙 + 1 . )1360(
An§d𝑗 = 𝑙   12   
𝐴 =
√︃
𝑙 + 12   𝑗3
2𝑙 + 1 , 𝐵 =  
√︃
𝑙 + 12 + 𝑗3
2𝑙 + 1 . )1361(
:8 §rm
.›rRAm  r\  (1
¤l O 𝑠 = 12 ⁄ 𝑙 = 0 m Am . 𝑙 = 1 ⁄ 𝑙 = 0 An§d𝑛 = 2    (2
Cw 'wts . 𝑗 = 32 ⁄ 𝑗 = 12 ¤l O 𝑠 = 12 ⁄ 𝑙 = 1 m Am ⁄ 𝑗 = 12

 ¤W‘§ w¡ ⁄ fifl  ¤Am w¡ 𝐸2 'wAW 
𝐸2 =   13.6𝑒𝑉/4 ,   (𝛼4 )
2𝐸2 = ( 𝛼8 )
213.6𝑒𝑉 = 𝛾. )1362(
,𝑛 = 2 y j𝜓𝑛𝑗𝑗3 >= j𝑅𝑛𝑙 > j𝑙𝑠𝑗𝑗3 > ¤¡ TlAqm  TyAm  Ty @  flA 
j𝑙𝑠𝑗𝑗3 > Ty @  T‘Jfl   rb‘    	§ . 𝑗 = 𝑙 + 12 , 𝑙   12 ⁄ 𝑙 = 0 ,1 ,𝑠 = 12
 A§fl As  §rmt  Tyt m‘ts . j𝑙𝑚𝑠𝜎 > Ty @  T‘Jfl  Tfld
j𝜓1 >= j012
1
2
1
2 >= j00> j
1
2
1
2 >
j𝜓2 >= j012
1
2  
1
2 >= j00> j
1
2  
1
2 > . )1363(
j𝜓6 >= j112
1
2
1
2 >=
1p
3
j10> j 12
1
2 >  
√︂
2
3j11> j
1
2  
1
2 >
j𝜓8 >= j112
1
2  
1
2 >=
√︂
2
3j1   1 > j
1
2
1
2 >  
1p
3
j10> j 12  
1
2 > .
)1364(
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j𝜓3 >= |112
3
2
3
2 >= |11> |
1
2
1
2 >
|𝜓5 >= |112
3
2
1
2 >=
√︂
2
3|10> |
1
2
1
2 > +
1√
3
|11> |12 −
1
2 >
|𝜓7 >= |112
3
2 −
1
2 >=
1√
3
|1− 1 > |12
1
2 > +
√︂
2
3|10> |
1
2 −
1
2 >
|𝜓4 >= |112
3
2 −
3
2 >= |1− 1 > |
1
2 −
1
2 > . )1365(

 ¤W‘§ ¤CA  ¤syVAnm  q  
 rWR  (3
𝐻1𝑍 = −?⃗?ext .(?⃗?𝑙 + ?⃗?𝑠)
=
𝑒
2𝑚𝐵ext (𝐿3 + 2𝑆3)
=
𝜇𝐵𝐵ext
ℎ
(𝐿3 + 2𝑆3)
=
𝛽
ℎ
(𝐿3 + 2𝑆3). )1366(
   ⁄ A  £Afl  ¤ w¡ ¤syVAn‘m  q     AnRrt  £fi  T A‘m  ¤

  Ar‘ 𝛽 ⁄ 𝜇𝐵
𝜇𝐵 =
𝑒 ℎ
2𝑚 , 𝛽 = 𝜇𝐵𝐵ext . )1367(
	s
(𝐿3 + 2𝑆3)|𝜓1 >=  ℎ|𝜓1 >
(𝐿3 + 2𝑆3)|𝜓2 >= − ℎ|𝜓2 >
(𝐿3 + 2𝑆3)|𝜓3 >= 2ℎ|𝜓3 >
(𝐿3 + 2𝑆3)|𝜓4 >= −2ℎ|𝜓4 >
(𝐿3 + 2𝑆3)|𝜓5 >= 2ℎ3 |𝜓5 > +
√
2ℎ
3 |𝜓6 >
(𝐿3 + 2𝑆3)|𝜓6 >= ℎ3 |𝜓6 > +
√
2ℎ
3 |𝜓5 >
(𝐿3 + 2𝑆3)|𝜓7 >= −2ℎ3 |𝜓7 > +
√
2ℎ
3 |𝜓8 >
(𝐿3 + 2𝑆3)|𝜓8 >= − ℎ3 |𝜓8 > +
√
2ℎ
3 |𝜓7 > . )1368(
TwfOm  ¤ Ahmy\n km§< 𝜓𝑛𝑗𝑗3 |𝐻1𝑍 |𝜓𝑛𝑗′ 𝑗′3 >TywfOm  Abrm   — 
𝐻1𝑍 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝛽 0 0 0 0 0 0 0
0 −𝛽 0 0 0 0 0 0
0 0 2𝛽 0 0 0 0 0
0 0 0 −2𝛽 0 0 0 0
0 0 0 0 23𝛽
√
2
3 𝛽 0 0
0 0 0 0
√
2
3 𝛽
1
3𝛽 0 0
0 0 0 0 0 0 − 23𝛽
√
2
3 𝛽
0 0 0 0 0 0
√
2
3 𝛽 − 13𝛽
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. )1369(
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 ¤W‘ < 𝜓𝑛𝑗𝑗3 |𝐻1𝑓𝑠|𝜓𝑛𝑗′ 𝑗′3 > TywfOm  Abrm  (4
< 𝜓𝑛𝑗𝑗3 |𝐻1𝑓𝑠|𝜓𝑛𝑗𝑗3 > = 𝐸1𝑓𝑠𝛿𝑗3 𝑗′3 𝛿𝑗𝑗′
=
𝐸2𝑛
2𝑚𝑐2
(︂
3− 4𝑛
𝑗 + 12
)︂
𝛿𝑗3 𝑗′3
𝛿𝑗𝑗′ . )1370(
T r} An§d 𝑛 = 2   
𝐻1𝑓𝑠 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−5𝛾 0 0 0 0 0 0 0
0 −5𝛾 0 0 0 0 0 0
0 0 −𝛾 0 0 0 0 0
0 0 0 −𝛾 0 0 0 0
0 0 0 0 −𝛾 0 0 0
0 0 0 0 0 −5𝛾 0 0
0 0 0 0 0 0 −𝛾 0
0 0 0 0 0 0 0 −5𝛾
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. )1371(

 ¤W‘ 𝑊 = 𝐻1𝑓𝑠 + 𝐻1𝑍 Tylk  
 rWRfl  TwfO (5
𝑊 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝛽 − 5𝛾 0 0 0 0 0 0 0
0 −𝛽 − 5𝛾 0 0 0 0 0 0
0 0 2𝛽 − 𝛾 0 0 0 0 0
0 0 0 −2𝛽 − 𝛾 0 0 0 0
0 0 0 0 23𝛽 − 𝛾
√
2
3 𝛽 0 0
0 0 0 0
√
2
3 𝛽
1
3𝛽 − 5𝛾 0 0
0 0 0 0 0 0 − 23𝛽 − 𝛾
√
2
3 𝛽
0 0 0 0 0 0
√
2
3 𝛽 − 13𝛽 − 5𝛾
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
)1372(
T‘Cfl  Ty @  yq  . ±2𝛽 − 𝛾 ⁄ ±𝛽 − 5𝛾 Ty @  yq  ›rJAb ^fi
)149(›zymm  fl A‘m   'rfl 
𝑥2 + ( 𝛽 − 6𝛾)𝑥 + 5𝛾2 − 113 𝛾𝛽 = 0 . )1373(
𝑦2 + ( −𝛽 − 6𝛾)𝑦 + 5𝛾2 + 113 𝛾𝛽 = 0 . )1374(
wl  ¤l O
𝑥± = 3𝛾 − 𝛽2 ±
√︂
4𝛾2 + 𝛽
2
4 +
2
3𝛽𝛾. )1375(
𝑦± = 3𝛾 +
𝛽
2 ±
√︂
4𝛾2 + 𝛽
2
4 −
2
3𝛽𝛾. )1376(
𝐸2 'wAW  'wtsml ¤⁄fl  Tbr   AyOt  ¤¡ Ty @  yq  £@¡
ry ¤CA ¤syVAn q ry ⁄ Tyqyd  Tynb   ry ¤  T‘ r 
.⁄d‘
characteristic equations .)149(
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 ¤W‘§ Aqtfl  Amt  :9 §rm
𝑃1−→2(𝑇 ) = j𝑐(0)2 (𝑇 ) + 𝑐(1)2 (𝑇 ) + ...j2. )1377(
	s
𝑐
(0)
2 (𝑇 ) = 𝛿21 = 0 . )1378(

 ¤W‘§ ¤⁄fl  Tbr   yOt 
𝑐
(1)
2 (𝑇 ) =
(︂
  𝑖
ℎ
)︂∫︁ 𝑇
0
𝑑𝑡𝑒𝑖 
 21 𝑡𝑉21(𝑡). )1379(

 12 =
𝐸1   𝐸2
ℎ
, 𝑉21(𝑡) = < 2j𝑉 (𝑡)j1 > . )1380(
¤l ›rJAb O 𝑇 ¤nz  Am  fi A 𝑉  fl
𝑐
(1)
2 (𝑇 ) = 𝑉21
1   𝑒𝑖 
 21 𝑇
𝐸2   𝐸1
. )1381(

  —  ¤W‘§ ¤⁄fl  Tbr   Aqtfl  Amt 
𝑃1−→2(𝑇 ) = 4j𝑉21 j
2
(𝐸2   𝐸1)2 sin
2 (𝐸2   𝐸1)𝑇
2ℎ
=
(︂
4𝑚𝑎2j𝑉21 j
3𝜋2 ℎ2
sin 3𝜋
2
ℎ𝑇
4𝑚𝑎2
)︂2
. )1382(
An§d .𝑉21 y‘    ¤qb§
𝑉21 = < 2j𝑉 j1 >
=
∫︁ 𝑎
0
𝑑𝑥𝜓*2 (𝑥)𝜓1(𝑥)𝑉 (𝑥)
= 𝑉0
∫︁ a
2
0
𝑑𝑥𝜓*2 (𝑥)𝜓1(𝑥)
=
𝑉0
𝑎
∫︁ a
2
0
𝑑𝑥
(︂
cos
𝜋𝑥
𝑎
  cos
3𝜋𝑥
𝑎
)︂
=
4𝑉0
3𝜋 . )1383(
d‘ ¤ ¤q wt  E zhl ¤⁄fl  ›CAm  TA  ⁄ TyFAFfl  TA  :10 §rm
Tywm   ⁄dA ¤W‘ d ⁄
𝜓0(𝑥) =
(︂
𝑚

𝜋 ℎ
)︂ 1
4
𝑒−
m 

2h 𝑥
2
. )1384(
𝜓1(𝑥) = 𝑎+ 𝜓0(𝑥) =
(︂
𝑚 

𝜋 ℎ
)︂ 1
4
√︂
2𝑚

ℎ
𝑥 𝑒−
m 

2h 𝑥
2
. )1385(
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 ¤W‘ TlAqm  AAW 
𝐸0 =
ℎ

2 , 𝐸1 =
3ℎ

2 . )1386(

 ¤W‘ rfO  Tbr   Aqtfl  Amt  T‘F
𝑐
(0)
1 (+ ∞) = 𝛿10 = 0 . )1387(

 ¤W‘ d ⁄ Tbr   Aqtfl  Amt  T‘F
𝑐
(1)
1 (+ ∞) = −
𝑖
ℎ
∫︁ ∞
−∞
𝑑𝑡 𝑒𝑖
 10 𝑡𝑉10(𝑡)
= − 𝑖
ℎ
∫︁ ∞
−∞
𝑑𝑡 𝑒𝑖
 𝑡 < 1|𝑉 (𝑡)|0 > . )1388(
	s . 𝑉 = −𝐹𝑥 
 ¤W‘§  wmk   A ¤AtA ⁄ ”ASf  ¤ TmWtn ›wq 
< 1|𝑉 (𝑡)|0 >=< 1|(−𝐹𝑥)|0 >= −𝐹
√︂
ℎ
2𝑚
 < 1|(𝑎 + 𝑎
+ )|0 >= −𝐹
√︂
ℎ
2𝑚 
 .)1389(
 — 
𝑐
(1)
1 (+ ∞) =
𝑖√
2𝑚
 ℎ
𝐹0
𝜏


∫︁ ∞
−∞
𝑑𝑡
𝑒𝑖 
 𝑡
𝜏2 + 𝑡2
=
𝑖𝐹0


√
2𝑚 
 ℎ
∫︁ ∞
−∞
𝑑𝑡
𝑒𝑖
 𝜏𝑡
1 + 𝑡2 . )1390(
¤AtA xfifl §w d∫︁ ∞
−∞
𝑑𝑡
𝑒𝑖
 𝜏𝑡
1 + 𝑡2 =
∫︁ ∞
−∞
𝑑𝑡
∫︁ ∞
0
𝑑𝛼𝑒−𝛼(1+ 𝑡
2 )+ 𝑖 
 𝜏𝑡
=
∫︁
𝑑𝛼𝑒−𝛼−
(︀

 
2
)︀2 1

∫︁ ∞
−∞
𝑑𝑡𝑒−𝛼
(︀
𝑡− i 
 2 
)︀2
=
∫︁
𝑑𝛼𝑒−𝛼−
(︀

 
2
)︀2 1

∫︁ ∞
−∞
𝑑𝑡𝑒−𝛼𝑡
2
=
∫︁
𝑑𝛼𝑒−𝛼−
(︀

 
2
)︀2 1

√︂
𝜋
𝛼
=
√︂
𝜋 
 𝜏
2
∫︁
𝑑𝛼
𝛼
1
2
𝑒−

 
2 (𝛼+ 1 )
=
√︂
𝜋 
 𝜏
2 2𝐾−
1
2
(
 𝜏 )
=
√︂
𝜋 
 𝜏
2 2
√︂
𝜋
2
 𝜏 𝑒
− 
 𝜏
= 𝜋𝑒− 
 𝜏 . )1391(
 — 
𝑐
(1)
1 (+ ∞) =
𝑖𝐹0


√
2𝑚
 ℎ
𝜋𝑒−
 𝜏 . )1392(
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  —  ¤W‘§ Aqtfl  Amt 
j𝑐(1)1 (+ 1 )j2 =
𝐹 20 𝜋
2
2𝑚 
 3 ℎ𝑒
−2
 𝜏 . )1393(
:11 §rm
rn§ ⁄rJ T A‘  Anyl (1 
𝐻 j𝜓(𝑡) >= 𝑖ℎ 𝜕
𝜕𝑡
j𝜓(𝑡) > . )1394(
kK  ¤l   	tk
j𝜓(𝑡) >=
∑︁
𝑛
𝑐𝑛 exp(  𝑖𝐸𝑛𝑡/ ℎ)j𝑛 > . )1395(
An§d
𝐻 =
4
ℎ2
?⃗?1𝑆2 = 2( 𝑠(𝑠 + 1)   3/2), )1396(
 —  .¤lk  ybs  w¡ 𝑠 y
𝐻 j00>= 𝐸0j00> , 𝐸0 =   3 , j00>= 1p 2(j+ > j  >  j  > j+ >).1397(
𝐻 j1𝑚 >= 𝐸1j1𝑚 > , 𝐸1 =  ,
j11>= j+ > j+ > , j10>= 1p
2
(j+ > j  > + j  > j+ >) , j1   1 >= j  > j  > .
)1398(

  —  ¤W‘ 𝑡 T\l  ¤ Twm  T  
j𝜓(𝑡) > = 𝑐00 exp(  𝑖𝐸0𝑡/ ℎ)j00> + 𝑐11 exp(  𝑖𝐸1𝑡/ ℎ)j11> + 𝑐10 exp(  𝑖𝐸1𝑡/ ℎ)j10>
+ 𝑐1−1 exp(  𝑖𝐸1𝑡/ ℎ)j1   1 > . )1399(
¤¡ Ty¶ dtfl  Twm  T  
j𝜓(0) >= j+ > j  >= 1p
2
j00> + 1p
2
j10> . )1400(
TCAqmA  — 
𝑐00 = 𝑐10 =
1p
2
, 𝑐11 = 𝑐1−1 = 0 . )1401(
 —  bO 𝑡 T\l  ¤ Twm  T  
j𝜓(𝑡) > = 1p
2
exp(  𝑖𝐸0𝑡/ ℎ)j00> + 1p 2 exp(  𝑖𝐸1𝑡/ ℎ)j10>
=
1
2
(︀
exp(  𝑖𝐸0𝑡/ ℎ) + exp(   𝑖𝐸1𝑡/ ℎ)
)︀j+ > j  >   12(︀exp(  𝑖𝐸0𝑡/ ℎ)   exp(  𝑖𝐸1𝑡/ ℎ))︀j  > j+ > .
)1402(
242
flAmtfl  ¤l O
𝑃 (|+ > |− >−→ |+ > |+ >) = 0
𝑃 (|+ > |− >−→ |− > |− >) = 0
𝑃 (|+ > |− >−→ |+ > |− >) = 14|exp(−𝑖𝐸0𝑡/ ℎ) + exp(−𝑖𝐸1𝑡/ ℎ)|
2
𝑃 (|+ > |− >−→ |− > |+ >) = 14|exp(−𝑖𝐸0𝑡/ ℎ) − exp(−𝑖𝐸1𝑡/ ℎ)|
2.
)1403(
TrWSm  ry TywtlyAh  (2 ∙
𝐻0 = 0 . )1404(

 ¤W‘§ 
 rWRfl 
𝑉 = 𝐻 =
4
ℎ2
?⃗?1𝑆2. )1405(
Ty¶ dtfl  TA 
|𝑖 >= |+ > |− > . )1406(
TwfOm  rOn 	s
𝑉𝑛𝑖 =< 𝑛|𝑉 |𝑖 > = 4
ℎ2
< 𝑛|?⃗?1𝑆2|+ > |− >
= − 3√
2
 < 𝑛|00> + √
2
< 𝑛|10> . )1407(
  
|𝑛 >= |− > |+ >= 1√
2
|10> − 1√
2
|00>, )1408(
¤l O
𝑉𝑛𝑖 = 2 . )1409(
Amtfl   fl  	s
𝑃 (|+ > |− >−→ |− > |+ >) = |𝑐(0)𝑛 + 𝑐(1)𝑛 + ...|2
= |0− 𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1 exp(𝑖
 𝑛𝑖𝑡1)𝑉𝑛𝑖(𝑡1) + ...|2
= | − 𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1𝑉𝑛𝑖(𝑡1) + ...|2
=
4 2𝑡2
ℎ2
. )1410(
  
|𝑛 >= |+ > |− >= 1√
2
|10> + 1√
2
|00>, )1411(
243
¤l O
𝑉𝑛𝑖 =    . )1412(
Amtfl   fl  	s
𝑃 (j+ > j  >  ! j + > j  >) = j𝑐(0)𝑛 + 𝑐(1)𝑛 + ...j2
= j1   𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1 exp(𝑖
 𝑛𝑖𝑡1)𝑉𝑛𝑖(𝑡1) + ...j2
= j1   𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1𝑉𝑛𝑖(𝑡1) + ...j2
= j1 + 𝑖
ℎ
 𝑡j2
= 1 + 
2𝑡2
ℎ2
. )1413(
	s Tq§rW  Hfn
𝑃 (j+ > j  >  ! j + > j+ >) = 0 . )1414(
𝑃 (j+ > j  >  ! j  > j  >) = 0 . )1415(
Ty¶ dtfl  TA  :12 §rm
j𝑖 >= j𝜓100 > . )1416(
Ty¶Ahn  TA 
j𝑛 >= j𝜓2𝑙𝑚 > . )1417(

 ¤W‘§ zfq  ⁄  Aqtfl  Amt 
𝑃 (j100>  ! j 2𝑙𝑚 >) = j𝑐(0)2 + 𝑐(1)2 + ...j2. )1418(
An§d
𝑐
(0)
2 = 0 . )1419(
𝑐
(1)
2 =  
𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1 exp(𝑖 
 20𝑡1)𝑉20(𝑡1). )1420(
) 𝐸𝑛 = 𝐸1/𝑛2 Am‘tFA ( 	s

 20 =
𝐸2   𝐸1
ℎ
=  
3𝐸1
4ℎ . )1421(
) 𝐸 =   𝜕𝑉/𝜕𝑧 ( ¤¶Arhk   wmk  An§d
𝑉 =   𝐸𝑧 =   𝐸𝑟 cos𝜃. )1422(
244
TwfOm  rOn 	s
𝑉20 = −𝐸 < 2|𝑟 cos𝜃|0 >
= −𝐸
∫︁
𝑑3𝑥𝜓*2𝑙𝑚𝑟 cos𝜃𝜓100 )1423(
An§d
𝜓100 =
1√
𝜋
1
𝑎3/2
exp(−𝑟/𝑎). )1424(
@ ¤⁄fl  TA  ¤ . AtA An§d
𝜓200 =
1√
128𝜋
1
𝑎3/2
exp(−𝑟/2𝑎)(−2𝑟/𝑎 + 4) . )1425(
d‘n§ Aqtfl  Amt   —  .rf} w¡ 𝜃 ¤l Akt   —  . 𝜃 
 l‘t fl T d  £@¡
.TA  £@¡ ¤
@ TyA  TA  ¤
𝜓210 =
1√
8.36
√
4𝜋
1
𝑎3/2
cos𝜃 exp(−𝑟/2𝑎)(6𝑟/𝑎). )1426(

 ¤W‘§ TA  £@¡ ¤ 𝜃 ¤l Akt ∫︁
sin𝜃𝑑𝜃. cos𝜃. cos𝜃 = 23. )1427(

 ¤W‘§ 𝜑 ¤l Akt ∫︁
𝑑𝜑 = 2𝜋. )1428(

 ¤W‘§ 𝑟 ¤l Akt ∫︁
𝑟2𝑑𝑟.exp(−𝑟/2𝑎)𝑟.𝑟. exp(−𝑟/𝑎) = 4!(2 𝑎/3)5. )1429(
TwfOm  rOn ¤l O
𝑉20 = −𝐸𝑎√84!(
2
3)
6. )1430(
bO Amtfl  T‘F
𝑐
(1)
2 = −
𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1 exp(𝑖
 20𝑡1)𝑉20(𝑡1)
=
𝑖
ℎ
𝐸0
𝑒(𝑖 
 20− 1 )𝑡 − 1
𝑖 
 20 − 1𝜏
𝑎√
8
4!(23)
6. )1431(

  —  ¤W‘§ Aqtfl  Amt 
𝑃 (|100>−→ |210>) = 𝐸
2
0
ℎ2
|𝑒
(𝑖 
 20− 1

)𝑡 − 1
𝑖
 20 − 1𝜏
|2 𝑎
2
8 (4!)
2( 23)
12
=
𝐸20𝑎
2
ℎ2
215
310
1


2
20 +
1
𝜏2
[︀
1 + exp(−2𝑡/𝜏 ) − 2 cos 
 20𝑡exp(−𝑡/𝜏 )
]︀
.
)1432(
245
13 §rm
.R ⁄ (1
.4𝑛2 fi  TCd j𝑅𝑛𝑙 > j𝑌𝑙𝑚 > j𝑠 > j𝑠′ > bO flA  (2
.R ⁄ (3
(4
𝐻hf =   𝑚𝑢𝑝.?⃗?𝑝
=
𝜇0𝑒
2𝑔𝑝
8𝜋𝑚𝑝𝑚𝑒
1
𝑟3
[︀
3(?⃗?𝑝𝑟)( ?⃗?𝑒𝑟)   ?⃗?𝑝?⃗?𝑒
]︀
+
𝜇0𝑒
2𝑔𝑝
3𝑚𝑝𝑚𝑒
?⃗?𝑝?⃗?𝑒𝛿
3(?⃗?).
)1433(
¤⁄fl  Tbr   yOt  (5
𝐸
(1)
hf = < 𝑅𝑛𝑙j < 𝑌𝑙𝑚j < 𝑠j < 𝑠
′ j𝐻hf j𝑅𝑛𝑙 > j𝑌𝑙𝑚 > j𝑠 > j𝑠′ >
=
∫︁
𝑑3?⃗?𝑅*𝑛𝑙(𝑟)𝑌 *𝑙𝑚(𝜃, 𝜑) < 𝑠j < 𝑠
′ j𝐻hf j𝑠 > j𝑠′ > 𝑌𝑙𝑚(𝜃, 𝜑)𝑅𝑛𝑙(𝑟).
)1434(
w¡ 𝑙 = 𝑚 = 0    A§ ⁄z  ¤l Akt ∫︁
sin𝜃𝑑𝜃𝑑𝜑𝑌 *𝑙𝑚(𝜃, 𝜑) < 𝑠j < 𝑠
′ j𝐻hf j𝑠 > j𝑠′ > 𝑌𝑙𝑚(𝜃, 𝜑) = 14𝜋
∫︁
sin𝜃𝑑𝜃𝑑𝜑 < 𝑠j < 𝑠′ j𝐻hf j𝑠 > j𝑠′ > .
)1435(
⁄fl  d 
< 𝑠j < 𝑠′ j 14𝜋
∫︁
sin𝜃𝑑𝜃𝑑𝜑
(︀
3(?⃗?𝑝𝑟)( ?⃗?𝑒𝑟)   ?⃗?𝑝?⃗?𝑒
)︀j𝑠 > j𝑠′ > 𝜇0𝑒2𝑔𝑝8𝜋𝑚𝑝𝑚𝑒 =
< 𝑠j < 𝑠′ j 14𝜋
∫︁
sin𝜃𝑑𝜃𝑑𝜑
(︀
34𝜋3 ?⃗?𝑝?⃗?𝑒   4𝜋?⃗?𝑝?⃗?𝑒
)︀j𝑠 > j𝑠′ > 𝜇0𝑒2𝑔𝑝8𝜋𝑚𝑝𝑚𝑒 =
0. )1436(
bO§ yOt   —  (6
𝐸
(1)
hf =
∫︁
𝑑3?⃗?𝜓*𝑛𝑙(?⃗?) < 𝑠j < 𝑠
′ j 𝜇0𝑒
2𝑔𝑝
3𝑚𝑝𝑚𝑒
?⃗?𝑒?⃗?𝑝𝛿
3(?⃗?)j𝑠 > j𝑠′ > 𝜓𝑛𝑙𝑚(?⃗?)
= j𝜓𝑛𝑙(0)j2 𝜇0𝑒
2𝑔𝑝
3𝑚𝑝𝑚𝑒
< 𝑠j < 𝑠′ j?⃗?𝑒?⃗?𝑝j𝑠 > j𝑠′ > . )1437(
An§d(7
?⃗?𝑒?⃗?𝑝 =
1
2(( ?⃗?𝑒 + ?⃗?𝑝)
2
 
3ℎ2
2 ). )1438(
 — 
?⃗?𝑒?⃗?𝑝 =
ℎ2
2 (  
3
2) , 𝑠 = 0 . )1439(
246
~S𝑒?⃗?𝑝 =
ℎ2
2 (
1
2) , 𝑠 = 1 . )1440(
' 
𝐸
(1)
hf =
1
𝜋𝑎3
𝜇0𝑒
2𝑔𝑝
3𝑚𝑝𝑚𝑒
ℎ2(   34) , 𝑠 = 0 . )1441(
𝐸
(1)
hf =
1
𝜋𝑎3
𝜇0𝑒
2𝑔𝑝
3𝑚𝑝𝑚𝑒
ℎ2( 14) , 𝑠 = 1 . )1442(
.𝑆 = 0 ,1  j𝑅𝑛𝑙 > j𝑌𝑙𝑚 > j𝑆𝑀 > bO Ty @  flA  (8

 ¤W‘ TrWSm  ry TywtlyAh  14 §rm
𝐻0 =
𝑝21
2𝑚  
1
4𝜋𝜖0
2𝑒2
𝑟1
+
𝑝22
2𝑚  
1
4𝜋𝜖0
2𝑒2
𝑟2
. )1443(

 ¤W‘§ 
 rWRfl 
𝑉 =
1
4𝜋𝜖0
𝑒2
j?⃗?1   ?⃗?2j . )1444(
kK  @A wylyh  ›C@ TyFAFfl  TAl TrWSm  ry TAW 
𝐸1 = 𝐸
(1)
1 + 𝐸
(2)
1 . )1445(
TrWSm  ry wylyh  ›C—     —  . 𝐸(1)1 / (𝑒2)2 y⁄Cdyh  ›C—   
¤¡ wylyh  ›C@ Cw AAV  A ¤AtA . 𝐸(1)1 / (𝑍𝑒2)2 An§d  wk§    	§
E𝑛 =
𝑍2𝐸1
𝑛2
, 𝐸1 =  
𝑚
2ℎ2
( 𝑒
2
4𝜋𝜖0
)2. )1446(
TAV ¢ wylyh  ›C@ ¤FAFfl  'wtsm     ' 
E1 = 𝑍2𝐸1 + 𝑍2𝐸1 = 8𝐸1. )1447(
y⁄Cdyh  ›C@ TyFAFfl  TA 
𝜓100(𝑟) = 1
𝑎3/2
1p
𝜋
exp(  𝑟/𝑎) , 𝑎 = ℎp
  2𝑚𝐸1
. )1448(
⁄  𝐸1  ! 𝑍2𝐸1 {§w‘tA Ahyl O wylyh  ›C@ TyFAFfl  TA   — 
¤l O ¤AtA ⁄ 𝑎  ! 𝑎/𝑍
𝜓100(𝑟) = 𝑍
3/2
𝑎3/2
1p
𝜋
exp(  𝑍𝑟/𝑎). )1449(
 —  ¤¡ wylyh  ›C@ Tylk  TyFAFfl  TA 
𝜓100(𝑟1, 𝑟2) = 8
𝜋𝑎3
exp(  2(𝑟1 + 𝑟2)/𝑎). )1450(
247
¤⁄fl  Tbr   yOt 
E(1)1 = < 100j𝑉 j100>
=
∫︁
𝑑3?⃗?1
∫︁
𝑑3?⃗?2𝜓
*
100(𝑟1, 𝑟2) 14𝜋𝜖0
𝑒2
j?⃗?1   ?⃗?2j𝜓100(𝑟1, 𝑟2)
= ( 8
𝜋𝑎3
)2 𝑒
2
4𝜋𝜖0
∫︁
exp(  4𝑟1/𝑎)𝐼2(𝑟1)𝑑3?⃗?1. )1451(

 ¤W‘§ ?⃗?2 ¤l Akt 
𝐼2(𝑟1) =
∫︁
𝑑3?⃗?2
exp(  4𝑟2/𝑎)
j?⃗?1   ?⃗?2j . )1452(
¤l O . ?⃗?1 A‘K  £A  ¤ 𝑧 Cwm  CAt
𝐼2(𝑟1) =  
∫︁
𝑟22𝑑𝑟2𝑑 cos𝜃2𝑑𝜑2
exp(  4𝑟2/𝑎)√︀
𝑟21 + 𝑟
2
2   2𝑟1𝑟2 cos𝜃2
=
2𝜋
𝑟1
∫︁ ∞
0
exp(  4𝑟2/𝑎)𝑟2𝑑𝑟2
(︀
𝑟1 + 𝑟2   j 𝑟1   𝑟2j
)︀
=
𝜋𝑎3
8𝑟1
(︀
1   (1 + 2 𝑟1/𝑎) exp(   4𝑟1/𝑎)
)︀
. )1453(
bO§ 'wAW  yOt   — 
E(1)1 = (
8
𝜋𝑎3
) 𝑒
2
4𝜋𝜖0
∫︁
exp(  4𝑟1/𝑎) 1
𝑟1
(︀
1   (1 + 2 𝑟1/𝑎) exp(   4𝑟1/𝑎)
)︀
𝑑3?⃗?1
=
5𝑒2
16𝜋𝜖0𝑎
=  
5𝐸1
2 . )1454(
bO wylyh  ›C@ TyFAFfl  TA  TAV
E1 = 8𝐸1  
5𝐸1
2 =
11
2 𝐸1 =   74.8𝑒𝑉. )1455(

 ¤W‘§  wmk   A ¤AtA ⁄ Tm\tn ›wq  15 §rm
𝑉 =   𝐹0 exp(  𝑡/𝜏 )𝑥. )1456(
Ty¶ dtfl  TA 
j𝑖 >= j0 > . )1457(
Aqtfl  Amt 
𝑃0−→𝑛 = j𝑐(0)𝑛 + 𝑐(1)𝑛 + ...j2. )1458(
𝑐(0)𝑛 = 𝛿𝑛0 = 0 . )1459(
248
c(1)𝑛 =  
𝑖
ℎ
∫︁ 𝑡
0
𝑑𝑡1 exp(𝑖
 𝑛0𝑡1)𝑉𝑛0(𝑡1). )1460(
	s
𝑉𝑛0 =< 𝑛j𝑉 j0 >=   𝐹0 exp(  𝑡/𝜏 )
√︂
ℎ
2𝑚 
 𝛿𝑛1. )1461(
 — 
𝑐(1)𝑛 =  
𝑖
ℎ
(   𝐹0
√︂
ℎ
2𝑚
 𝛿𝑛1)
exp(𝑖
 𝑛0   1/𝜏 )𝑡   1
𝑖
 𝑛0   1/𝜏
. )1462(
) 
 10 = 
 ( 
 ¤W‘§ Amtfl  𝑛 = 1    .d‘n§ Amtfl  𝑛 6= 1   
𝑃0−→𝑛 =
𝐹 20
2𝑚ℎ

1


2 + 1/𝜏2
[︀
1 + exp(   2𝑡/𝜏 )   2 cos 
 𝑡exp(  𝑡/𝜏 )]︀. )1463(
An§d𝜏  ! 1   
𝑃0−→𝑛 =
𝐹 20
2𝑚ℎ

1


2 . )1464(
16 §rm
Tywm  Ah ⁄ ⁄ T§wAW  A§wtsm  (1
𝐸𝑛x 𝑛y 𝑛z = 𝐸(𝑛2𝑥 + 𝑛2𝑦 + 𝑛2𝑧) , 𝜓𝑛x 𝑛y 𝑛z = (2 /𝑎)3/2 sin𝑛𝑥𝜋𝑥/𝑎 sin𝑛𝑦𝜋𝑦/𝑎 sin𝑛𝑧𝜋𝑧/𝑎.)1465(
TyFAFfl  TA  (2
𝐸111 = 3𝐸 , 𝜓111 = (2 /𝑎)3/2 sin𝜋𝑥/𝑎 sin𝜋𝑦/𝑎 sin𝜋𝑧/𝑎. )1466(
TyFAFfl  TAl ¤⁄fl  Tbr   yOt 
𝐸
(1)
111 = < 𝜓111 j𝐻1j𝜓111 >
= 𝑉0(2/𝑎)3/2
∫︁ 𝑎/2
0
𝑑𝑥(sin 𝜋𝑥/𝑎)2
∫︁ 𝑎/2
0
𝑑𝑦(sin 𝜋𝑦/𝑎)2
∫︁ 𝑎/2
0
𝑑𝑧(sin 𝜋𝑧/𝑎)2
=
𝑉0
4 )1467(
¤⁄fl  ›CAm  flA  (3
𝐸211 = 𝐸121 = 𝐸112 = 6𝐸 , 𝜓211 = 𝜓1 , 𝜓121 = 𝜓2 , 𝜓112 = 𝜓. )1468(
 AOt  TwfO
𝑊𝑎𝑏 =< 𝜓𝑎j𝐻1j𝜓𝑏 > . )1469(
	s
𝑊11 = 𝑊22 = 𝑊33 = 𝑉0/4 , 𝑊13 = 𝑊23 = 𝑊31 = 𝑊32 = 0 . )1470(
249
W12 = 𝑊21 = 𝑉0𝐾/4 , 𝐾 = (8 /3𝜋)2. )1471(

 T r} ¤W‘  AOt  TwfO
𝑊 =
𝑉0
4
⎛⎝ 1 𝐾 0𝐾 1 0
0 0 1
⎞⎠ . )1472(
›zymm  T A‘m   Ahyl O Ty @  yq 
(1− 𝜆)((1 − 𝜆)2 −𝐾2) = 0 . )1473(
¤l O
𝜆1 = 1 , 𝜆2 = 1 + 𝐾 , 𝜆3 = 1 −𝐾. )1474(
250
 AOt  T§r\
TykyFfik   AOt  T§r\
T§zrm  ¶Asm 
Amhny Amy  fiAft𝑚2 ⁄ 𝑚1 ytWq ytltk Rwm  ¤A‘J ?⃗?2 ⁄ ?⃗?1 ky
¤bsn  Rwm  A‘J w¡ ?⃗? y 𝑈 = 𝑈 (?⃗?, _?⃗?) TnAk  TAW   TmA ›w rb
Amhlq zr w yms  §@¡ Tr    yb    km§ . ?⃗? = ?⃗?2   ?⃗?1 
 r‘m 
zr w 𝜇 = 𝑚1𝑚2/(𝑚1 + 𝑚2) ¢tlt d ⁄ ys Tr ¤  Ah zt  km§
.?⃗? = ( 𝑚1?⃗?1 + 𝑚2?⃗?2)/(𝑚1 + 𝑚2) Rwm  A‘J  — TWqn  dn d wt§ '@  q 
 	rt ¶Atn  £@¡ .Tztm  TltkA ¤ms 𝜇 = 𝑚1𝑚2/(𝑚1 + 𝑚2) Tltk 
T A‘m 
1
2(𝑚1
_?⃗?1
2
+ 𝑚2 _?⃗?2
2) = 𝑚1 + 𝑚22
_
?⃗? +
1
2𝜇
_?⃗?
2
. )1475(
TqtK '  T\fn ›w ry  𝑚 ¢tlt d ⁄ ys Tr  —  rbt‘
£@¡ .𝑟 T§rWq  TAsmA fl  l‘t§ fl 𝑉  wmk     y 𝐹 =   r⃗ 𝑉  wm 
 @¡ Tl§wW fl  l‘t fl ⁄ ?⃗? A‘K  › —Am q ›wq   fl )150(T§zr Ts
¤r  z‘   A ¤AtA⁄ T§⁄r ›rZAnt Tsm  £@¡    R w   .A‘K 
§rV  ›rJAb ¢n qt  km§ rfl   @¡ ⁄ A\fn  wk§    	§ ?⃗? = ?⃗?𝑥𝑝
¤l ' wm A‘J w¡ ?⃗?    AS§  ¤n‘§  @¡ .𝑑?⃗?/𝑑𝑡 zl TbsnA TqtKm  
As
.'wtsm  ¤ q Tr   A ¤AtA ⁄ ”ASf  ¤ A £A  w¡ '@  ?⃗? £A 

 ¤W‘ Tyr  TAW 
𝑇 =
1
2𝑚
_?⃗?
2
=
1
2𝑚( _𝑟
2 + 𝑟2 _𝜃2). )1476(

  —  ¤W‘ Ty rfi 
𝐿 =
1
2𝑚( _𝑟
2 + 𝑟2 _𝜃2)   𝑉 (𝑟). )1477(
¤⁄fl   rfl T A‘
𝜕𝐿
𝜕𝜃
 
𝑑
𝑑𝑡
𝜕𝐿
𝜕 _𝜃
= 0 , 𝑑
𝑑𝑡
(𝑚𝑟2 _𝜃) = 0 . )1478(
central problem .)150(
251
'r  ›CAb‘
𝑚𝑟2 _𝜃 = 𝑙. )1479(
Trs  ¤¡ 𝑟2 _𝜃/2    'r    	‘O   Hy .¤r  z‘  Tl§wV w¡ 𝑙  d‘ 
z‘  _Af   —  .z  ›d⁄ ¤ ?⃗? A‘K  Ahsm§ ¤t  TAsm  '  TyWs 
sm§ ?⃗? A‘K     ¤l Pn§ '@  ¤A  )151(rlby  wAq ‚Ak w¡ ¤r 
.T§⁄Ast TnE  ¤ T§⁄Ast AAs
TyA   rfl T A‘
𝜕𝐿
𝜕𝑟
− 𝑑
𝑑𝑡
𝜕𝐿
𝜕 _𝑟
= 0 ⇔ 𝑚 𝑟 −𝑚𝑟 _𝜃2 = −𝜕𝑉
𝜕𝑟
= 𝑓 (𝑟). )1480(
¢t§ƒC km§  @¡ .TZwf  wk    	§ Tylk  TAW   A T\fn ›wq   fl
¤AtA £fi  Tr  T A‘ 	tk fl⁄  .¤AtA
𝑚 𝑟 = 𝑚𝑟 _𝜃2 − 𝜕𝑉
𝜕𝑟
=
𝑙2
𝑚𝑟3
− 𝑑𝑉
𝑑𝑟
= − 𝑑
𝑑𝑟
( 12
𝑙2
𝑚𝑟2
+ 𝑉 ). )1481(
¤l O _𝑟 ¤ 
rSA
𝑚_𝑟 𝑟 = −𝑑𝑟
𝑑𝑡
𝑑
𝑑𝑟
( 12
𝑙2
𝑚𝑟2
+ 𝑉 ). )1482(
T A‘m  T A‘m  £@h ‚Ak
𝑑
𝑑𝑡
(︂
1
2𝑚_𝑟
2 +
1
2
𝑙2
𝑚𝑟2
+ 𝑉
)︂
= 0 . )1483(
Ah  AAm R ⁄ ⁄ Tlml Tylk  TAW  XbSA w¡ yFwq  y C dqm 
	tk .TZwf
𝐸 =
1
2𝑚_𝑟
2 +
1
2
𝑙2
𝑚𝑟2
+ 𝑉. )1484(
¤W‘§_𝑟     
_𝑟 =
√︃
2
𝑚
(︂
𝐸 − 𝑉 − 𝑙
2
2𝑚𝑟2 ). )1485(
 — 
𝑑𝑡 =
𝑑𝑟√︃
2
𝑚
(︂
𝐸 − 𝑉 − 𝑙22𝑚𝑟2 )
. )1486(
Kepler .)151(
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¤l O 𝑟(𝑡) = 𝑟 y 𝑡 ¤  𝑟(0) = 𝑟0 y 𝑡 = 0  yrW  fi TlAkm
𝑡 =
∫︁ 𝑟
𝑟0
𝑑𝑟√︃
2
𝑚
(︂
𝐸 − 𝑉 − 𝑙22𝑚𝑟2 )
. )1487(
𝜃 T§⁄ z  . 𝑟 = 𝑟(𝑡) ¤l O T A‘m  £@¡ 	l §rV  . 𝑡 = 𝑡(𝑟) ¤W‘§  @¡
 Ahyl wO   —  km§
𝑑𝜃 =
𝑙𝑑𝑡
𝑚𝑟2(𝑡) . )1488(
¤l O 𝜃(𝑡) = 𝜃 y 𝑡 ¤  𝜃(0) = 𝜃0 y 𝑡 = 0  TlAkmA
𝜃 =
∫︁ 𝑡
0
𝑙𝑑𝑡
𝑚𝑟2(𝑡) + 𝜃0. )1489(
Tr  T A‘  AfiW  .¤AtA Ahyl wO  km§ 𝑟 = 𝑟(𝜃) C dm  T A‘
An§d(1479)
𝑚𝑟2𝑑𝜃 = 𝑙𝑑𝑡. )1490(
¤l O (1486) ¤ T A‘m  £@¡ Rw
𝑑𝜃 =
𝑙𝑑𝑟
𝑚𝑟2
√︃
2
𝑚
(︂
𝐸 − 𝑉 − 𝑙22𝑚𝑟2 )
. )1491(
¤l O 𝜃(𝑟) = 𝜃 y 𝑟 ¤  𝜃(𝑟0) = 𝜃0 y 𝑟0  TlAkmA
𝜃 =
∫︁ 𝑟
𝑟0
𝑙𝑑𝑟
𝑚𝑟2
√︃
2
𝑚
(︂
𝐸 − 𝑉 − 𝑙22𝑚𝑟2 )
+ 𝜃0
=
∫︁ 𝑟
𝑟0
𝑑𝑟
𝑟2
√︁
2𝑚(𝐸−𝑉 )
𝑙2 − 1𝑟2
+ 𝜃0. )1492(
¤sk‘  yrt   wA   
𝑉 = −𝑘
𝑟
, 𝑓 = − 𝑘
𝑟2
. )1493(
) 𝑢 = 1/𝑟 (  dm  ry Akt  AS§  rbt‘
𝜃 =
∫︁
𝑑𝑟
𝑟2
√︁
2𝑚(𝐸−𝑉 )
𝑙2 − 1𝑟2
= −
∫︁
𝑑𝑢√︁
2𝑚𝐸
𝑙2 +
2𝑚𝑘𝑢
𝑙2 − 𝑢2
. )1494(
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Tfi‘  m‘ts∫︁
𝑑𝑥√︀
𝛼 + 𝛽𝑥 + 𝛾𝑥2
=
1p
  𝛾
arccos 
𝛽 + 2𝛾𝑥p
𝑞
, 𝑞 = 𝛽2   4𝛼𝛾. )1495(
¤l ) 𝜃′ Ak A  ( O  — 
𝜃 =   arccos
𝑙2𝑢
𝑚𝑘   1√︁
1 + 2𝑙2𝐸𝑚𝑘2
+ 𝜃
′
. )1496(
¤l O An  ' 
1
𝑟
= 𝐶(1 + 𝑒 cos(𝜃   𝜃′ )) , 𝐶 = 𝑚𝑘
𝑙2
, 𝑒 =
√︂
1 + 2𝐸𝑙
2
𝑚𝑘2
. )1497(
TWq ¤ q yC¥b  ⁄  yrm  d     y ¤V⁄r Wq  —  w¡ C dm 
¤AtA ¤¡ C dm  T‘ybV . )152('zrm  fitfl  ¤¡ 𝑒 ⁄ dbm 
𝑒 > 1 , 𝐸 > 0 : hyperbola
𝑒 = 1 , 𝐸 = 0 : parabola
𝑒 < 1 , 𝐸 < 0 : ellipse
𝑒 = 0 , 𝐸 =   𝑚𝑘
2
2𝑙2 : circle. )1498(
¤lRAft  A‘f  Wqm 
¤l › C ⁄ TAW  Hf ⁄ Tltk  Hf Ah ¤t  Amys   \tn A‘J rbt‘
Amys  CAs  A ¤AtA ⁄ T§Ahfi  ¤ d‘n ›wq     |rtf .›w zr
 rn§ CAsm   @¡ .yqts X w¡ ›wq  zr  ›dy‘  wk Am › C w 
¤l C⁄rm  d‘ ⁄ ›wq  zr  Amys  
rtq Am yqtsm   ⁄Cw  CAs
T§Ahfi  ¤ yqts X bO§    ¤  A•yK A•yJ CAsm  yqts§ ›wq  zr
y T§⁄ z  ¤¡ )153(  AOt  T§⁄ E .› C w  Amys  CAsm XbSA ¤W‘
.C⁄dO  Cw ⁄  ⁄Cw  Cw
⁄ ›wq  zr rb rm§ '@  Cwm  ¢  ¤l )154({yS  Cw r‘
y T§⁄ z  	 kt .›wq  zr  TAs 
rfl  CAsm  ¤l T\qn  rb
	§ {yS  Cw w rZAnt CAsm   fl .{yS  Cw ⁄  ⁄Cw  Cw
An§d  wk§   
 = 𝜋   2	 . )1499(
.
)155(TdO  XyF⁄ ¤ms ›wq  zr ⁄  ⁄Cw  Cw y 𝑏 T§ wm‘  TAsm 
 fl › C w  Amysl 𝑙 ¤r  z‘  |w‘§ XyFw   @¡
𝑙 = 𝑚𝑣0𝑏 = 𝑏
p
2𝑚𝐸. )1500(
eccentricity .)152(
scattering angle .)153(
periapsis.)154(
impact parameter .)155(
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wF 𝑑𝜎 rO  ¤ £Ant ¤As Wq mR › C w  Amys     R w  
.𝑑
 Tbl} T§⁄ E   )156(rtn

 r‘§ ⁄ )157(¤lRAft  A‘f  Wqm  ¤ms§ 	FAnt  A‘
𝐷(
) = 𝑑𝜎
𝑑

. )1501(
 C w  A‘K  ›”AR  ⁄  ›dJ 𝐼 ky .¤AtA w¡ 𝐷(
)  ¤¶A§zyf  ¤n‘m 
›d⁄ ¤ A‘Kl T§ wm‘  TAsm  ›d⁄ ¤ › C w  Amys   d ' 
¤AtA ¤¡ z  ›d⁄ ¤ 𝑑𝜎 TAsm  rb‘ ¤t  Amys   d .z 
'r  ›CAb‘ . 𝑑𝑁 = 𝐼𝑑𝜎 = 𝐼𝐷(
) 𝑑 

𝐷(
) = 1
𝐼
𝑑𝑁
𝑑 

. )1502(
¤ 𝑑
 TblO  T§⁄ z    ›rtnm  Amys   d w¡ 𝐼𝐷(
) 𝑑
    ¤n‘§  @¡
T§zrm  Awmk     .Abw  C dq  wk§    	§  @¡ .z  ›d⁄
⁄ 𝑑𝜎 = 2𝜋𝑏𝑑𝑏 	tk    km§  —  . ⁄Cw  Cw w A rZAn An§d
¤lRAft  A‘f  Wqm  ¤l O . 𝑑
 = 2 𝜋 sin  𝑑
𝐷() = 𝑏
sin  j
𝑑𝑏
𝑑 
j. )1503(
Tmyq  A@  ¤AtA ⁄ TbAF ¤¡ 𝑑𝑏/𝑑 TqtKm   A 𝑏 d§ zt§ Am PAnt   fl
 —  w¡ ¤lk  A‘f  Wqm  . 𝐷() TyA§  ¤l _Afl TqlWm 
𝜎 =
∫︁
𝐷() 𝑑 
 . )1504(
 CwC—C  AO
 ww ›w TA @ ›w zr TWF w Amys   AO ¤l Am
 —  .𝑞2 =   𝑍
′
𝑒 TnJ ⁄ 𝑞1 =   𝑍𝑒 Ttb TnJ y ›rAntm 
𝑘 =  
𝑞1𝑞2
4𝜋𝜖0
. )1505(
¤ 𝜃
′
= 𝜋 CAytA .𝑒 > 1 ¤AtA ⁄ Tbw  wk 𝐸 TAW   AOt  ¶As   
 Tmy r}  ¤W‘§ —  fl 𝜃 = 0   w bO§ {yS  Cw  A (1497)
bO§ C dm  .𝑟
1
𝑟
=
𝑚𝑞1𝑞2
4𝜋𝜖0𝑙2
(𝑒 cos𝜃   1). )1506(
bO§ 'zrm  fitfl  A‘
𝑒 =
√︃
1 +
(︂
8𝜋𝜖0𝐸𝑏
𝑞1𝑞2
)︂2
. )1507(
scatter .)156(
dierential cross section .)157(
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'r  ›CAb‘ . 𝑟  ! 1 Am𝜃 = 	 Aq§ › C w  Amys  £A 
cos 	 =
1
𝑒
. )1508(
AqmA ⁄ 
sin 2 =
1
𝑒
, cot

2 =
√︀
𝑒2   1 = 8𝜋𝜖0𝐸𝑏
𝑞1𝑞2
. )1509(
'r  ›CAb‘
𝑏 =
𝑞1𝑞2
8𝜋𝜖0𝐸
cot

2 . )1510(
 —  w¡ ¤lRAft  A‘f  Wqm 
𝐷(
) = 14
(︂
𝑞1𝑞2
8𝜋𝜖0𝐸
)︂2 1
sin4  2
. )1511(
'd  w ¤   C  @¡ .£Ant ry w¡ 𝜎 = ∫︀ 𝑑 
 𝐷(
) ¤lk  A‘f  Wqm 
.¢tn ry TysyAn⁄rhk  fiAft 
Tywmk   AOt  T§r\
rn§wJ -  Amby T A‘

 ›AW‘m  zA Tql‘tm  ry rn§ ⁄rJ T A‘ rbt‘
(𝐻0 + 𝑉 )j𝜓 >= 𝐸j𝜓 > . )1512(
'  Tyr  TAW  r¥ ¤¡ 𝐻0 TywtlyAh 
𝐻0 =
𝑝2
2𝑚. )1513(
 ¤ @  A‘K  j𝜑 > ky .›rmts AyV  ¤¡ 𝐻0 + 𝑉 ⁄ 𝐻0 AyV     |rtf
'  𝐸 Ty @  TAWA rm  𝐻0
𝐻0j𝜑 >= 𝐸j𝜑 > . )1514(
j𝜓 > ! j 𝜑 > y 𝐸 TAW  Tmy Hfn r (1512)  j𝜓 >   A§  w¡ dh 
T A‘ .TAW  Tmyq ryy '  q§ fl ¢fl  rm   AOt   w§  @¡ . 𝑉  ! 0 Am
kK  @ (1512) rn§ ⁄rJ
(𝐸   𝐻0)j𝜓 >= ( 𝐸   𝐻0)j𝜑 > + 𝑉 j𝜓 > . )1515(
¤hnm     —  An§d
j𝜓 >= j𝜑 > + 1
𝐸   𝐻0
𝑉 j𝜓 > . )1516(
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	r 𝐸 ‘ . Am§A Tf}⁄ ¤nbt    	§ ¤n‘ '—  ¤l O ¤t
¤l O .fiyl
|𝜓± >= |𝜑 > + 1
𝐸 −𝐻0 ± 𝑖𝜖𝑉 |𝜓
± > . )1517(
An§d Rwm  xAF  ¤ . )158(rn§wJ -  Amby T A‘ ¤¡ £@¡
< ?⃗?|𝜓± > = < ?⃗?|𝜑 > + < ?⃗?| 1
𝐸 −𝐻0 ± 𝑖𝜖𝑉 |𝜓
± >
= < ?⃗?|𝜑 > +
∫︁
𝑑3𝑥
′
< ?⃗?| 1
𝐸 −𝐻0 ± 𝑖𝜖 |?⃗?
′
>< ?⃗?
′ |𝑉 |𝜓± > .)1518(

 ›AW‘m  Akt   @¡ › w 
As 	§  — 
𝐺±(?⃗?, ?⃗?′ ) = ℎ
2
2𝑚 < ?⃗?|
1
𝐸 −𝐻0 ± 𝑖𝜖 |?⃗?
′
>
=
ℎ2
2𝑚
∫︁
𝑑3𝑝
′
∫︁
𝑑3𝑝
′′
< ?⃗?|𝑝′ >< 𝑝′ | 1
𝐸 −𝐻0 ± 𝑖𝜖 |𝑝
′′
>< 𝑝
′′ |?⃗?′ > .)1519(
¶Atn  m‘ts
< ?⃗?|𝑝′ >= 𝑒
i
h 𝑝
′
?⃗?
(2𝜋 ℎ) 32 , < 𝑝
′′ |?⃗?′ >= 𝑒
− i
h 𝑝
′′
?⃗?
′
(2𝜋 ℎ) 32 . )1520(
< 𝑝
′ | 1
𝐸 −𝐻0 ± 𝑖𝜖 |𝑝
′′
>=
𝛿3(𝑝′ − 𝑝′′ )
𝐸 − 𝑝′22𝑚 ± 𝑖𝜖
. )1521(
) ?⃗? = ?⃗?− ?⃗?′ ⁄ 𝑝′ =  ℎ?⃗? ,𝐸 =  ℎ2𝑘2/(2𝑚)  (  — 
𝐺±(?⃗?, ?⃗?′ ) = ℎ
2
2𝑚
∫︁
𝑑3𝑝
′
(2𝜋 ℎ)3
𝑒
i
h 𝑝
′ ( ?⃗?−?⃗?′ )
𝐸 − 𝑝′22𝑚 ± 𝑖𝜖
=
∫︁
𝑑3?⃗?
(2𝜋)3
𝑒𝑖𝑞?⃗?
𝑘2 − 𝑞2 ± 𝑖𝜖 . )1522(
¤W‘ bnm )159(ztwml¡ T A‘ § 𝐺±(?⃗?, ?⃗?′ )    R w   T A‘m  £@¡ 
' 
)160(At T d
(∇⃗2 + 𝑘2)𝐺±(?⃗?, ?⃗?′ ) = 𝛿3(?⃗?− ?⃗?′ ). )1523(
Hyq T d  £@¡ .ztwml¡ T A‘ T}A )161( §r T  ¤¡ 𝐺±(?⃗?, ?⃗?′ ) T d 
.At T d ¤W‘m  bnm   
⁄At 
Lippmann   Schwinger equation .)158(
Helmoltz equation .)159(
delta function .)160(
Green0s function .)161(
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¤l O  —  . ?⃗? A‘K  › —Am 𝑧 Cwm  CAt    km§ .A ?⃗? A‘K 
𝐺±(?⃗?, ?⃗?′ ) =
∫︁
𝑞2 sin𝜃𝑑𝑞𝑑𝜃𝑑𝜑
(2𝜋)3
𝑒𝑖𝑞𝑅 cos 𝜃
𝑘2 − 𝑞2 ± 𝑖𝜖
=
𝑖
8𝜋2𝑅
∫︁ ∞
−∞
[︂
𝑞𝑒−𝑖𝑞𝑅𝑑𝑞
𝑘2 − 𝑞2 ± 𝑖𝜖 −
𝑞𝑒𝑖𝑞𝑅𝑑𝑞
𝑘2 − 𝑞2 ± 𝑖𝜖
]︂
=
𝑖
8𝜋2𝑅 (−𝐼2 + 𝐼1). )1524(
𝐼1 =
∫︁ ∞
−∞
𝑞𝑒𝑖𝑞𝑅𝑑𝑞
−𝑘2 + 𝑞2 ∓ 𝑖𝜖 . )1525(
𝐼2 =
∫︁ ∞
−∞
𝑞𝑒−𝑖𝑞𝑅𝑑𝑞
−𝑘2 + 𝑞2 ∓ 𝑖𝜖 . )1526(
𝑞± = ±(𝑘+ 𝑖𝜖′ ) dn ybWq  q§ 𝐺+    . 𝑞2± = 𝑘2±𝑖𝜖 “rKA ybWq  ¤W‘§
.𝑞± = ±(𝑘 − 𝑖𝜖′ ) dn ybWq  q§ 𝐺−    Amny
›AW‘m )162(TylAkt  ¤Jw Ty} Am‘tFA ylAkt  §@¡ 	s wF
T A‘mA∮︁
𝑓 (𝑧)𝑑𝑧
𝑧 − 𝑧0 = 2𝜋𝑖𝑓 (𝑧0). )1527(
¤Ffl  A‘m  .Akt  Tmy ryy  ⁄d )163(Akt  Xy l    At  — 
 — ›r¶  O ¤l 𝑞 A  —  rfO   
rtq§ 𝐼1 ¤ rh\§ '@  𝑒𝑖𝑞𝑅
Xy l  —  .	rm  'wtsm   ¤lfl  On  ¤ ¢tn ry rW O
'wtsm   ¤lfl  On  ¤ T§Ahfi  ¤ ›r¶  O TARA 𝐼1 T}A Akt 
Akt  Xy   q§ '@  w¡ (𝑘 + 𝑖𝜖′) 	Wq   A 𝐺+    .	rm 
 —  .Akt  Xy   q§ '@  w¡ −(𝑘 − 𝑖𝜖′ ) 	Wq   A 𝐺−    Amny
¤l ) 𝑧0 = ±(𝑘 ± 𝑖𝜖′ ) ⁄ 𝑓 (𝑧) = 𝑧𝑒𝑖𝑧𝑅/(𝑧 + 𝑧0) ( O
𝐼1 = 2𝜋𝑖𝑓 (𝑧0) = 2 𝜋𝑖( 12𝑒
𝑖𝑧0𝑅) = 𝜋𝑖𝑒±𝑖𝑘𝑅. )1528(
On  ¤ T§Ahfi  ¤ ›r¶  O TARA 𝐼2 T}A Akt  Xy l mA
q§ '@  w¡ −(𝑘 + 𝑖𝜖′) 	Wq   A 𝐺+    .	rm  'wtsm   fFfl 
  q§ '@  w¡ (𝑘 − 𝑖𝜖′ ) 	Wq   A 𝐺−    Amny Akt  Xy   
) 𝑧0 = ∓(𝑘 ± 𝑖𝜖′ ) ⁄ 𝑓 (𝑧) = 𝑧𝑒−𝑖𝑧𝑅/(𝑧 + 𝑧0) ( ¤l O  —  .Akt  Xy
𝐼2 = −2𝜋𝑖𝑓 (𝑧0) = −2𝜋𝑖( 12𝑒
−𝑖𝑧0𝑅) = −𝜋𝑖𝑒±𝑖𝑘𝑅. )1529(
T  ¤l  ry  O .TAs  
CAq £A  ¤ An¡A   n PAn  ›CAJ 
§r
𝐺±(?⃗?, ?⃗?′ ) = − 14𝜋
𝑒±𝑖𝑘𝑅
𝑅
. )1530(
Cauchy 0sintegral formula .)162(
contour of integration .)163(
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 ›AW‘ Rwm  xAF  ¤ rn§wJ -  Amby T A‘ bO
< ?⃗?|𝜓± > = < ?⃗?|𝜑 > −2𝑚
ℎ2
1
4𝜋
∫︁
𝑑3𝑥
′ 𝑒±𝑖𝑘|?⃗?−?⃗?
′ |
|?⃗?− ?⃗?′ | < ?⃗?
′ |𝑉 |𝜓± > .)1531(
¤AtA ⁄ < ?⃗?′ |𝑉 |𝜓± >= 𝑉 (?⃗?′ ) < ?⃗?′ |𝜓± > An§d)164(Ty‘Rwm  Awmk    
< ?⃗?|𝜓± > = < ?⃗?|𝜑 > − 𝑚
2𝜋 ℎ2
∫︁
𝑑3𝑥
′ 𝑒±𝑖𝑘|?⃗?−?⃗?
′ |
|?⃗?− ?⃗?′ | 𝑉 (?⃗?
′ ) < ?⃗?′ |𝜓± > .)1532(
'd ⁄—  wm    . )165(JAk  S §  𝑃 T\fim  TWq r‘§ ?⃗? A‘K 
Akt  ¤ Td‘n ry TCAK ¤W‘§ ”ASf   Xq ry} ”z  A ¢tn
'd CA ›dy‘ Awm  wk 𝑃 T\fim  TWq  AOt  ¶As ¤ . ?⃗?′ ¤l
 wk§    	§  —  . AOt  zr  
rqA JAk  R⁄ Annkm§ fl ¢fl  wmk 
?⃗? y T§⁄ z  ¤¡ 𝛼 ⁄ 𝑟 = ?⃗?/|?⃗?| ,|?⃗?′ | = 𝑟′ ,|?⃗?| = 𝑟 ( ¤AtA . |?⃗?| >> |?⃗?′ | An§d
)?⃗?′ ⁄
|?⃗?− ?⃗?′ | =
√︀
𝑟2 + 𝑟′2 − 2𝑟𝑟′ cos𝛼
= 𝑟
√︂
1 + 𝑟
′2
𝑟2
− 2?⃗?
′𝑟
𝑟
= 𝑟 − ?⃗?′𝑟 + 𝑂( 1
𝑟
). )1533(
 — 
𝑒±𝑖𝑘|?⃗?−?⃗?
′ |
|?⃗?− ?⃗?′ | ≃
𝑒±𝑖𝑘𝑟𝑒∓𝑖?⃗?
′
?⃗?
′
𝑟
, ?⃗?
′
= 𝑘𝑟. )1534(
T\fim  TWq ¤  O ¤t  ›rtnm  Amys  Tr Tym w¡ ℎ?⃗?′ A‘K 
w¡  rm  TA  A‘J ⁄ 𝑝𝑖 =  ℎ?⃗? ¤¡ › C w  Amys  Tr Tym . 𝑃
An§d  wk§     —  	§ . |𝜑 >= |⃗𝑘 >
< ?⃗?|𝜑 >=< ?⃗?|⃗𝑘 >= 𝑒
𝑖?⃗??⃗?
(2𝜋) 32 . )1535(
bO rn§wJ -  Amby T A‘ 𝑟 ›rybk  AAsm      — 
< ?⃗?|𝜓± >= 1(2𝜋) 32
[︂
𝑒𝑖?⃗??⃗? +
𝑒±𝑖𝑘𝑟
𝑟
𝑓 (?⃗?′ , ?⃗?)
]︂
. )1536(
𝑓 (?⃗?′ , ?⃗?) = −𝑚
ℎ2
√
2𝜋
∫︁
𝑑3𝑥
′
𝑒∓𝑖?⃗?
′
?⃗?
′
𝑉 (?⃗?′ ) < ?⃗?′ |𝜓± > . )1537(
wmm ¤W‘§ ryb 𝑟    )	As ( 	wm  l ¤¶ASf  l‘t   — 
Ahy 	bst§ ¤t  )› C w ( ›C AO  T§⁄rk  Twm  ⁄ › C w  T§wtsm  Twm 
local potentials .)164(
detector .)165(
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. w  ¤ qm  w¡ 	wm     A  AOt  
CA 	l  ¤ . AOt  zr
.	wm    Xq rbt‘nF An ¤qb A ¤
¤ £Ant ¤As Wq ys rb‘§    Amt  . C w  A‘K  TrF 𝑣0 kt

 ¤W‘§ 𝑑𝑡 E fi  C w  A‘K  £Afl ' wm 𝑑𝜎 rO 
𝑑𝑃incident = j𝐴j2(𝑣0𝑑𝑡𝑑𝜎). )1538(
  ys  rtn§    ¤ 𝑑𝑃scattered Amtfi ⁄As  wk§    	§ Amtfl   @¡
rb‘§    Amt  w¡ 𝑑𝑃scattered 'r  ›CAb‘ . 𝑑𝑡 z  fi 𝑑 
 TblO  T§⁄ z 
'  𝑑𝑡 E fi 𝑟2𝑑
 Ws  ys 
𝑑𝑃scattered =
j𝐴j2j𝑓 j2
𝑟2
(𝑣0𝑑𝑡 𝑟2𝑑
) . )1539(

 ¤W‘§ ¤lRAft  A‘f  Wqm   — 
𝐷(
) = 𝑑𝜎
𝑑 

= j𝑓 (?⃗?′ , ?⃗?)j2. )1540(
 £Afl  ¤  AOt  Amt  T‘F w¡  AOt  T‘F ¤ms§ '@  𝑓 (?⃗?′ , ?⃗?) A‘m 
.⃗𝑘
′ ⁄ ?⃗? y T§⁄ z  w¡ '@ 
 Cw 	§rq
kK  ¤l  AOt  T‘F  @ ⁄ rn§wJ -  Amby T A‘ TAt dy‘
< ?⃗?j𝜓+ >= 1(2𝜋) 32
[︂
𝑒𝑖?⃗??⃗? +
𝑒+ 𝑖𝑘𝑟
𝑟
𝑓 (𝑘𝑟, ?⃗?)
]︂
. )1541(
𝑓 (𝑘𝑟, ?⃗?) =   𝑚
ℎ2
p
2𝜋
∫︁
𝑑3𝑥
′
𝑒−𝑖𝑘?^??⃗?
′
𝑉 (?⃗?′ ) < ?⃗?′ j𝜓+ > . )1542(
kK  Amtfl  T‘F @ rn§wJ -  Amby T A‘ Am‘tFA
𝑓 (𝑘𝑟, ?⃗?) =   𝑚
ℎ2
p
2𝜋
∫︁
𝑑3𝑥
′
𝑒−𝑖𝑘?^??⃗?
′
𝑉 (?⃗?′ ) 1(2𝜋) 32
(︂
𝑒𝑖?⃗??⃗?
′
+
𝑒+ 𝑖𝑘𝑟
′
𝑟′
𝑓 (𝑘𝑟′ , ?⃗?)
)︂
.)1543(
'  yFwq  y ⁄fl  d   Plt  ¤ )166(⁄fl   Cw 	§rq Plt§
𝑓 (1) (𝑘𝑟, ?⃗?) =   𝑚
ℎ2
p
2𝜋
∫︁
𝑑3𝑥
′
𝑒−𝑖𝑘?^??⃗?
′
𝑉 (?⃗?′ ) 1(2𝜋) 32 𝑒
𝑖?⃗??⃗?
′
=  
𝑚
2𝜋 ℎ2
∫︁
𝑑3𝑥
′
𝑒𝑖( ?⃗?−𝑘?^?) ?⃗?
′
𝑉 (?⃗?′ ). )1544(
¤¡ Tylm‘  fi Twm  Tr  Tym .Aft   wmk ¢y§Cw §w w¡  @¡
	s   AOt  T§⁄ E Tfld . ?⃗? = ?⃗?   𝑘𝑟 y ℎ?⃗?
𝑞 = 2𝑘 sin 2 . )1545(
rst Born approximation .)166(
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 —  .⃗𝑞 £A  ¤ 𝑧 Cwm  CAt
𝑓 (1) (𝑘𝑟, ?⃗?) =   𝑚
2𝜋 ℎ2
∫︁
𝑟
′2 sin𝜃𝑑𝑟′𝑑𝜃𝑑𝜑𝑒𝑖𝑞𝑟
′
cos 𝜃𝑉 (?⃗?′ ). )1546(
An§d𝑉 (?⃗?′ ) = 𝑉 (𝑟′ ) A§⁄r rZAnt  wm   
𝑓 (1) (𝑘𝑟, ?⃗?) = 𝑚
ℎ2
∫︁
𝑟
′2𝑑𝑟
′
𝑑 cos𝜃𝑒𝑖𝑞𝑟
′
cos 𝜃𝑉 (𝑟′ )
=  
2𝑚
𝑞 ℎ2
∫︁
𝑟 sin𝑞𝑟𝑉 (𝑟)𝑑𝑟. )1547(
-  Amby T A‘ ¤   w‘ Ayl‘  Tbr    Cw AyO T‘ybV hf ¤t
⁄ 𝜑(?⃗?) = < ?⃗?j𝜑 > ,𝜓+ (?⃗?) = < ?⃗?j𝜓+ > zyrt  d . (1532) kK  ¤ rn§wJ
𝐺(?⃗?   ?⃗?′ ) =   𝑚
2𝜋 ℎ2
𝑒+ 𝑖𝑘|?⃗?−?⃗?
′ |
j?⃗?   ?⃗?′ j . )1548(
bO rn§wJ -  Amby T A‘
𝜓+ (?⃗?) = 𝜑(?⃗?) +
∫︁
𝐺(?⃗?   ?⃗?1)𝑉 (?⃗?1)𝜓+ (?⃗?1)𝑑3𝑥1. )1549(
Tlsls  ¤l ›rJAb O
𝜓+ = 𝜑(?⃗?) +
∫︁
𝐺(?⃗?   ?⃗?1)𝑉 (?⃗?1)𝜑(?⃗?1)𝑑3𝑥1
+
∫︁
𝐺(?⃗?   ?⃗?1)𝑉 (?⃗?1)𝐺(?⃗?1   ?⃗?2)𝑉 (?⃗?2)𝜑(?⃗?2)𝑑3𝑥1𝑑3𝑥2
+
∫︁
𝐺(?⃗?   ?⃗?1)𝑉 (?⃗?1)𝐺(?⃗?1   ?⃗?2)𝑉 (?⃗?2)𝐺(?⃗?2   ?⃗?3)𝑉 (?⃗?3)𝜑(?⃗?3)𝑑3𝑥1𝑑3𝑥2𝑑3𝑥3 + ...
)1550(
Aft 𝜑 › C w  Twm  T  𝑛 C d  ¤ . )167( Cw TlslF FA r‘§  @¡
rb‘ . 𝐺 §r T  rb T§Ahfi  ¤  A¡CAKt  } w    b  wmk   ›r 𝑛
ylAf  y ⁄  wmk  ¤  '⁄As§ )168(›dq A‘ Tfld Af  ¤l
§r T   —  r‘ . 𝐺 §r T  §rV  Twm  T  rKtn yyAtt
⁄ 𝑉 dq fiA‘  ›CAb ¢  ¤l  Cw rK h km§  —  . )169(rKtnmA
 Am§A AWW FA r‘ AWW kKt Ahny Amy Tw}w 𝐺  rKtn
.
)170(
Aqtfl  r¥
¤¡  AOt  T‘F
𝑓 (𝑘𝑟, ?⃗?) =   𝑚
ℎ2
p
2𝜋
∫︁
𝑑3𝑥
′
𝑒−𝑖𝑘?^??⃗?
′
𝑉 (?⃗?′ ) < ?⃗?′ j𝜓+ >
=  
𝑚
ℎ2
(2𝜋)2 < 𝑘𝑟j𝑉 j𝜓+ > . )1551(
Born series.)167(
vertex factor .)168(
propagator .)169(
Feynman diagrams .)170(
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 𝑇 Aqtfl  r¥ r‘
𝑉 j𝜓+ >= 𝑇 j𝜑 > , j𝜑 >= j?⃗? > . )1552(
 — 
𝑓 (𝑘𝑟, ?⃗?) =   𝑚
ℎ2
p
2𝜋
∫︁
𝑑3𝑥
′
𝑒−𝑖𝑘?^??⃗?
′
𝑉 (?⃗?′ ) < ?⃗?′ j𝜓+ >
=  
𝑚
ℎ2
(2𝜋)2 < 𝑘𝑟j𝑇 j?⃗? > . )1553(
¤l O 𝑉 
 rn§wJ -  Amby T A‘ 
rS
𝑉 j𝜓+ > = 𝑉 j𝜑 > + 𝑉 1
𝐸   𝐻0 + 𝑖𝜖
𝑉 j𝜓+ > . )1554(
'r  ›CAb‘
𝑇 j𝜑 > = 𝑉 j𝜑 > + 𝑉 1
𝐸   𝐻0 + 𝑖𝜖
𝑇 j𝜑 > . )1555(
¤l O Tlmtk ¤¡ j𝜑 >= j?⃗? > Tr  Tym r¥m Ty @  T‘Jfl   fl
𝑇 = 𝑉 + 𝑉
1
𝐸   𝐻0 + 𝑖𝜖
𝑇
= 𝑉 + 𝑉
1
𝐸   𝐻0 + 𝑖𝜖
𝑉 + 𝑉
1
𝐸   𝐻0 + 𝑖𝜖
𝑉
1
𝐸   𝐻0 + 𝑖𝜖
𝑉 + ...)1556(
T§CwW  AAsfl  Tq§rV
V = 0 TqWnm  ¤ rn§ ⁄rJ T A‘
 ⁄d  .¢tn 'd '— 𝑉 (𝑟) 'zr  wm ¤ rn§ ⁄rJ T A‘ rbt‘
kK  @ Tywm 
𝜓(𝑟, 𝜃, 𝜑) = 𝑅(𝑟)𝑌 𝑚𝑙 (𝜃, 𝜑). )1557(

 ¤W‘ 𝑢 = 𝑟𝑅  TbsnA T§rWq  T A‘m 
 
ℎ2
2𝑚
𝑑2𝑢
𝑑𝑟2
+
[︂
𝑉 (𝑟) + ℎ
2
2𝑚
𝑙(𝑙 + 1)
𝑟2
]︂
𝑢 = 𝐸𝑢. )1558(
⁄ 'zrm   wmk  mh    km§ ,A‘Jfl  TqWnm ¤ms§ Amy ,ryb 𝑟   
¤l On T§zrm  › CAW  ›wq   wm
𝑑2𝑢
𝑑𝑟2
=   𝑘2𝑢 , 𝑘2 =
2𝑚𝐸
ℎ2
. )1559(
 — 
𝑢 = 𝐴𝑒𝑖𝑘𝑟 + 𝐵𝑒−𝑖𝑘𝑟. )1560(
262
¤l O  —  . 𝐵 = 0 An§d  wk§    	§ ›rtn Tw   
𝑅 = 𝐴
𝑒𝑖𝑘𝑟
𝑟
. )1561(
¤l On 'zrm   wmk  mh    km§ ¤WFw  TqWnm  ¤
𝑑2𝑢
𝑑𝑟2
− 𝑙(𝑙 + 1)
𝑟2
= −𝑘2𝑢. )1562(
'  T§⁄rk  )171(As  ⁄d ¤W 	yr w¡ A‘   
𝑅 = 𝐴𝑗𝑙(𝑘𝑟) + 𝐵𝑛𝑙(𝑘𝑟). )1563(
Tr‘  ⁄d  £@¡ .	 Tylm   ⁄dl ym‘ ¤¡ 𝑙 Tbr   T§⁄rk  As  ⁄ 


𝑗𝑙(𝑥) = ( −𝑥)𝑙( 1
𝑥
𝑑
𝑑𝑥
)𝑙 sin𝑥
𝑥
−→ 2
𝑙𝑙!
(2𝑙 + 1)! 𝑥
𝑙 , 𝑥 −→ 0. )1564(
 ⁄d  £@¡ .	 Tylm   ⁄dl ym‘ ¤¡ 𝑙 Tbr   )172(T§⁄rk  wy  ⁄ 

 Tr‘ ¤¡ ⁄ ¤A  wn   As  ⁄ ¤ms  AS§  r‘
𝑛𝑙(𝑥) = −(−𝑥)𝑙( 1
𝑥
𝑑
𝑑𝑥
)𝑙 cos𝑥
𝑥
−→ − (2𝑙)!2𝑙𝑙!
1
𝑥𝑙+1
, 𝑥 −→ 0. )1565(
T§⁄rk  kn¡  ⁄ . )173(kn¡  ⁄ ¤ms§ Am ¤W‘§ 𝑒±𝑖𝑥 TyFfl   ⁄d  ym‘

 r‘
ℎ
(1)
𝑙 (𝑥) = 𝑗𝑙(𝑥) + 𝑖𝑛𝑙(𝑥) −→
(−𝑖)𝑙+1
𝑥
𝑒𝑖𝑥 , 𝑥 −→∞. )1566(
ℎ
(2)
𝑙 (𝑥) = 𝑗𝑙(𝑥) − 𝑖𝑛𝑙(𝑥) −→
(𝑖)𝑙+1
𝑥
𝑒−𝑖𝑥 , 𝑥 −→∞. )1567(
'  T§⁄rk  kn¡  ⁄d ¤W 	yr kJ ¤l 	tk§     —  km§ 𝑅 A‘   
𝑅 = 𝐶ℎ
(1)
𝑙 (𝑘𝑟) + 𝐷ℎ(2)𝑙 (𝑘𝑟). )1568(
T§⁄rk  Twm   w§ ℎ(1)𝑙    'r ryb 𝑟    £Ad⁄ '@  rOt  
 wk§    	§ 'r  ›CAb‘ .Tl d  T§⁄rk  Twm   w§ ℎ(2)𝑙 Amny TCA 
¤l O . 𝐷 = 0 An§d
𝑅 = 𝐶ℎ
(1)
𝑙 (𝑘𝑟). )1569(
kK   ¤¡ 𝑉 = 0 §   AOt  TqWn CA Twm  T  
𝜓(𝑟, 𝜃, 𝜑) = 𝐴
[︂
𝑒𝑖𝑘𝑧 +
∑︁
𝑙,𝑚
𝐶𝑙𝑚ℎ
(1)
𝑙 (𝑘𝑟)𝑌 𝑚𝑙 (𝜃, 𝜑)
]︂
. )1570(
spherical Bessel functions .)171(
spherical Neumann functions .)172(
Hankel functions .)173(
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rZAnt  wm w¡ 'zrm   wmk  . C w  A‘K  £A  ¤ 𝑧 Cwm  CAt
Xq 'r  ›CAb‘ . 𝜑 
 l‘t    km§ fl Twm  T   A ¤AtA ⁄ A§⁄r
r@ .CAK 𝑚 = 0  ⁄d 
𝑌 0𝑙 (𝜃, 𝜑) =
√︂
2𝑙 + 1
4𝜋 𝑃𝑙(cos𝜃). )1571(
.𝐶𝑙0 = 𝑖
𝑙+1 𝑘
√︀
4𝜋(2𝑙 + 1) 𝑎𝑙 T A‘mA 𝑙 Tbr   𝑎𝑙 Ty¶z  Twm  T‘F d
¤l O
𝜓(𝑟, 𝜃) = 𝐴
[︂
𝑒𝑖𝑘𝑧 + 𝑘
∑︁
𝑙
𝑖𝑙+1 (2𝑙 + 1) 𝑎𝑙ℎ(1)𝑙 (𝑘𝑟)𝑃𝑙(cos𝜃)
]︂
. )1572(
¤l O ryb 𝑟   
𝜓(𝑟, 𝜃) −→ 𝐴
[︂
𝑒𝑖𝑘𝑧 + 𝑓 (𝜃) 𝑒
𝑖𝑘𝑟
𝑟
]︂
, 𝑟 −→∞. )1573(

 Ty¶z   wfl  A‘F Tfld ¤W‘  AOt  T‘F
𝑓 (𝜃) =
∑︁
𝑙
(2𝑙 + 1) 𝑎𝑙𝑃𝑙(cos𝜃). )1574(
TqWn ¤ rn§ ⁄rJ T A‘  §rV  Ty¶z   wfl  A‘F y‘    ¤qb§
.𝑉 ̸= 0 §  rAnt  ⁄   AOt 
T A‘  𝑒𝑖𝑘𝑧 › C w  Twm   fl ¢  R w   £fi  MAqn  
⁄ T§⁄rk  As  ⁄ Tfld AhtAt km§ AhA 𝑉 = 0    rn§ ⁄rJ
kK  @§ rKn  .T§⁄rk  Ayq wt 
𝑒𝑖𝑘𝑧 =
∑︁
𝑙𝑚
(︂
𝐴𝑙𝑚𝑗𝑙(𝑘𝑟) + 𝐵𝑙𝑚𝑛𝑙(𝑘𝑟)
)︂
𝑌 𝑚𝑙 (𝜃, 𝜑). )1575(
TARflA .𝐵𝑙𝑚 = 0 An§d  wk§    	§ ¤AtA ⁄ dbm  dn rfn  Awy  ⁄ 
¤l O  —  .CAK 𝑚 = 0  ⁄d  Xq 𝑧 = 𝑟 cos𝜃  fl  @¡ ¤ 
𝑒𝑖𝑘𝑧 =
∑︁
𝑙
𝑖𝑙𝐶𝑙(2𝑙 + 1) 𝑗𝑙(𝑘𝑟)𝑃𝑙(cos𝜃). )1576(

 ¤W‘§ As  ⁄d ¤lAkt  ryb‘t 
𝑗𝑙(𝑞) = 12𝑖𝑙
∫︁ +1
−1
𝑒𝑖𝑞𝑥𝑃𝑙(𝑥)𝑑𝑥. )1577(
¤AtA ⁄ 𝐶𝑙 = 1    ybn Tfi‘  £@¡ Am‘tF  km§
𝑒𝑖𝑘𝑧 =
∑︁
𝑙
𝑖𝑙(2𝑙 + 1) 𝑗𝑙(𝑘𝑟)𝑃𝑙(cos𝜃). )1578(
.
)174(¤l§ C Tfi FA r‘ Tfi‘  £@¡
Rayleigh 0s formula .)174(
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T§⁄rk  ⁄ T§wtsm   wfl 
T§wtsm   wfl  TA T‘J  ¤¡ 𝐻0 r  ys  TywtlyAh Ty @  T‘Jfl 
HAt  ⁄ dA‘t  Tfi q ¤t  j?⃗? >
< ?⃗?
′ j?⃗? >= 𝛿3(?⃗?   ?⃗?′ ). )1579(
 Ty @  T‘Jfl   —  . 𝐿3 ⁄ 𝐿2 ¤r  z‘   r¥   Abt 𝐻0 TywtlyAh 

 Ah zr ¤t  𝐿3 ⁄ 𝐿2, 𝐻0  TrtKm  Ty @  T‘Jfl  A¡@  AS§  km§ 𝐻0
⁄ dA‘t  Tfi q ¤t  T§⁄rk   wfl  TA T‘J  XbSA ¤¡ £@¡ . j𝐸𝑙𝑚 >
HAt 
< 𝐸
′
𝑙
′
𝑚
′ j𝐸𝑙𝑚 >= 𝛿𝑙𝑙′ 𝛿𝑚𝑚′ 𝛿(𝐸   𝐸
′ ). )1580(
¤¡ < ?⃗?j𝐸𝑙𝑚 > Tr  Tym ”AS ¤ T§⁄rk  Tywm   ⁄d     R w  
	tk . 𝛿(𝐸   ℎ2𝑘22𝑚 )  TbFAnt
< ?⃗?j𝐸𝑙𝑚 >= ℎp
𝑚𝑘
𝛿(𝐸   ℎ
2𝑘2
2𝑚 )𝑋
𝑚
𝑙 (𝑘, ?^?). )1581(
	s∫︁
𝑑3?⃗? < 𝐸
′
𝑙
′
𝑚
′ j?⃗? >< ?⃗?j𝐸𝑙𝑚 >= 𝛿(𝐸   𝐸′ )
∫︁
𝑑
 𝑋𝑚
′
𝑙′ (𝑘, ?^?)(𝑋𝑚𝑙 (𝑘, ?^?))*.)1582(
y w¡ 𝑘 ⁄ ?^? ›dw  A‘K Tq wm  TblO  T§⁄ z  ¤¡ 𝑑 
 £fi  T A‘m  ¤
An§d  wk§    	§ . 𝑘 =
√︁
2𝑚𝐸/ℎ2∫︁
𝑑 
 𝑋𝑚
′
𝑙′ (𝑘, ?^?)(𝑋𝑚𝑙 (𝑘, ?^?))* = 𝛿𝑙′ 𝑙𝛿𝑚′𝑚. )1583(
'  T§⁄rk  Ayq wtA ›rJAb   ¤W‘§
𝑋𝑚𝑙 (𝑘, ?^?) = 𝑋𝑚𝑙 (?^?) = 𝑌 𝑚𝑙 (?^?). )1584(
T§⁄rk   wfl  TA T‘J  Tfld j?⃗? > T§wtsm   wfl  TA T‘J rK km§
¤flA j𝐸𝑙𝑚 >
j?⃗? > =
∑︁
𝑙
∑︁
𝑚
∫︁
𝑑𝐸j𝐸𝑙𝑚 >< 𝐸𝑙𝑚j?⃗? >
=
ℎp
𝑚𝑘
∑︁
𝑙
∑︁
𝑚
j𝐸𝑙𝑚 > (𝑌 𝑚𝑙 (?^?))* , 𝐸 = ℎ
2𝑘2
2𝑚 . )1585(
	s     fl  At
< ?⃗?j?⃗? > = ℎp
𝑚𝑘
∑︁
𝑙
∑︁
𝑚
< ?⃗?j𝐸𝑙𝑚 > (𝑌 𝑚𝑙 (?^?))* , 𝐸 = ℎ
2𝑘2
2𝑚 . )1586(
TqAs  ›rqf   . < ?⃗?j𝐸𝑙𝑚 > ¤¡ Rwm  ”AS ¤ T§⁄rk  Tywm   ⁄d 

 ¤W‘ T§⁄rk   wfl     r‘
< ?⃗?j𝐸𝑙𝑚 >= 𝑐𝑙𝑗𝑙(𝑘𝑟)𝑌 𝑚𝑙 (?^?). )1587(
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 — 
𝑒𝑖?⃗??⃗?
(2𝜋) 32 =
ℎp
𝑚𝑘
∑︁
𝑙
∑︁
𝑚
𝑐𝑙𝑗𝑙(𝑘𝑟)𝑌 𝑚𝑙 (?^?)(𝑌 𝑚𝑙 (?^?))*
=
ℎp
𝑚𝑘
1
4𝜋
∑︁
𝑙
(2𝑙 + 1) 𝑐𝑙𝑗𝑙(𝑘𝑟)𝑃𝑙(?^?𝑟). )1588(
Tytn  £fi  Anlm‘tF ∑︁
𝑚
𝑌 𝑚𝑙 (?^?)(𝑌 𝑚𝑙 (?^?))* = 2𝑙 + 14𝜋 𝑃𝑙(?^?𝑟). )1589(
 — 
𝑒𝑖?⃗??⃗? =
ℎp
𝑚𝑘
∑︁
𝑙
∑︁
𝑚
𝑐𝑙𝑗𝑙(𝑘𝑟)𝑌 𝑚𝑙 (?^?)(𝑌 𝑚𝑙 (?^?))*
=  ℎ
√︂
𝜋
2𝑚𝑘
∑︁
𝑙
(2𝑙 + 1) 𝑐𝑙𝑗𝑙(𝑘𝑟)𝑃𝑙(?^?𝑟). )1590(
¤l O (1578)  Tfi‘  £@¡ TCAqm
𝑐𝑙 =
𝑖𝑙
ℎ
√︂
2𝑚𝑘
𝜋
. )1591(

 ¤W‘ Tr  Tym ”AS ⁄ Rwm  ”AS ¤ T§⁄rk   wfl  T}fi  ¤
< ?⃗?j𝐸𝑙𝑚 >= ℎp
𝑚𝑘
𝛿(𝐸   ℎ
2𝑘2
2𝑚 )𝑌
𝑚
𝑙 (?^?). )1592(
< ?⃗?j𝐸𝑙𝑚 >= 𝑖
𝑙
ℎ
√︂
2𝑚𝑘
𝜋
𝑗𝑙(𝑘𝑟)𝑌 𝑚𝑙 (?^?). )1593(
Ty¶z  AAsfl  ⁄ Ty¶z   wfl  A‘F

 ¤W‘ ¤t  Aqtfl  r¥ Tfld  AOt  T‘F  lWn
𝑓 (𝑘𝑟, ?⃗?) =   𝑚
ℎ2
(2𝜋)2 < 𝑘𝑟j𝑇 j?⃗? >
=  
4𝜋2
𝑘
∑︁
𝑚𝑙
∑︁
𝑚′ 𝑙′
𝑌 𝑚
′
𝑙′ (?^?)(𝑌 𝑚𝑙 (?^?))* < 𝐸𝑙
′
𝑚
′ j𝑇 j𝐸𝑙𝑚 > , 𝐸 = ℎ
2𝑘2
2𝑚 .
)1594(
r¥ w¡ 𝑇  —  .A C⁄d  ry  rZAnt  	bs 𝐿3 ⁄ 𝐿2   Abt§ 𝑇 r¥m 
An§d)175(CAk§  - rny Tn¡rb Am‘tFA ¢n ⁄ ¤mlF
< 𝐸𝑙
′
𝑚
′ j𝑇 j𝐸𝑙𝑚 >= 𝑇𝑙(𝐸)𝛿𝑙𝑙′ 𝛿𝑚𝑚′ . )1595(
Wigner   Eckart theorem .)175(
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¤AtA
𝑓 (𝑘𝑟, ?⃗?) = −4𝜋
2
𝑘
∑︁
𝑚𝑙
𝑌 𝑚𝑙 (?^?)(𝑌 𝑚𝑙 (?^?))*𝑇𝑙(𝐸)
= −𝜋
𝑘
∑︁
𝑙
(2𝑙 + 1) 𝑇𝑙(𝐸)𝑃𝑙(?^?𝑟)
=
∑︁
𝑙
(2𝑙 + 1) 𝑎𝑙𝑃𝑙(?^?𝑟). )1596(

 Tr‘ ¤¡ ⁄ 𝑎𝑙 
 ¤W‘ 𝑙 Tbr   Ty¶z  Twm  T‘F
𝑎𝑙 = −𝜋
𝑘
𝑇𝑙(𝐸). )1597(
kK  ¤l £fi  T A‘m  	tk
𝑓 (𝑘𝑟, ?⃗?) =
∑︁
𝑙
(2𝑙 + 1) 𝑎𝑙𝑃𝑙(cos𝜃). )1598(

 ¤W‘ ¤t  ryb 𝑟    rn§wJ -  Amby T A‘ ¤   fl  r
< ?⃗?|𝜓+ >= 1(2𝜋) 32
[︂
𝑒𝑖?⃗??⃗? +
𝑒+ 𝑖𝑘𝑟
𝑟
𝑓 (𝑘𝑟, ?⃗?)
]︂
. )1599(
   Ad⁄ dq
𝑒𝑖?⃗??⃗? =
∑︁
𝑙
𝑖𝑙(2𝑙 + 1) 𝑗𝑙(𝑘𝑟)𝑃𝑙(cos𝜃). )1600(
rOt  An§d AS§ 
𝑗𝑙(𝑘𝑟) = 12𝑘𝑟 (−𝑖)
𝑙+1 𝑒𝑖𝑘𝑟 +
1
2𝑘𝑟 𝑖
𝑙+1 𝑒−𝑖𝑘𝑟 , 𝑟 −→∞. )1601(
 — 
< ?⃗?|𝜓+ >= 1(2𝜋) 32
∑︁
𝑙
(2𝑙 + 1) 𝑃𝑙(cos𝜃)2𝑖𝑘
[︂
𝑒𝑖𝑘𝑟
𝑟
𝑆𝑙 − 𝑒
−𝑖(𝑘𝑟−𝑙𝜋)
𝑟
]︂
. )1602(
𝑆𝑙 = 1 + 2 𝑖𝑘𝑎𝑙. )1603(
Twm  T‘F  A 𝑉 = 0 Am '  	¶A  AOt  zr '  tKm   wk§ Adn
T§⁄r Tw ⁄ TCA T§⁄r Tw m ¤l O ⁄ d‘n 𝑎𝑙 Ty¶z 
T§⁄rk  Twm  fiA‘ 	s§    w¡  —  tKm  ry . 𝑙     Tl  
.1−→ 1 + 2𝑖𝑘𝑎𝑙 ¤flA TCA 
 wk§    	§ › C w  Amys  d    r‘ Amtfl  _Af   wA 
	§ ¤r  z‘  _Af   wA Am‘tFA .TCA  Amys  dt ⁄As
 wfl  A‘F    ¤n‘§  @¡ .›d ¤l Ty¶z Tw      @¡ d§   
T§⁄Ast  wk    	§ 𝑙 ¤r  z‘  Tmy Hfn TCA   wfl  ⁄ › C w 
' 
|𝑆𝑙| = 1 . )1604(
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¤ 
Asfl   A 'r  ›CAb‘ . )176(T§ Afl  Tfi FA r‘ Tfi‘  £@¡
rOn‘  w¡ 𝑆𝑙 CwW  . AOt  Tylm  XbSA n§ TCA  Twm  CwV
_Af   wA 	bs T§ A   wk    	§ ¤t  𝑆  AOt  TwfOm 𝑙 C 'rWq 

 𝛿𝑙 'CwW  
Asfl  r‘ .Amtfl 
𝑆𝑙 = 𝑒
2𝑖𝛿l . )1605(
 — 
𝑎𝑙 = 𝑒
𝑖𝛿l
sin𝛿𝑙
𝑘
. )1606(
.Im(𝑘𝑎𝑙)−1/2 = − cos 2𝛿𝑙/2 ⁄ Re(𝑘𝑎𝑙) = sin 2 𝛿𝑙/2    'r T A‘m  £@¡  AfiW 
O ›r¶  ¤l q§ 𝑘𝑎𝑙 'r  ›CAb‘ . (Re(𝑘𝑎𝑙))2 + (Im( 𝑘𝑎𝑙) − 1/2)2 = 1/4  — 
.T§ Afl  ›r¶ dA r‘ (0,1/2) zr ⁄ 1/2 A¡rW
¤l O  — 
𝑓 (𝜃) = 1
𝑘
∑︁
𝑙
(2𝑙 + 1) 𝑒𝑖𝛿l sin𝛿𝑙𝑃𝑙(cos𝜃). )1607(
w¡ ¤lk  A‘f  Wqm 
𝜎 =
∫︁
𝑑

𝑑𝜎
𝑑

=
∫︁
𝑑
 |𝑓 (𝜃)|2
=
1
𝑘2
∑︁
𝑙,𝑙′
(2𝑙 + 1)(2 𝑙′ + 1) 𝑒𝑖𝛿l −𝑖𝛿l ′ sin𝛿𝑙 sin𝛿𝑙′
∫︁
𝑑
 𝑃𝑙(cos𝜃)𝑃𝑙′ (cos𝜃).
)1608(
Tfi‘  m‘ts∫︁
𝑑
 𝑃𝑙(cos𝜃)𝑃𝑙′ (cos𝜃) =
4𝜋
2𝑙 + 1 𝛿𝑙𝑙
′ . )1609(
 — 
𝜎 =
4𝜋
𝑘2
∑︁
𝑙
(2𝑙 + 1)(sin 𝛿𝑙)2. )1610(
   ^fi
Im𝑓 (0) = 𝑘4𝜋𝜎. )1611(
)177(Ty¶wS  Tn¡rbmA ¤ms§  @¡
rbt‘ 'r  ›r . 𝑉 y‘  wm    T§CwW  AAsfl  y‘    ¤qb§
 d‘n§  wmk     |rtf ›rm  £@¡ .¢tn 'd '— 'zr  wm TA
Tw An§d  wk§    	§ 𝑟 > 𝑅    . wmk  'd w¡ 𝑅 y 𝑟 > 𝑅  
unitarity relation .)176(
optical theorem .)177(
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⁄ 𝑗𝑙(𝑘𝑟)𝑃𝑙(cos𝜃)  ¤W 	yr kJ ¤l 	tk    	§ £@¡ .›r T§⁄r
AqmA .d‘bts 𝑟 = 0 dbm   fl TwmK  fl  ¤¡ 𝑛𝑙    y 𝑛𝑙(𝑘𝑟)𝑃𝑙(cos𝜃)
 ¤W 	yr kJ ¤l AhtAt km§ 𝑟 > 𝑅    ›r  T§⁄rk  Twm 
	tk    km§ 𝑟 > 𝑅    'r  ›CAb‘ . ℎ(2)𝑙 (𝑘𝑟)𝑃𝑙(cos𝜃) ⁄ ℎ(1)𝑙 (𝑘𝑟)𝑃𝑙(cos𝜃)
< ?⃗?|𝜓+ > = 1(2𝜋) 32
∑︁
𝑙
𝑖𝑙(2𝑙 + 1)𝐴𝑙(𝑘𝑟)𝑃𝑙(cos𝜃). )1612(
𝐴𝑙(𝑘𝑟) = 𝑐(1)𝑙 ℎ(1)𝑙 (𝑘𝑟) + 𝑐(2)𝑙 ℎ(2)𝑙 (𝑘𝑟). )1613(
km§  @¡ .(1572)  T•Ak T A‘m  £@¡ . (1600)  zt§  @¡ 𝑉 = 0   
¤l O ryb 𝑟    .¤flA ¢Ayb
< ?⃗?|𝜓+ >= 1(2𝜋) 32
∑︁
𝑙
(2𝑙 + 1) 𝑃𝑙(cos𝜃)2𝑖𝑘
[︂
𝑒𝑖𝑘𝑟
𝑟
2𝑐(1)𝑙 − 2𝑐(2)𝑙
𝑒−𝑖(𝑘𝑟−𝑙𝜋)
𝑟
]︂
. )1614(
¤l O (1602)  TCAqmA
𝑐
(1)
𝑙 =
1
2𝑒
2𝑖𝛿l , 𝑐
(2)
𝑙 =
1
2. )1615(
 — 
𝐴𝑙(𝑘𝑟) = 𝑗𝑙(𝑘𝑟) + 𝑖𝑘𝑎𝑙ℎ(1)𝑙 (𝑘𝑟). )1616(
kK  ¤l ¢tAt AS§  km§  @¡
𝐴𝑙(𝑘𝑟) = 𝑒𝑖𝛿l
[︂
cos𝛿𝑙𝑗𝑙(𝑘𝑟) − sin𝛿𝑙𝑛𝑙(𝑘𝑟)
]︂
. )1617(
	s
𝛽𝑙 =
(︂
𝑟
𝐴𝑙
𝑑𝐴𝑙
𝑑𝑟
)︂
𝑟= 𝑅
= 𝑘𝑅
cos𝛿𝑙𝑗
′
𝑙 (𝑘𝑅) − sin𝛿𝑙𝑛
′
𝑙(𝑘𝑅)
cos𝛿𝑙𝑗𝑙(𝑘𝑅) − sin𝛿𝑙𝑛𝑙(𝑘𝑅) . )1618(
tnts T A‘m  £@¡ 
tan 𝛿𝑙 =
𝑘𝑅𝑗
′
𝑙 (𝑘𝑅) − 𝛽𝑙𝑗𝑙(𝑘𝑅)
𝑘𝑅𝑛
′
𝑙(𝑘𝑅) − 𝛽𝑙𝑛𝑙(𝑘𝑅)
. )1619(
 §rV  Xq £EA  km§ rfl   @¡ . 𝛽𝑙 d    At 𝛿𝑙  A§      — 
𝐴inside𝑙 (𝑟) = 𝑢𝑙(𝑟)/𝑟 y‘    At 'r  ›CAb‘ . 𝑟 < 𝑅    rn§ ⁄rJ T A‘

  AyW‘m  'd  “rK  ⁄ T§rWq  TylRAft  T A‘m  q 𝑢 y
𝑑2𝑢𝑙
𝑑𝑟2
+ ( 𝑘2 − 2𝑚
ℎ2
𝑉 − 𝑙(𝑙 + 1)
𝑟2
)𝑢𝑙 = 0 . )1620(
𝑢𝑙(0) = 0 . )1621(
 wk§    	§  —  . 𝑟 = 𝑅 dn ›rmts  wk    	§ Twm  T d ¤⁄fl  TqtKm 
An§d
𝛽 inside𝑙 ≡
(︂
𝑟
𝐴inside𝑙
𝑑𝐴inside𝑙
𝑑𝑟
)︂
𝑟= 𝑅
= 𝛽𝑙. )1622(
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§CAm
 wmkA ¤W‘§ Tbl} ›r  ys  AO 1 §rm
𝑉 = 0 , 𝑟 > 𝑅
= 1 , 𝑟 < 𝑅.
 ¤lk  A‘f  Wqm  ⁄ ¤lRAft  A‘f  Wqm  , AOt  T§⁄ E y (1
.𝑉  wmk  rb ys ¤kyFfi  AO  
.𝑉  wmk  rb ys ¤m  AO    𝛿𝑙 CwW  ¤ ryt  	s  (2

 ¤W‘ 𝑟 > 𝑅    Twm  T     r@
< ?⃗?j𝜓+ > = 1(2𝜋) 32
∑︁
𝑙
𝑖𝑙(2𝑙 + 1)𝐴𝑙(𝑘𝑟)𝑃𝑙(cos𝜃).
𝐴𝑙(𝑘𝑟) = 𝑒𝑖𝛿l
[︂
cos𝛿𝑙𝑗𝑙(𝑘𝑟)   sin𝛿𝑙𝑛𝑙(𝑘𝑟)
]︂
.
 ¤lk  A‘f  Wqm  ⁄ ¤lRAft  A‘f  Wqm  ,CwW  ¤ ryt  y (3
.tnts  —A . 𝑘𝑅 << 1 ›ryO  AAW   
.tnts  —A . 𝑘𝑅 >> 1 Ayl‘  AAW     ¤lk  A‘f  Wqm  	s  (4
¤W‘
𝑗𝑙(𝑥)  ! 2
𝑙𝑙!
(2𝑙 + 1)! 𝑥
𝑙 , 𝑛𝑙(𝑥)  !   (2𝑙)!2𝑙𝑙!
1
𝑥𝑙+1
, 𝑥  ! 0.
𝑗𝑙(𝑥)  ! 1
𝑥
sin(𝑥   𝑙𝜋2 ) , 𝑛𝑙(𝑥)  !  
1
𝑥
cos(𝑥   𝑙𝜋2 ) , 𝑥  ! 1 .
 ⁄Aw§  wm ¤W‘ 2 §rm
𝑉 (𝑟) = 𝛽 𝑒
−𝑟
𝑟
.
.¤⁄fl  Tbr    Cw T‘F 	s  (1
.¤lRAft  A‘f  Wqm  	s  (2
A AO    ¤lRAft  A‘f  Wqm  TqAs  Tytn   y (3
.TykyFfik   CwC—C Tyt   CA .	ww
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 r  wk§ d '@  ( y⁄Cdyh   C—  A⁄rtkfl   AO rbt‘ 3 §rm
:¤flA ) r ry ⁄ 
𝑒− + 𝐻( ground state)  ! 𝑒− + 𝐻( excited state).
, AOt  d‘ j𝑓 > Ty¶Ahn  TA  , AOt  b j𝑖 > Ty¶ dtfl  TA  	t  (1
¤t  “⁄rK  r—  . 𝑉 Aft   wm ⁄ 𝑓 (1) ¤⁄fl  Tbr    Cw T‘F
. r ry Ahy  wk§ ¤t  “⁄rK  ⁄ Ar  AOt  Ahy  wk§
.	ww  wmk ¢y§Cw §w 	s  (2
.< ?⃗?
′
< 𝑛j𝑉 j?⃗? > j1 > TwfOm  rOn 	s  (3
kK  A‘ ⁄ ¤lRAft  A‘f  Wqm  ,¤⁄fl  Tbr    Cw T‘F 	s  (4
TA  ¤ y⁄Cdyh  ›C— Tw T     r@ . r  AO   
¤¡ TyFAFfl 
𝜓100 =
1p
𝜋𝑎3
𝑒−
r
a .
Tfi‘   AfiW   r ry  AO    ¤lRAft  A‘f  Wqm  	s  (5
𝑑𝜎
𝑑 

=
𝑘
′
𝑘
j𝑓 (1) (?⃗?′ , 𝑛, ?⃗?,1)j2.

 ¤W‘§ '@   r§ T   wm rb Amys  AO rbt‘ 4 §rm
𝑉 (𝑟) = 𝛼𝛿(𝑟   𝑎).
 A ¤AtA ⁄ 𝑘𝑎 << 1 '  TSfnm  AAW   — A AOt  An¡ rbt‘ wF

 ¤W‘ T§C dm  rn§ ⁄rJ T A‘ . AOt  ¤l ¤W ¤t  ¤¡ 𝑠  wfl 
 
ℎ2
2𝑚
𝑑2𝑢
𝑑𝑟2
+
[︂
𝑉 (𝑟) + ℎ
2
2𝑚
𝑙(𝑙 + 1)
𝑟2
]︂
𝑢 = 𝐸𝑢.

 ¤W‘ Twm  T  
𝜓(𝑟, 𝜃, 𝜑) = 𝑢(𝑟)
𝑟
𝑌 𝑚𝑙 (𝜃, 𝜑).
.db   𝑙 = 0 R⁄ ¢y Annkm§ '@  	§rqt  Xq rbt‘
.𝑟 < 𝑎    T§C dm  rn§ ⁄rJ T A‘  	t (1
 wm '       rO   CA . 𝑟 > 𝑎    A‘    	t  (2

 ¤W‘§ '@  𝑟  ! 1 Am '⁄r
1
(2𝜋)1.5
∑︁
𝑙
(2𝑙 + 1) 12𝑖𝑘
(︂
𝑒𝑖𝑘𝑟
𝑟
𝑆𝑙 + 𝑒
−𝑖𝑘𝑟𝑟(   1)𝑙+1
)︂
𝑃𝑙(cos𝜃).
𝑆𝑙 = 𝑒
2𝑖𝛿l
= 1 + 2 𝑖𝑘𝑎𝑙.
⁄ › C w   wfl  fiA‘ Tfld 𝑎0 Ty¶z  Twml ›CAb rtF
.𝛿0 CwW  ¤ ryt  Tfld TqWnm  £@¡ ¤ Twm  T  	t  .T AOtm 
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.Aqm  'd  “rK  	t  . 𝑟 = 𝑎 ¤ ›rmts  wk    	§ Twm  T  (3
¤t  “Aqn  ¤ fl  ›rmts  wk    	§ Twm  T d ¤⁄fl  TqtKm 
kK  ¤l 	tk§ Aqm  “rK  . wmk  Ahy dAbt§
( 𝑑𝑢
𝑑𝑟
) = 2𝑚𝛼
ℎ2
𝑢(𝑎).
.𝑎0 Ty¶z  Twm  yy‘    y§d  yVrK  §@¡ dtF 
r . 𝑘𝑎 << 1    
 w  w¡A . 𝜎 ⁄ 𝑑𝜎/𝑑
 ,𝑓 (𝜃) 	s  (4
𝛽 =
2𝑚𝑎𝛼
ℎ2
.
.𝛿0 CwW  ¤ ryt  	s  (5
5 §rm
TWbr T§C— TA ¤¡  ⁄rtkfi Ty¶ dtfl  TA  ¤¶wR⁄rhk  ‘f  ¤ (1
›rmts TAV  — ›r TA ¤¡ Ty¶Ahn  TA     y ¤ 𝐸𝑖 < 0 TAV  —
. ¤¶wR⁄rhk  ‘fl Tyb¡@  ¤ry ›dA 	t  . 𝐸𝑛 > 0 w
 wfi Tbl‘  y\n m‘tF  . 𝜌(𝐸𝑛) Ty¶Ahn  flA  TA 	s  (2

 ¤W‘§ '@  T§wtsm 
< ?⃗?j?⃗? >= 1
𝐿
3
2
𝑒𝑖?⃗??⃗?.
¤¡ 𝑘𝑧 ⁄ 𝑘𝑦 ,𝑘𝑥  Ah wmsm  yq  TA  £@¡ ¤
𝑘𝑥 =
2𝜋𝑛𝑥
𝐿
, 𝑘𝑦 =
2𝜋𝑛𝑦
𝐿
, 𝑘𝑧 =
2𝜋𝑛𝑧
𝐿
.

 ¤W‘ fifl  Tfi ⁄ HAt  ⁄ dA‘t  Tfi
< ?⃗?
′ j?⃗? >= 𝛿?⃗?′ ,⃗𝑘.
∑︁
?⃗?
j?⃗? >< ?⃗?j = 1 .

 r‘m  Aftl ¤lRAft  A‘f  Wqm  rtF  (3
𝑑𝜎
𝑑 

=
ℎ𝜈
𝑢
𝑤abso𝑖−→𝑛.
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Ty¶ dtfl  ›r  TA   Aqt  Tylm ¢  ¤l  AOt  CwO km§ 6 §rm
›r  flA   Twm ¤  )dy‘b  ¤RAm ( 𝑡 =  1 T\l  ¤ j?⃗? >
TblO  T§⁄ z  ¤ › wt Tr Tym Ah ¤t  𝑡 T\l  ¤ j?⃗?′ > Ty¶Ahn 
.𝑘
′
= 𝑘 Ahl   ¤t  Xq Trm  A AOt  rbt‘ wF . 𝑑
 = 𝑑3𝑘′/(𝑘′2𝑑𝑘′ )
d§ zt  ¤ db§  𝑡 =  1 T\l  ¤ d‘n Aft  £@¡ Aqtfl  Tylm ¤
kK  ¤AtA @§ zA l‘tm   wmk  .z   )¤lkyAA§   ' ( ”Wb
𝑉 (𝑡) = 𝑉 𝑒𝜂𝑡.
T§Ah dn rfO  ¤  ¢AFC  	§ 	w ¤qyq  d w¡ 𝜂 T A‘m  £@¡ ¤
.
As 
.Tyb¡@  ¤ry ›dAq ¤W‘§  EA Aqtfl  Amt     ¡r (1
y TAV Ah ¤t  j?⃗?′ > Ty¶Ahn  flA  Twm ¤  Aqtfl  d‘ 	s  (2
¤ Ahyl AnlO ¤t  Ty¶Ahn  flA  TA m‘tF  . 𝐸𝑘′ + 𝑑𝐸𝑘′ ⁄ 𝐸𝑘′
.TyA  Tsm 

 r‘§ '@   C w  dt  	s  (3
j⃗𝑗j = ℎ
𝑚
jIm(𝜓* r⃗ 𝜓)j , 𝜓 =< ?⃗?j?⃗? > .
Tbr    Cw 	§rq  Tytn   CA .¤lRAft  A‘f  Wqm  rtF  (4
.¤⁄fl 
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wl
:1 §rm
‚W§ ›rk  rW O  rb  𝑏 Td} A‘m  C ⁄ ¤kyFfi ys (1
ys  Hk‘n§ 𝑏  𝑅 TA  ¤ . 𝜃 = 0  —  TA  £@¡ ¤ .AkA  wmk 
An§d .2𝛼 + 𝜃 = 𝜋 y 𝛼 T§⁄ z ›rk  WF ¤l
𝑏
𝑅
= sin 𝛼 = cos 𝜃2. )1623(
 —  An§d
𝜃 = 0 , 𝑏 > 𝑅
= 2 cos−1 𝑏
𝑅
, 𝑏 < 𝑅. )1624(
 —  w¡ ¤lRAft  A‘f  Wqm 
𝐷(𝜃) = 𝑏
sin𝜃 j
𝑑𝑏
𝑑𝜃
j = 𝑅
2
4 . )1625(
w¡ ¤lk  A‘f  Wqm 
𝜎 =
∫︁
𝐷(𝜃)𝑑 
 = 𝜋𝑅2. )1626(
.¤Fdnh  A‘f  Wqm  w¡  @¡
An§d  wk§    	§ ¤AtA . 𝑟 = 𝑅 dn Twm  T  d‘n    	§ (2
¤AtA ⁄ 𝐴𝑙(𝑘𝑅) = 0
tan 𝛿𝑙 =
𝑗𝑙(𝑘𝑅)
𝑛𝑙(𝑘𝑅) . )1627(
¤l O  —  . 𝑘𝑅 << 1 An§d TSfnm  AAW     (3
tan 𝛿𝑙 =  
(︂
2𝑙𝑙!
(2𝑙)!
)︂2 (𝑘𝑅)2𝑙+1
2𝑙 + 1 . )1628(

Asfl  . 𝑠  wfi  AO An§d .hm  Xq w¡ 𝑙 = 0  A 𝑘𝑅 << 1  fl

 ¤W‘§ 'CwW 
𝛿0 =   𝑘𝑅. )1629(

 ¤W‘§ ¤lRAft  A‘f  Wqm 
𝑑𝜎
𝑑 

= j𝑓 (𝜃)j2 = j 1
𝑘
∑︁
𝑙
(2𝑙 + 1) 𝑒𝑖𝛿l sin𝛿𝑙𝑃𝑙(cos𝜃)j2
=
1
𝑘2
sin2 𝛿0
= 𝑅2. )1630(
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 ¤W‘§ ¤lk  A‘f  Wqm 
𝜎 =
∫︁
𝑑

𝑑𝜎
𝑑 

= 4𝜋𝑅2. )1631(
›r TAs '⁄As§ ⁄ ¤Fdnh  A‘f  Wqm    r CA rb   @¡
.AhlmA ›rkA H§ ¤wmk  ys   —  . 𝑅 A¡rW O
An§d TA  £@¡ ¤
< ?⃗?|𝜓+ > = 1(2𝜋) 32 𝐴0(𝑘𝑟) =
1
(2𝜋) 32 𝑒
−𝑖𝑘𝑅 sin𝑘(𝑟 −𝑅)
𝑘𝑟
. )1632(
	s . 𝑘𝑅 >> 1 An§d Ayl‘  AAW   — A AOt     (4
sin2 𝛿𝑙 =
tan2 𝛿𝑙
1 + tan 2 𝛿𝑙
=
𝑗2𝑙 (𝑘𝑅)
𝑗2𝑙 (𝑘𝑅) + 𝑛2𝑙 (𝑘𝑅)
. )1633(
   R w  
sin2 𝛿𝑙 = sin 2(𝑘𝑅− 𝑙𝜋2 ) )1634(
T A‘mA ¤W‘§ ¤lk  A‘f  Wqm 
𝑘2
4𝜋𝜎 =
∑︁
𝑙
(2𝑙 + 1)(sin 𝛿𝑙)2. )1635(
AfiW  𝑙  Ty⁄z  yq      —  . sin2 𝛿𝑙+1 = 1 −sin2 𝛿𝑙 Tfi‘  ^fi
 AfiW  𝑙  T§ rf  yq     Amny sin2 𝛿𝑙 = sin 2 𝑘𝑅 An§d𝑙 = 0 
¤l O  —  . sin2 𝛿𝑙 = cos2 𝑘𝑅 An§d𝑙 = 1
𝑘2
4𝜋𝜎 =
1
2
∑︁
𝑙
(2𝑙 + 1) − 12 cos 2𝑘𝑅
(︂ ∑︁
𝑙 even
(2𝑙 + 1) −
∑︁
𝑙 odd
(2𝑙 + 1)
)︂
.
)1636(
Xq ¤¡ 𝑁 = 𝑘𝑅 y 𝑙max = 𝑁 − 1 ¤t T§⁄ z  ⁄z‘      fl  |rtf
¤l O .CAK ¤t 
1
4𝜋𝑅2 𝜎 =
1
2 −
1
2𝑁 cos 2𝑘𝑅. )1637(
¤AtA O . 𝑁 −→ ∞ Am '  Ayl‘  AAW  T§Ah ¤ mh ¤A  d 
¤l
𝜎 = 2𝜋𝑅2. )1638(
.¤Fdnh  A‘f  Wqm  ‘R '⁄As§  @¡
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 ¤W‘ ¤w  Tbr    Cw T‘F 'zr  wm    (1
𝑓 (1) (𝑘𝑟, ?⃗?) =   2𝑚
𝑞 ℎ2
∫︁
𝑟 sin𝑞𝑟𝑉 (𝑟)𝑑𝑟
=
𝑖𝑚𝛽
𝑞 ℎ2
∫︁ ∞
0
[︂
𝑒(𝑖𝑞−𝜇)𝑟   𝑒−(𝑖𝑞+ 𝜇)𝑟
]︂
𝑑𝑟
=
𝑖𝑚𝛽
𝑞 ℎ2
2𝑖𝑞
𝜇2 + 𝑞2
=  
2𝑚𝛽
ℎ2
1
𝜇2 + 𝑞2
. )1639(

 ¤W‘§ ¤lRAft  A‘f  Wqm  (2
𝑑𝜎
𝑑

= j𝑓 (1) (𝑘𝑟, ?⃗?)j2 =
(︂
2𝑚𝛽
ℎ2
)︂2 1(︂
𝜇2 + 4𝑘2 sin2 𝜃2
)︂2 . )1640(
Tytn  AndtF 
𝑞 = j?⃗?   𝑘𝑟j = 2𝑘 sin 𝜃2. )1641(
TqAWm    ww  wm ¤l O 𝜇  ! 0 T§Ahn  ¤ (3
𝛽 =
𝑞1𝑞2
4𝜋𝜖0
. )1642(
¤l  —  O
𝑑𝜎
𝑑

=
1
4
(︂
𝑞1𝑞2
8𝜋𝜖0𝐸
)︂2 1
sin4 𝜃2
. )1643(
. CwC—C Tfi ¤¡ £@¡
:3 §rm
.Xbrm   ⁄rtkfl  Rw A‘J ?⃗?1 ⁄  C w   ⁄rtkfl  Rw A‘J ?⃗? ky (1
¤¡ Ty¶ dtfl  TA 
j𝑖 >= j?⃗? > j1 >, < ?⃗?j < ?⃗?1j?⃗? > j1 >= 1(2𝜋) 32 𝑒
𝑖?⃗??⃗?𝜓1(𝑥1). )1644(
Tw T  ¤¡ 𝜓1(?⃗?1) Amny  C w   ⁄rtkfl  O T§wtsm  Twm 
¤¡ Ty¶Ahn  TA  .TyFAFfl  TA  ¤ y⁄Cdyh 
j𝑓 >= j?⃗?′ > j𝑛 >, < ?⃗?j < ?⃗?1j?⃗?′ > j𝑛 >= 1(2𝜋) 32 𝑒
𝑖?⃗??⃗?𝜓𝑛(𝑥1). )1645(
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   . 𝑛 'wAW  'wtsm  ¤ y⁄Cdyh  Tw T  ¤¡ 𝜓𝑛(?⃗?1)  
.⃗𝑘
′
= 𝑘𝑟 ⁄ 𝑛 = 1 An§d  wk§    	§ Trm  A AOt 
¤¡ TA  £@¡ ¤ ¤⁄fl  Tbr    Cw T‘F
𝑓 (1) (?^?′ , 𝑛, ?⃗?,1) = −𝑚
ℎ2
(2𝜋)2 < ?⃗?′ < 𝑛|𝑉 |⃗𝑘 > |1 > . )1646(
) 𝑟 = |?⃗?|  ( w¡  wmk 
𝑉 =
1
4𝜋𝜖0
(︂
− 𝑒
2
𝑟
+
𝑒2
|?⃗?− ?⃗?1|
)︂
. )1647(
w¡  ww  wmk ¢y§Cw §w (2∫︁
𝑑3𝑥𝑒𝑖𝑞?⃗?
1
𝑟
= −2𝜋𝑖
𝑞
Lim𝜇−→0
∫︁
𝑑𝑟
[︂
𝑒(𝑖𝑞−𝜇)𝑟 − 𝑒−(𝑖𝑞+ 𝜇)𝑟
]︂
= −2𝜋𝑖
𝑞
.
2𝑖𝑞
𝑞2
=
4𝜋
𝑞2
. )1648(
) ?⃗? = ?⃗? − ?⃗?′ ( 	s (3
< ?⃗?
′
< 𝑛|𝑉 |⃗𝑘 > |1 >= 1(2𝜋)3
∫︁
𝑑3𝑥𝑑3𝑥1𝑒
𝑖𝑞?⃗? 1
4𝜋𝜖0
(︂
− 𝑒
2
𝑟
+
𝑒2
|?⃗?− ?⃗?1|
)︂
𝜓*𝑛(?⃗?1)𝜓1(?⃗?1).1649(
w¡ ⁄fl  d 
1
(2𝜋)3
∫︁
𝑑3𝑥𝑑3𝑥1𝑒
𝑖𝑞?⃗? 1
4𝜋𝜖0
(︂
− 𝑒
2
𝑟
)︂
𝜓*𝑛(?⃗?1)𝜓1(?⃗?1) = 1(2𝜋)3 𝛿𝑛1
−𝑒2
4𝜋𝜖0
∫︁
𝑑3𝑥𝑒𝑖𝑞?⃗?
1
𝑟
=
1
(2𝜋)3 𝛿𝑛1
−𝑒2
4𝜋𝜖0
4𝜋
𝑞2
. )1650(
w¡ ¤A  d 
1
(2𝜋)3
∫︁
𝑑3𝑥𝑑3𝑥1𝑒
𝑖𝑞?⃗? 1
4𝜋𝜖0
(︂
𝑒2
|?⃗?− ?⃗?1|
)︂
𝜓*𝑛(?⃗?1)𝜓1(?⃗?1) =
1
(2𝜋)3
𝑒2
4𝜋𝜖0
∫︁
𝑑3𝑥1𝜓
*
𝑛(?⃗?1)𝜓1(?⃗?1)
∫︁
𝑑3𝑥𝑒𝑖𝑞?⃗?
1
|?⃗?− ?⃗?1| =
1
(2𝜋)3
𝑒2
4𝜋𝜖0
∫︁
𝑑3𝑥1𝜓
*
𝑛(?⃗?1)𝜓1(?⃗?1)
∫︁
𝑑3𝑥𝑒𝑖𝑞( ?⃗?+ ?⃗?1 )
1
𝑟
=
1
(2𝜋)3
𝑒2
4𝜋𝜖0
𝐹𝑛(?⃗?) 4𝜋
𝑞2
. )1651(
:|𝑛 > ¤  |1 >  ›CAfl     kK  A‘m r‘ 𝐹𝑛(?⃗?) T d 
𝐹𝑛(?⃗?) =
∫︁
𝑑3𝑥1𝜓
*
𝑛(?⃗?1)𝜓1(?⃗?1)𝑒𝑖𝑞?⃗?1
= < 𝑛|𝑒𝑖𝑞?⃗?1 |1 > . )1652(
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 ›AW‘m ⁄ ?⃗?1 dn dw§ '@  Xbrm 
𝜌(?⃗?) = 𝛿3(?⃗?   ?⃗?1). )1653(
¤l  —  O
< ?⃗?
′
< 𝑛j𝑉 j?⃗? > j1 >= 1(2𝜋)3
𝑒2
4𝜋𝜖0
4𝜋
𝑞2
(   𝛿𝑛1 + 𝐹𝑛(?⃗?)) . )1654(
¤l O  rm   AOt      —  (4
𝑓 (1) (𝑘𝑟, 𝑛, ?⃗?,1) =   2𝑚𝑒
2
ℎ2𝑞2
1
4𝜋𝜖0
(   1 + 𝐹1(?⃗?)) . )1655(
w¡ ¤lRAft  A‘f  Wqm 
𝑑𝜎
𝑑

= j𝑓 (1) (𝑘𝑟,1, ?⃗?, 1)j2 =
(︂
2𝑚𝑒2
ℎ2𝑞2
)︂2(︂ 1
4𝜋𝜖0
)︂2
(   1 + 𝐹1(?⃗?)) . )1656(

 ¤W‘§ TA  £@¡ ¤ kK  A‘
𝐹1(?⃗?) =
∫︁
𝑑3𝑥1𝜓
*
1 (?⃗?1)𝜓1(?⃗?1)𝑒𝑖𝑞?⃗?1
=
∫︁
𝑟2 sin𝜃𝑑𝑟𝑑𝜃𝑑𝜑𝑒− 2 ra 𝑒𝑖𝑞𝑟 cos 𝜃
=  
2𝑖
𝑎3𝑞
∫︁
𝑟𝑑𝑟
[︂
𝑒(𝑖𝑞−
2
a )𝑟
  𝑒−(𝑖𝑞+
2
a )𝑟
]︂
=  
2𝑖
𝑎3𝑞
8𝑖𝑞
𝑎
(𝑞2 + 4𝑎2 )2
=
16
(4 + 𝑎2𝑞2)2 . )1657(
¤  d‘t ¤lRAft  A‘f  Wqm  Tfi  rm  ry  AOt     (5
𝑑𝜎
𝑑

=
𝑘
′
𝑘
j𝑓 (1) (?⃗?′ , 𝑛, ?⃗?, 1)j2 = 𝑘
′
𝑘
(︂
2𝑚𝑒2
ℎ2𝑞2
)︂2(︂ 1
4𝜋𝜖0
)︂2
(𝐹𝑛(?⃗?)) . )1658(
:4 §rm
bO T§C dm  ⁄  T§rWq  rn§ ⁄rJ T A‘ .d‘n§  wmk  𝑟 < 𝑎    (1
𝑑2𝑢
𝑑𝑟2
=
(︀ 𝑙(𝑙 + 1)
𝑟2
 
2𝑚𝐸
ℎ2
)︀
𝑢. )1659(
¤l O . 𝑙 = 0 S
𝑑2𝑢
𝑑𝑟2
=   𝑘2𝑢 , 𝑘2 =
2𝑚𝐸
ℎ2
. )1660(
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 
𝑢 = 𝐴 sin𝑘𝑟 + 𝐵 cos𝑘𝑟. )1661(

 ¤W‘ Twm  T     r@
𝜓 =
𝑢
𝑟
𝑌 𝑚𝑙 . )1662(
¤l O 𝑟 = 0 dn rfn cos𝑘𝑟/𝑟  fl 𝐵 = 0 S    	§  — 
𝑢 = 𝐴 sin𝑘𝑟. )1663(
AS§  w¡    A ¤AtA ⁄ 𝑉 (𝑟) = 0 An§d𝑟 > 𝑎 A‘Jfl  TqWn    (2
kK  
𝑢 = 𝐶 sin𝑘𝑟 + 𝐷 cos𝑘𝑟. )1664(
kK  ¤l AS§     @¡ 	tk
𝑢 = 𝐶1 exp(𝑖𝑘𝑟) + 𝐷1 exp(−𝑖𝑘𝑟) , 𝐶1 = 𝐷 − 𝑖𝐶2 , 𝐷1 =
𝐷 + 𝑖𝐶
2 .)1665(
A‘   
∑︁
𝑙𝑚
𝑐𝑙𝑚
(︂
𝐶1
𝑟
exp(𝑖𝑘𝑟) + 𝐷1
𝑟
exp(−𝑖𝑘𝑟)
)︂
𝑌𝑙𝑚(𝜃, 𝜑). )1666(
¤l  —  O 𝑐𝑙𝑚 = 𝑐𝑙0𝛿𝑚0    ¤n‘§ '⁄rk  rZAnt ∑︁
𝑙
𝑐𝑙0
(︂
𝐶1
𝑟
exp(𝑖𝑘𝑟) + 𝐷1
𝑟
exp(−𝑖𝑘𝑟)
)︂
𝑌𝑙0(𝜃, 𝜑) =
∑︁
𝑙
√︂
2𝑙 + 1
4𝜋 𝑐𝑙0
(︂
𝐶1
𝑟
exp(𝑖𝑘𝑟) + 𝐷1
𝑟
exp(−𝑖𝑘𝑟)
)︂
𝑃𝑙(cos𝜃).)1667(
¤W‘§ '@  𝑟 −→∞ Am '⁄r  wm '     A‘     TCAqmA


1
(2𝜋)3/2
∑︁
𝑙
2𝑙 + 1
2𝑖𝑘
(︂
𝑆𝑙
𝑟
exp(𝑖𝑘𝑟) + (−1)
𝑙+1
𝑟
exp(−𝑖𝑘𝑟)
)︂
𝑃𝑙(cos𝜃). )1668(
¤l O√︂
2𝑙 + 1
4𝜋 𝑐𝑙0𝐶1 =
1
(2𝜋)3/2
2𝑙 + 1
2𝑖𝑘 𝑆𝑙. )1669(
√︂
2𝑙 + 1
4𝜋 𝑐𝑙0𝐷1 =
1
(2𝜋)3/2
2𝑙 + 1
2𝑖𝑘 (−1)
𝑙+1 . )1670(
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›rJAb  — 
𝐶1
𝐷1
=
𝑆𝑙
(−1)𝑙+1 . )1671(
'  𝐶1/𝐷1 = −𝑆0 An§d𝑙 = 0   
𝑆0 =
𝐶 + 𝑖𝐷
𝐶 − 𝑖𝐷 . )1672(
 —  𝑆𝑙 = 1 + 2 𝑖𝑘𝑎𝑙 k
𝑖𝑘𝑎0 =
−1
1 + 𝑖𝐶𝐷
. )1673(
kK  ¤l 	tk§    km§ 𝑟 > 𝑎 TqWnm  ¤   'r  Th 
𝑢 = 𝐶1 exp(𝑖𝑘𝑟) − 𝐶1
𝑆0
exp(−𝑖𝑘𝑟). )1674(
 —  .𝑆0 = exp(2 𝑖𝛿0) dts
𝑢 = 2 𝑖𝐶1 exp(−𝑖𝛿0) sin(𝑘𝑟 + 𝛿0). )1675(
:𝑟 = 𝑎 dn ›rmts  wk    	§ Twm  T  (3
𝐴
𝐷
sin𝑘𝑎 = 𝐶
𝐷
sin𝑘𝑎 + cos𝑘𝑎 )1676(
¤t  “Aqn  ¤ fl  ›rmts  wk    	§ Twm  T d ¤⁄fl  TqtKm 
kK  ¤l 	tk§ Aqm  “rK  . wmk  Ahy dAbt§
( 𝑑𝑢
𝑑𝑟
) = 2𝑚𝛼
ℎ2
𝑢(𝑎). )1677(
𝑘
𝐶
𝐷
cos𝑘𝑎− 𝑘 sin𝑘𝑎− 𝑘 𝐴
𝐷
cos𝑘𝑎 =
2𝑚𝛼
ℎ2
𝐴
𝐷
sin𝑘𝑎. )1678(
d £fi  yt A‘m  
𝐶
𝐷
2𝑚𝛼
𝑘 ℎ2
sin2 𝑘𝑎 = −1− 2𝑚𝛼
𝑘 ℎ2
cos𝑘𝑎 sin𝑘𝑎. )1679(
 —  .𝑖𝑘𝑎0 = −1/(1 + 𝑖𝐶/𝐷) k
𝑎0𝑘 =
2𝑚𝛼
𝑘 ℎ2
𝑖 sin2 𝑘𝑎
2𝑚𝛼
𝑘 ℎ2
sin2 𝑘𝑎− 𝑖− 𝑖𝑚𝛼
𝑘 ℎ2
sin 2𝑘𝑎
)1680(
(4
𝑓 (𝜃) =
∑︁
𝑙
(2𝑙 + 1) 𝑎𝑙𝑃𝑙(cos𝜃) ≃ 𝑎0 + ... )1681(
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¤lRAft  A‘f  Wqm 
𝑑𝜎
𝑑𝜃
= |𝑓 (𝜃)|2 = |𝑎0|2 = 1
𝑘2
=
(︀ 2𝑚𝛼
𝑘 ℎ2
sin2 𝑘𝑎
)︀2(︀ 2𝑚𝛼
𝑘 ℎ2
sin2 𝑘𝑎
)︀2
+
(︀
1 + 𝑚𝛼
𝑘 ℎ2
sin 2𝑘𝑎
)︀2 .)1682(
¤lk  A‘f  Wqm 
𝜎 = 4𝜋|𝑎0|2. )1683(
d 𝑘𝑎 << 1   
𝑑𝜎
𝑑𝜃
=
𝛽2𝑎2
(1 + 𝛽)2 , 𝛽 =
2𝑚𝑎𝛼
ℎ2
. )1684(
𝜎 = 4𝜋 𝛽
2𝑎2
(1 + 𝛽)2 . )1685(
An§d(5
𝑎𝑙 = exp( 𝑖𝛿𝑙) sin𝛿𝑙
𝑘
. )1686(
 — 
𝑘𝑎0 = cos 𝛿0 sin𝛿0 + 𝑖 sin2 𝛿0. )1687(
'r  Th  .Th   @¡
𝑘𝑎0 =
𝑖𝑣
𝑣 − 𝑖𝑤 =
𝑖𝑣(𝑣 + 𝑖𝑤)
𝑣2 + 𝑤2
. )1688(
' 
𝑣2
𝑣2 + 𝑤2
= sin 2 𝛿0 , − 𝑣𝑤
𝑣2 + 𝑤2
= cos 𝛿0 sin𝛿0 ⇒ cot 𝛿0 = −𝑤
𝑣
. )1689(
 — 
𝛿0 = − cot−1 𝑤
𝑣
. )1690(
   r‘ k
𝑣 =
2𝑚𝛼
𝑘 ℎ2
sin2 𝑘𝑎 ≃ 𝑘𝑎𝛽. )1691(
𝑤 = 1 + 𝑚𝛼
𝑘 ℎ2
sin 2𝑘𝑎 ≃ 1 + 𝛽. )1692(
 — 
𝛿0 = − cot−1
(︀ 𝑘𝑎
𝛽 sin2 𝑘𝑎
+ cot 𝑘𝑎
)︀
. )1693(
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:5 §rm
XFwtm  @  (2  ⁄d ⁄ ¤¶Arhk  z‘  	§rq (1  ⁄d QAOtfl  d‘ (1

 ¤W‘§ 𝜖 
AWqtFfl  A¡A  ym ⁄ ?^?  ⁄Cw  A¡A  ym ¤l
𝑤abso𝑖−→𝑛 =
𝜋𝑒2
ℎ𝜖0𝑚2(2𝜋𝜈)2 j𝜖 < 𝑛j𝑝𝑒
𝑖 2  c ?^??⃗?j𝑖 > j2𝛿(𝐸𝑛   𝐸𝑖   2𝜋 ℎ𝜈)𝑢𝜌(𝐸𝑛)𝑑𝐸𝑛.
)1694(
j𝑖 > Ty¶ dtfl  TA  ¤ db 𝑒 TnK z  ›d⁄ ¤ Amtfl  w¡  @¡
𝐸𝑛 = 2𝜋 ℎ𝜈𝑛 TAWj𝑛 >TA  w 𝑡T\l  ¤ zfq    𝐸𝑖 = 2𝜋 ℎ𝜈𝑖 TAW
.2𝜋𝜈 r w '— )zl l‘t 
 rWR ( ¤syVAn⁄rh q ry 
›d⁄ ¤ TAW ( TAW  TA w¡ 𝑢 ,TnK  Tr Tym w¡ 𝑝 £fi 
⁄ 𝐸𝑛 y TAW Ty¶Ahn  flA   d w¡ 𝜌(𝐸𝑛)𝑑𝐸𝑛 ⁄ q  ¤ ) 
.𝐸𝑛 + 𝑑𝐸𝑛
T§C— TWbr TA ¤¡  ⁄rtkfi Ty¶ dtfl  TA  ¤¶wR⁄rhk  ‘f  ¤ (2
.𝐸𝑛 > 0 TAW ›r ›rmts TA ¤¡ Ty¶Ahn  TA  Amny 𝐸𝑖 < 0 TAW
 — 
𝐸𝑛 =
ℎ2?⃗?2
2𝑚 , j𝑛 >= j?⃗? > . )1695(
TAW flA   d '⁄As§ ℎ(?⃗? + 𝑑?⃗?) ⁄ ℎ?⃗? y Tr Tymk flA   d
TblO  T§⁄ zA r‘m  £Afl  ¤ Tr Tymk 𝐸𝑛 + 𝑑𝐸𝑛 ⁄ 𝐸𝑛 y
An§d ›rmtsm   wfl  flA Tbl‘  y\n Am‘tFA . 𝑑 
 = 𝑑3𝑘/(𝑘2𝑑𝑘)
< ?⃗?j?⃗? >= 1
𝐿
3
2
𝑒𝑖?⃗??⃗?. )1696(
¤¡ 𝑘𝑧 ⁄ 𝑘𝑦 ,𝑘𝑥  Ah wmsm  yq  TA  £@¡ ¤
𝑘𝑥 =
2𝜋𝑛𝑥
𝐿
, 𝑘𝑦 =
2𝜋𝑛𝑦
𝐿
, 𝑘𝑧 =
2𝜋𝑛𝑧
𝐿
. )1697(
Tym ”AS ¤ (2𝜋/𝐿)3 ¢m 	‘k ¤ ›d ⁄ TA An§d ¢  R w  
A¡A  ¤W‘ y 𝐸𝑛 + 𝑑𝐸𝑛 ⁄ 𝐸𝑛 y TAW flA   d  —  .Tr 
w¡ 𝑑 
 = 𝑑3𝑘/(𝑘2𝑑𝑘) TblO  T§⁄ zA Tr  Tym
𝜌(𝐸𝑛)𝑑𝐸𝑛 = 𝑘
2𝑑𝑘𝑑 

( 2𝜋𝐿 )3
= ( 𝐿2𝜋 )
3 𝑘𝑚
ℎ2
𝑑𝐸𝑛𝑑 
 . )1698(
 —  O (3
𝑤abso𝑖−→𝑛 =
𝜋𝑒2
ℎ𝜖0𝑚2(2𝜋𝜈)2 j𝜖 < ?⃗?j𝑝𝑒
𝑖 2  c ?^??⃗?j𝑖 > j2𝛿(𝐸𝑛   𝐸𝑖   2𝜋 ℎ𝜈)𝑢( 𝐿2𝜋 )
3 𝑘𝑚
ℎ2
𝑑𝐸𝑛𝑑
 .
)1699(
) 𝑘 =
√︁
2𝑚(𝐸𝑖 + 2𝜋 ℎ𝜈)/ℎ2  fl  ( ¤l O 𝐸𝑛 ¤l TlAkmA
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wabso𝑖−→𝑛 =
𝜋𝑒2
ℎ𝜖0𝑚2(2𝜋𝜈)2 j𝜖 < ?⃗?j𝑝𝑒
𝑖 2  c ?^??⃗?j𝑖 > j2𝑢( 𝐿2𝜋 )
3 𝑘𝑚
ℎ2
𝑑
 .)1700(
	s
𝜖 < ?⃗?j𝑝𝑒𝑖 2  c ?^??⃗?j𝑖 > = 1
𝐿
3
2
𝜖
∫︁
𝑑3𝑥𝑒−𝑖?⃗??⃗?+ 𝑖
2  
c ?^??⃗?
ℎ
𝑖
r⃗ 𝜓𝑖(?⃗?)
=
ℎ
𝐿
3
2
𝜖?⃗?
∫︁
𝑑3𝑥𝑒−𝑖𝑞?⃗?𝜓𝑖(?⃗?) , ?⃗? = ?⃗?   2𝜋𝜈
𝑐
?^?.
)1701(
›C— TA ¤  —  .Xbrm   ⁄rtkfl  Tw T  ¤¡ 𝜓𝑖(?⃗?)    r@

 ›AW‘m  TyFAFfl  TA  Tw T  ¤¡ 𝜓𝑖(?⃗?) y⁄Cdyh 
𝜓𝑖(?⃗?) = 1p
𝜋𝑎3
𝑒−
r
a . )1702(
¤l O
𝜖 < ?⃗?j𝑝𝑒𝑖 2  c ?^??⃗?j𝑖 > = ℎ
𝐿
3
2
𝜖?⃗?
8𝜋
𝑎
p
𝜋𝑎3
1
(𝑞2 + 1𝑎2 )2
. )1703(
¤l T§Ahn  ¤ O
𝑤abso𝑖−→𝑛 =
𝑢
2𝜋 ℎ𝜈 𝑑 

(︂
8𝑒2𝑘
𝜋𝜖0𝑚(2𝜋𝜈) (?^??⃗?)
2 1
𝑎5
1
(𝑞2 + 1𝑎2 )4
)︂
. )1704(
.𝜑 ⁄ 𝜃 yt§⁄ zA r‘§ ?⃗? A‘K  . 𝑥 £Afl  ¤ 𝜖 ⁄ 𝑧 £Afl  ¤ ?^? CAt
 — 
(?^??⃗?)2 = 𝑘2𝑥 = 𝑘2 sin2 𝜃 cos2 𝜑,
𝑞2 = 𝑘2 +
(2𝜋𝜈)2
𝑐2
  22𝜋𝜈
𝑐
𝑘𝑧 = 𝑘
2 +
(2𝜋𝜈)2
𝑐2
  22𝜋𝜈
𝑐
𝑘 cos𝜃.)1705(
:6 §rm
w¡ Aqtfl  Amt  (1
j < ?⃗?′ j𝑈 (1)𝐼 (𝑡,  1 )j?⃗? > j2 = j
(︂
  𝑖
ℎ
)︂∫︁ 𝑡
−∞
𝑑𝑡1 < ?⃗?
′ j𝑉𝐼 (𝑡1)j?⃗? > j2
= j
(︂
  𝑖
ℎ
)︂∫︁ 𝑡
−∞
𝑑𝑡1 < ?⃗?
′ j𝑒 ih 𝐻0 𝑡1𝑉 (𝑡1)𝑒− ih 𝐻0 𝑡1 j?⃗? > j2
= j
(︂
  𝑖
ℎ
)︂∫︁ 𝑡
−∞
𝑑𝑡1 < ?⃗?
′ j𝑒 ih 𝐻0 𝑡1𝑉 𝑒𝜂𝑡1 𝑒− ih 𝐻0 𝑡1 j?⃗? > j2
=
1
ℎ2
j < ?⃗?′ j𝑉 j?⃗? > j2 𝑒
2𝜂𝑡
1
ℎ2
(𝐸𝑘′   𝐸𝑘)2 1
ℎ2
+ 𝜂2
. )1706(
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w¡ Aqtfl  d‘
𝑑
𝑑𝑡
| < ?⃗?′ |𝑈 (1)𝐼 (𝑡,−∞) |⃗𝑘 > |2 =
1
ℎ2
| < ?⃗?′ |𝑉 |⃗𝑘 > |2 2𝜂𝑒
2𝜂𝑡
1
ℎ2
(𝐸𝑘′ − 𝐸𝑘)2 1
ℎ2
+ 𝜂2
.
)1707(
Tytn  m‘ts    km§ 𝜂 −→ 0 T§Ahn  ¤
Lim 𝜂−→0
𝜂
𝜂2 + 𝑥2
= 𝜋𝛿(𝑥). )1708(
¤l O
𝑑
𝑑𝑡
| < ?⃗?′ |𝑈 (1)𝐼 (𝑡,−∞) |⃗𝑘 > |2 =
2𝜋
ℎ
| < ?⃗?′ |𝑉 |⃗𝑘 > |2𝛿(𝐸𝑘′ − 𝐸𝑘).1709(
.Tyb¡@  ¤ry ›dA XbSA ¤¡ £@¡
⁄ 𝐸𝑘′ y TAV Ah ¤t  |⃗𝑘
′
> Ty¶Ahn  flA  Twm  Aqtfl  d‘ (2
w¡𝐸𝑘′ + 𝑑𝐸𝑘′
𝑤 =
2𝜋
ℎ
| < ?⃗?′ |𝑉 |⃗𝑘 > |2𝛿(𝐸𝑘′ − 𝐸𝑘)𝜌(𝐸𝑘′ )𝑑𝐸𝑘′ . )1710(
   AqAF Anbs dq
𝜌(𝐸𝑘′ )𝑑𝐸𝑘′ = (
𝐿
2𝜋 )
3 𝑘
′
𝑚
ℎ2
𝑑𝐸𝑘′𝑑 
 . )1711(
) 𝑘′ = 𝑘  (  — 
𝑤 =
2𝜋
ℎ
| < ?⃗?′ |𝑉 |⃗𝑘 > |2( 𝐿2𝜋 )
3 𝑘𝑚
ℎ2
𝑑
 . )1712(
 C w  dt  (3
|⃗𝑗| = ℎ
𝑚
|Im(𝜓*∇⃗𝜓)| = ℎ
𝑚
|Im 𝑒
−𝑖?⃗??⃗?
𝐿
3
2
∇⃗𝑒
𝑖?⃗??⃗?
𝐿
3
2
| = ℎ𝑘
𝑚𝐿3
. )1713(
A‘f  Wqm  ¤ 
⁄rS  C w  dtl ⁄As  wk§    	§ Aqtfl  d‘ (4
 —  .𝑑𝜎 rO  ¤ £Antm 
𝑤 = |⃗𝑗|𝑑𝜎. )1714(
¤AtA
𝑑𝜎
𝑑 

=
𝑚2𝐿6
4𝜋2 ℎ4| < ?⃗?
′ |𝑉 |⃗𝑘 > |2
= | 14𝜋
2𝑚
ℎ2
∫︁
𝑑3𝑥𝑉 (?⃗?)𝑒𝑖( ?⃗?−?⃗?′ ) ?⃗?|2. )1715(
.¤⁄fl  Tbr    Cw 	§rq w¡  @¡
284
Bibliography
[1] G. Goldstein, “Classical Mechanics,” second edition, Addison-Wesley, 1980.
[2] L. Landau, E.Lifshitz, “Classical Mechanics,” second edition, Pergamon
Press, 1969.
[3] W. Greiner, “Classical Mechanics: System of Particles and Hamiltonian
Dynamics,” second edition, Springer, 2010.
[4] H. Reid, “Solutions to problems in Goldstein, Classical Mechanics, Second
Edition,” 2000.
[5] K. Huang, “Statistical Mechanics,” second edition, John Wiley and Sons,
1987.
[6] C. Ngo, H. Ngo, “Physique Statistique,” third edition, Dunode, 2008.
[7] L. Landau, E.Lifshitz, “Statistical Physics,” second edition, Pergamon
Press, 1969.
[8] L. Landau, E.Lifshitz, “Quantum Mechanics,” third edition, Pergamon
Press, 1965.
[9] J. Sakurai, “Modern Quantum Mechanics,” second edition, Addison-
Wesley, 1993.
[10] D. Griffiths, “Introduction to Quantum Mechanics,” second edition, Pren-
tice Hall, 2004.
[11] C. Tannoudji, B.Diu, F. Laloe, “Quantum Mechanics,” first edition, Her-
mann and Wiley and Sons, 1977.
[12] D. Griffiths, “Solutions Manual for Introduction to Quantum Mechanics,”
Pearson, 2005.
285
